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Fast Quad Precision Iterative Solver Library Lis using SSE2

HisasHl KOTAKEMORI , AKIHIRO FuJil , HIDEHIKO HASEGAWA
and AKIRA NISHIDA

The convergence of Krylov subspace methods, include CG method etc., is much influenced
by the rounding errors. The high precision operation is effective for the improvement of
convergence, however the arithmetic operations are costly. We implemented the quadruple
precision operations for itaretive solver library Lis, and we accelated by using the Intel SSE2
instruction. We assumed the vector in the iterative method to be quadruple precision. Be-
cause the quadruple precision operations can be used by the same interface as current version
of Lis. The caluculation time of our implemented quadruple operation is almost 4.5 times
form that of the current Lis double precision operations.
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2.1 Components of Lis
fRIEE, —METIIHTER KEMIE (SOR %) ,
JEEH K ML (GPBICG %) 72 & 10 fElafeE = A
HLTWws ED. silELTid, Ar—1U>27,
A5EL LU D7 EITMA T, &8 KEMREIER
I+ S %9, smoothed aggregation IZH:D < ¥~
WVF 7w R SA-AMG?Y, SOR 72 EDREEZE AW
% Hybrid %, A-BERLICHEDIEHTH A 20
H D2 RIS BERETH SAINVS, #EkD ILU &
D BHEERDRMNTE S Crout it ILU BIULET /2L
ERABLTWS (%2). 7% OKMERIE CRS 7z
10 BEREZAZELTVWS (£3) . IN50OM)E
%, AT Z 8B N E S I A S D E THEH
TE5%.

&1 EMRE
EEHMLE | CG ik
BiCG i %2 AiALE
CGS ik Jacobi
BiCGSTAB i SSOR
BiCGSTAB(l) i ILU (k)
GPBIiCG ik 1+S
TFQMR i SA-AMG
Orthomin(m) % Hybrid
GMRES(m) # SAINV
TR Jacobi i% Crout ILU
Gauss-Seidel %
SOR i
x 3 #HEk
Compressed Row Storage (CRS)
Compressed Column Storage (CC8s)
Modified Compressed Sparse Row (MSR)
Diagonal (DIA)
Ellpack-Itpack generalized diagonal (ELL)
Jagged Diagonal (JDS)
Block Sparse Row (BSR)
Block Sparse Column (BSC)
Variable Block Row (VBR)
Dense (DNS)
Coordinate (CO0)

3. 4BERERBEORE

3.1 4 fBRBERE

Bailey”) [R5 B IR E/ NS (RS BT B/ N &
Hg) % 2 @AWz double-double” }FED Y )L
ALZEFFEL TS, ZO7)LTY XL TIE double-
double W EFE/N o & a = a.hi + a.lo, |a.hi|] >
ladlo] LT 4fEKEZELRL TW5. IEEE MO

g 8g

4 EREIES ORBFEATIREREN 112 EY b TH D
DITRHUT, BHEFE/NEZ 2@FAL THWD2D
REFRMN 104 Ey hES Ey MM EoTn5S. b
oI, ZO7INITYXLERALTAEHEELE
EL URIZZOo7N T XLOBEERNS.

2 TOEBEIITEEE 45 T round-to-even L8 &
KET 5. a+bDOFEF/NUNBEHERZ fl(a+b) &F
9. errf(a+b) Za+b="1f(a+b)+err(a+bd) &7
5. BEUNERE o x bIZDWTHREET 5.

(1) FAST_TWO_SUM iZ s = fl(a +b), e = err(a + b)
ZEtE TS, 22U |a| > |b| £T 5.
FAST_TWO_SUM(a,b,s,e) {
s a+b
e=b-(s-a)}
(2) TWo_SUM I s = fi(a +b), e = err(a+b) ZFHH
T%. (1) &R0 |a| > |b] ZEL TWRN.
TWO_SUM(a,b,s,e) {
s a+b
v S - a
e=(a-(G-w)+®d-v)1}
(3) SPLITI3f5HEEFRHI/INK o & a = h + 1125 E
95. L, hida DREFHEORAID 26 £y oy
L L3O D 26 Ev M EEED.
SPLIT(a,h,1) {

t = 134217729.0 * a
h=t-(t-a)
l=a-h}
(4) TWO_PROD i p = fi(a x b), e = err(a x b) Z&t
"y 2.
TWO_PROD(a,b) {
p=ax*xb

SPLIT(a,ah,al)
SPLIT(b,bh,bl)
e = ((ah*bh-p)+ah*bl+al*bh)+al*bl }

(1) ™5 ) ZRAWVWDZETUTD 4 fEksEmME
ERENAREE 725,

(5) ADD i3 4 FABENNG o = b+ c 23T 2. 7272

L, a=(a.hi,a.lo),b=(b.hi,b.lo),c=(c.hi,c.lo) TH 5.
ADD(a,b,c) {

TWO_SUM(b.hi,c.hi,sh,eh)
TWO_SUM(b.lo,c.lo,sl,el)

eh = eh + sl

FAST_TWO_SUM(sh,eh,sh,eh)

eh = eh + el

FAST_TWO_SUM(sh,eh,a.hi,a.lo) }

(6) MUL |34 fEMERR o = b x c Z3tHT 5.
MUL(a,b,c) {
TWO_PROD (b.hi,c.hi,pl,p2)
p2 = p2 + (b.hi * c.lo)
p2 = p2 + (b.lo * c.hi)
FAST_TWO_SUM(p1,p2,a.hi,a.l0) }
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3.2 Lis NDi#MA

AR O 4 (55 % Lis O RKEMIEICHEHAT 5.
7)) 0O 78S ZEE RO KEMEIITHINR T B IVIE
(matvec) , N7 MIDOWHE (dot) , X7 MLBXIN
ZOEHEOM (axpy) TEHINTWVS. INs
T AMEREEEICESHAS. ZEL, SEEEED
A—Y =707 I LHEEE5 25T E< 4 {5HEE
HWENFHATE2 LD

o [REATHI A, AT BIb b IIMEHEE

o MENY Kbz OAHINIREREE, RIEMIEHTIE

4 5

o REMERONRY NUIT 4 15K
ELZz. Ik, 75T FIVENERHE x 4
BHELLRDZD, 4 5HE x 4 BRHEXLDD
TONBNOHEERZHAIMTES. £k, BHEE
4 EHEDEL S TEITTL2NEETL2F T a
>-precision {double|quad}ZfHE L/z.

matvec, dot, axpy IZK LT, 4 ik E OEFEEA
BIEC FMA SIROHREE (4 5 SRR ORIRIEE
RE% FMAD Z{ERK L 7z. FMA 13 dot & axpy IZ FMAD I3
matvec FDITHIENRT MIVEEICHIH TIN5, FEANH
HRAZCFMA T O L D127 %.

(7) FMA T 4 fEHEMAER a =a+ b x c Z5lHE
T 5.

FMA(a,b,c) {
TWO_PROD(b.hi,c.hi,pl,p2)
p2 = p2 + (b.hi * c.lo)
p2 = p2 + (b.lo * c.hi)
FAST_TWO_SUM(p1,p2,pl,p2)
TWO_SUM(a.hi,p1,sh,eh)
TW0_SUM(a.lo,p2,s1,el)
eh = eh + sl
FAST_TWO_SUM(sh,eh,sh,eh)
eh = eh + el
FAST_TWO_SUM(sh,eh,a.hi,a.lo) }

FMAD |Z (7) @ p2 = p2 + (b.lo * c.hi) ZHIFR
L=bDTHS. 72720, bIIEEETO=0bh T
»H5.

%4 HOBMEEROITH A1 CKEk 1,000,000) i
KU TH 4D Xeon - THHIC 4 fEHEEEEZFIITL
T23A, (EREERE OETRM & X T FORTRAN
T3 23.61 1%, SIEIOD Lis OEET FMA ZH L7
BETIE8.26f5&72%. 51T, FMAD 2 L7z
ATHRITHEERD. ZIT, BELD/=DIT SSE2
SIMD @ OFIfAZEEZ 5.

3.3 SSE2 [C&BRE

SSE2 IZ Intel @ Pentium4 1Z#5# S 7z x87 M4y

ooo

RO 2 EEMMETTH D, 128bit DT —FITHL
T SIMD ML ZFTA D (64bit F5kE EFREN/NLIR 5 [FH
KHC 2 DO EEE 217X %) . SSE2 OFIAIZIZ
SSE2 OALA AR ZFIHT 5.

bbb, 4 5K EEE RIS ADD, MUL, FMA Z512
it LT SSE2 DFLAIA A BEE % F V7= B9% ADD_SSE2,
MUL_SSE2, FMA_SSE2 EZ&{ERk L7z. LInL72in5,
20 3 OB TILET R DKFERER DD 2D
50%F2E L 7» SSE2 @ packed-double fivgy TULETE
AN

EBRIZ FMA 2T 5 DI dot, axpy, matvec T
H5. FZTIV—THIC 1 ETD FMA MfFEDIN TN
5. XIT, 2B —T7>0—1 T %fF5 & FMA
M2 EERD, TRT SSE2 @ packed-double 4y
THERHCUIETE 5. 2 fEFRRICHEFIEE 29 2 B
FMA2_SSE2, FMAD2_SSE2 ZHEL T, N5 EM SR
Er'g axpy_fma2, dot_fma2, matvec_fma2 =IERL L 7.
DTRICEDBEZERT. 12720, o &y &R n DX
7 BV, 1751 A3 CRS (Compressed Row Storage)
KR ThHsrET 5.

(8) axpy_fma2 |3 4 EHED y = y + az ZFEHE
I5.

axpy_fma2(a,x,y) {
for(i=0;i<n-1;i+=2)
FMA2_SSE2(a,&x[i1,&y[i1);
if (i!'=n) FMA_SSE2(a,x[il,y[il); }

(9) dot_fma2 34 [EKEED dot = xTy R 5.
dot_fma2(x,y,dot) {
for(i=0;i<n-1;i+=2)
FMA2_SSE2(tmp,&x[il,&y[il);
ADD_SSE2(dot,tmp[0] ,tmp[1]);
if (i!=n) FMA_SSE2(dot,x[i],y[il); }

(10) matvec_fma2 [FEAEED y = Az Z51HET 5.
matvec_fma2(A,x,y) {
for(i=0;i<n;i++) {
t[0] = t[1] = 0;
for(j=A.ptr[i];j<A.ptrli+1]-1;j+=2) {
xx[0] = x[A.index[jl];
xx[1] = x[A.index[j+1]];
FMAD2_SSE2(t,xx,&A.value[j]); }
ADD_SSE2(t,t[0],t[1]);
for(;j<A.ptrl[i+1];j++)
FMAD_SSE2(t,x[A.index[j]],A.value[jl);
y[il = t[0]; } }

4. ¥ E £ B

BTHIRERRIEIC BN THEEE L 7= 4 SHEEED
PERE %R 57291

e Lis OfEksE

e FORTRAN TIERR L= 4 5K E (151, X7k
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Table 4 Evaluation platforms.

CPU Xeon Opteron
Clock 2.8GHz 2.0GHz
L1D Cache 8KB 64KB
L2 Cache 512KB 1MB
Memory 1GB 1GB
oS Linux Linux
2.4.20smp 2.6.4smp

VT RT 4 E5HEE)
e Lis @ 4 545 (FMA ZFI)
o Lis O 4 f5H5E (FMA_SSE2 % F| )
o Lis O 4 f5H5E (FMA2_SSE2 % Fl|H)
DHEREZRTUIE/R L O BiCG #Ez AW THE L -, %
BATH A BARTY >R E 5 Sl ES THEEYL
L 721741 A1 & Toeplitz 175

2 1
0 2 1
v 0 2 1
A2 = . (1)

ERWE GO MV IZTNTE 1, #IHxy
RV 2 3T XTZ 0 &L BT A%
PN 10712 E U BIEERIZE 4 1 TRTERE
Tiro7=.

a2 /%A1 F1& Intel C++ Compiler Version 9.0 &
Intel Fortran Compiler Version 9.0 %\ /=, &
fbA7 > aid-03 Wz, 72720, FMA Z2FIHT
DA, FMADEIREINT WS C 7 7 1 JVITEE/IN
BOBRBEEMFTZA T a > -np ZEMLTNS

REATHI AL OXEE 100 205 1,000,000 £ TE
b= BiCG %% 50 RIKESIB/=EEZD Xeon &
Opteron ETOHETR#ZE 5 &% 715K E - FOR-
TRAN - FMA OFE{THREREICH T B AxMEREE K 6 &%
8 IR Y. ETHHEOHAIIN THS.

INSEDEMNS Xeon DHFEIX

o FMA_SSE2 |3 FMA & DLLEF T 1.29 5D E#{L

e FMA2_SSE2 |3 FMA & DL T 2.02 5D &

b
e FMA2_SSE2 |3 FORTRAN & D LL#k TV 6.24
& &b

o FMA2_SSE2 |3f5H5 E D FHERF I D 5.88 552
ETizsohTns
Z &N IND. Opteron DB ETL
e FMA_SSE2 |3 FMA & DLLER T 1.46 (5D E#{L

e FMA2_SSE2 |& FMA & DL T 2.07 5D &

Bt
e FMA2_SSE2 |3 FORTRAN & O il T 2.42
(oY= (4

o FMA2_SSE2 31545 D FHE R D1 6.67 1512
ETizshTns
ZENGM D, FEIEMEETH 5.

X 112 Xeon = THREATHI A1 OXRE % 1,000 05
100,000 ¥ T&{b = BiCG %% 50 RIKEI B &
ZFOEFHMOT T 72,9, 7 () "B Tn
B HDITKEL 1,000 D &= DFETIRN S REFTHO
KIS BB EDT ST TH D, £, KT &
B 1&D, SHEEEREOFTRIEINY MLT—F M
L1D Fyv > amh 59172 10,000 & L2 F vy 2 am
5443172 100,000 TR E/2RFHEBIEINR S 11570 4 £5
FEEERE O EITHREENIITH A OXREITIFIFHAFI LT
BIMLTWA I ENSMD. iU, 4 EHERE
FT—=FPO—REZART7 LD BFEEOEIGNRE N
W, T—FO0— KNS BRI ND=HEEED
Nns.

—— {EHREE
350 o fmamRE (L)
300 | —& FMA2 SSE2
—— FMA2_ SSE2 (LE451)

0 20000 40000 60000 80000 100000 120000
RE

1 Xeon ET A1k L T BiCG #% 50 RIREI /&L E
DIFEATHERH () .
Fig.1 Execution time (Sec.) of 50 BiCG iterations for
matrix Al on Xeon.

RIZ, Xeon LT (1) DFREATHN A2 D v & 1.0 7
5 1.4 FTEL Sz & EOETHRM, RIERE, e
IV AERIIORT. ETREOBMIBTHS. £
72, K¥£13 100,000 & L7 D« 131000 [EID
KE TR Lo T BT 5. ¥/, y=1.3
DEZOREBREZX 2I1RT. TORERNS
o Y=12ETIIMEREL 4 EHBELBITICRLT
W5

o v=13 L ETIHERKEREFRHL TWDDITHL
T4 fEREIZIEL TN S

e FORTRAN & FMA2_SSE2 [ZIFIFFZHDIGRMET
»H5
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&5 Xeon LT A1 ITHL T BiCG #% 50 FIRE S 7z & & DETRHE #) .
Table 5 Execution time (Sec.) of 50 BiCG iterations for matrix A1 on Xeon.

KE 5¥5E | FORTRAN FMA FMA_SSE2 | FMA2_SSE2

100 | 0.00034 0.02141 0.00646 0.00492 0.00312

1,000 | 0.00279 0.20786 0.06356 0.04818 0.03032
10,000 | 0.05717 2.01729 0.66783 0.52825 0.33641
100,000 | 0.82734 20.09851 6.81664 5.29807 3.46160
1,000,000 | 8.44022 199.23818 | 68.93871 | 53.41777 34.91778
S| 1.86557 44.31665 | 15.29864 | 11.85944 7.74985

% 6 Xeon BT Al KL T BiCG {#% 50 [BIKE S B/z& 2O E - FORTRAN -
FMA DFEFTREENT KT 2 M xHERE.
Table 6 Relative performance to execution time of double precision, FORTRAN

and FMA of 50 BiCG iterations for matrix Al on Xeon.

god

X FORTRAN FMA
KEL FORTRAN FMA FMA_SSE2 FMA2_SSE2 FMA FMA_SSE2 FMA2_SSE2 FMA_SSE2 FMA2_SSE2
100 0.02 0.05 0.07 0.11 3.32 4.36 6.86 1.31 2.07
1,000 0.01 0.04 0.06 0.09 3.27 4.31 6.86 1.32 2.10
10,000 0.03 0.09 0.11 0.17 3.02 3.82 6.00 1.26 1.99
100,000 0.04 0.12 0.16 0.24 2.95 3.79 5.81 1.29 1.97
1,000,000 0.04 0.12 0.16 0.24 2.89 3.73 5.71 1.29 1.97
SEi 0.03 0.09 0.11 0.17 3.09 4.00 6.24 1.29 2.02
&R 7 Opteron T A1 I LT BiCG #% 50 [BIKE S 87z & & QETHRRH (B) .
Table 7 Execution time (Sec.) of 50 BiCG iterations for matrix A1 on Opteron.
KE f&¥E | FORTRAN FMA FMA_SSE2 | FMA2_SSE2
100 0.00037 0.00826 0.00669 0.00457 0.00316
1,000 0.00357 0.08037 0.06687 0.04561 0.03171
10,000 0.04402 0.78882 0.68794 0.47166 0.33072
100,000 0.67599 7.95484 7.03384 4.84892 3.47609
1,000,000 7.19525 79.85377 70.19153 48.42959 34.90340
S8 1.58384 17.73721 15.59738 10.76007 7.74901
% 8 Opteron LT Al IK# LT BiCG %% 50 [AK# S ¥/ & Z D5 - FORTRAN -
FMA DZEATIRERTICHRES 2 A RE.
Table 8 Relative performance to execution time of double precision, FORTRAN
and FMA of 50 BiCG iterations for matrix A1 on Opteron.
RS FORTRAN FMA
KEL FORTRAN FMA FMA_SSE2 FMA2_SSE2 FMA FMA_SSE2 FMA2_SSE2 FMA_SSE2 FMA2_SSE2
100 0.05 0.06 0.08 0.12 1.23 1.81 2.61 1.47 2.12
1,000 0.04 0.05 0.08 0.11 1.20 1.76 2.53 1.47 2.11
10,000 0.06 0.06 0.09 0.13 1.15 1.67 2.39 1.46 2.08
100,000 0.08 0.10 0.14 0.19 1.13 1.64 2.29 1.45 2.02
1,000,000 0.09 0.10 0.15 0.21 1.14 1.65 2.29 1.45 2.01
Ri5:2] 0.06 0.07 0.11 0.15 1.17 1.71 2.42 1.46 2.07
ZEDGND. ERRVRMIING A R TR G 7.40245 B &L

EEARICBI 2 KERRIEDO L DT, HHETIX
RLABWEED, BHRETHEN MR (baWidEto
i) ZFHMEE L T4 E TR (HEBEEZEZ
FUAST—R), HBWEMENDOKEIC 1 EETE
FEHEZ T D ENFREERD. v = 1.3, [5HE
OIHHERMER 1070 & LZHAIR
o [EHEEDKEIRIEL 35 [, LKfTRFRT 0.44886 7
o 4 (5HEOKEMEK 69 B, FEITH 3.98022

NTLE7TEHHEI 2> TIN5,
5. ¥ & ®

ARTIE, KEMESATIY LisiZHT 2 4%
FERFEOEE L SSE2 2 AW TEBELIZ DWW TR
NJz. BUEFEE T FMA2_SSE2 |d FMA & EbEr L T
2.05 fi5, FORTRAN & L U T3 4.33 fE D Ed b
ZRUTz. Doy —ry hELTWBDIIKRE
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£ 9 Xeon LTOITH A2 OHA X% 100,000 & LASHED BiCG EOETHER.
Table 9 Result of BiICG method when size of matrix A2 is 100,000 on Xeon.

RS FORTRAN FMA2_SSE2
vy FATEH] RIEREIEK 33 FATRFH] AR 323 FATREH RE R i
1.0 0.78266 58 1.84E-10 18.60900 58 1.84E-10 3.78737 58 1.84E-10
1.1 0.94361 70 2.23E-10 22.70676 70 2.23E-10 4.58301 70 2.23E-10
1.2 1.17442 86 3.03E-10 27.97903 86 3.03E-10 5.61647 86 3.03E-10
1.3 - - 36.25341 113 2.47E-10 | 7.40245 113 2.47E-10
1.4 - - 70.18287 155 2.85E-10 10.11311 155 2.85E-10
1.0E+01 HEmLE ZELTHRIDZONA NI TS DR
—— g o
1.08-01 = FORTRAN RINHTHE5N5.
—&— FMA2_SSE2
1.0E-03
W 1.0E-05 5 % X mk
® 1.0E-07 .. . .
' 1) http://ssi.is.s.u-tokyo.ac.jp/lis/
1.0E-09 2) H. Hasegawa. Utilizing the Quadruple-
10E-11 Precision Floating-Point Arithmetic Operation
10613 for the Krylov Subspace Methods. the 8th
0 50 100 150 200 . .
RAEE SIAM Conference on Applied Linear Algebra,

2 FEEBE (y=1.3) .
Fig.2 Residual history (v = 1.3).

BTHTH DD TF vy 3 2 lTNE SV RECTE
9% &, FMA2_SSE2 DRI EIIMHEE DK 4.5 512
ETHALNTWS. SEERLZT—F T, 1751
ERT BV RTH 4 EHEETH S FORTRAN O 4
BRERE EAT51 A &0 b MBS E T DS 4 fEks
EENIDONONOEES, REMEDOEIERZRINHR
KEIXIZIZFRETH B0, FHERMIIN 4.3 &1+
EHNTH 5.

Lis I LT 4 SR ERE, RAOKBEERRICTSZ
& TREMEDPER O E % K2 #i 7z 7e FiRINTTRE &
mol. 2, BEZ LN ILU Gz E0Z
KREYTZRTERZFIH U7 < & D70 KB [RIE TIOR
TLHREENH D, T5I1T, AEYT 7L ADEFEL
BB TERVWN CPU O 7 #H#° LIiALEET 5 2
ETIREMREZEHFILL TWBHIREEZ D &, 415
WEBEEST Y7 7 AL D BEEDOEIGNKEL
WFUEIZIZE L TWD. L2N>T, Wiskick->T
IIREEE & DOMREEIIME D L D HENITRL LR
Nns.

K ORBENNKER S, Hida'® 5585 L=
RE/NECE 4 VW 2” quad-double” #ED T IV I
UXLERNDZ &T 8 EHENERBHAETHD. £
7z, EEHZEDTWD Cell O &SRBk HRE
NEE7E CPU TS B ML & KB 51213, &
FETIRE L/ 4 5K - fSEEO 7 IV X L ZE5F
B B RICEIET L.

SBROFEELT, 4EBEEZS E<IEHL TICR

2003.

3) T. Kohno, H. Kotakemori and H. Niki. Im-
proving the Modified Gauss-Seidel Method for
Z-matrices. Linear Algebra and its Applica-
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