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Approximate Inverse of using Wavelet Transformation

HIiDEKI YAMANAKA! and TAKASHI NODERAtt

It is very extremely to analyze the problems of large linear systems of equations with
sparse matrices in term of scientific computing and find the approximate solutions. The it-
erations of GMRES method are used for solving linear systems of equations. In general,
preconditionings are used to get approximate solutions more quickly. We investigate differ-
ent algorithms for computing a sparse approximateinverse M for a given sparse matrix A by
minimizing }|AM — I|| in the Frobenius norm. In this paper, we survey that the method of

generating approximate inverse preconditioner with wavelet transformation.

1. FL®IC

BayBHSERBETIR, FRHSFEAOER
EREEES 2 &0ks. 20X RBEEREEES
EPHREREEZ AW THROIMETD 2 & TROHE
M1IXHFEANESNS.

Az =b AcR™™, z,bcR". 1)
2R, ANKERECHRREITHTSS. £, bl
BINRT BV, 3BT MV TH D, £z, BETH
ARKBENDHTH D0, BEREELDDH M
B SR A RD D KIEEN—RIZFEITHY, %
OFREHEELTY U OIS ZEMER S 2. 4E
279 0TS ZEEIZET S GMRES # 2FIHT
%. GMRES & (—RILER/NEREE) 2T ORE T,
Bere VLA OICPERT B ETRHRES M S, KIE
EOIRZHET 272012, THOFMAUED14.15) %
FRITHEENH D, THORLAEITID &S EDENL
1RFRREERTD 2 & TIRE TIOhER KIEH
BERDbx®, SHERMEERIES. 2R TRTS
OFTLE & U TIELREFD 908912 2RAL, %
OHEERRTBEDICT—T L w hEH# citeco-

t BRHEBRFERERBETEMER, Graduate School of Sci-
ence and Technology, Keio University
Tt BESEAPE T, Faculty of Science and Technology,

Keio University

choose zg

ro = b— AIQ

v1 = ro/|[rol|
forn=1,2,...,k,...do

hiyj = (A'Uj,'Uj), ) 1= 1,2, P 2
Ui = Avj = 301 hijvi

hir1,; = [|9541]

Vir1 = U511/ Ryt

end

© 0N W

-
o

T = 2o + Viyk, Yxminimize

BE1 GMRES &%

hen,daubechies stuart,texdoc W5, RIIC2E
IZBWT GMRES B2 DWTIRR S, KiZ, 3ET
TRIOFABIIONWTRR, 4BTEYz—T by h
EEIZDVWTHRRS. 51, 5ETRYz—T v
;&AW RLST A OBRIEIC D W TR 5.

2. GMRES &

GMRES #:&13 27 U 0 782 @Y 5 RIESE
THs. 7Ju7gnzEr &

Ko = span{ro, Aro,..., A" 'ro} (2)
ERBEMTHD. ro lIFHERENT FVTHY, #)
Eﬁi&&!ﬁ’& Zo ETBE ro=b— Axo Eizs. it,
ERERNT MVE v 2L, v = rof|ro]| &5 5.



GMRES #i3, REWCEDEE VA ||ra|| ZH/ANC
T2 ETHUBERD D HETHS.

3. 179 DmFiMLE

FTHIDRIIBIZIIARZLIT AN RICE 2 ORI
HEFIZHALEbONSH D1, R TILREETT
FeHEZ 5. MARICIIERNICHRTE R0
WHb.

AMy=b, z= My, 3)

MAz = Mb. (4)

L, M ERILETFIEER. AT R
HEXOEMIZEZ D) AMy = b OE 1 KAERXE
faE, TITHRLNEMRy % My =2 ZRATBZ
SR Ko THEIGERAR = WMESN5. FEFLE
DOHE, AOMDIZTH M B#ET S 5N EFLE
DOHEVTILECARCRI LT PR E LI WO TER
T3EE ) VADEENTRETH 2. BE, BT
M & A OIRLETHITHS.

M=~A (5)
—RITELLEITH M %2Rk 51213, RO &m/IMLFEE
B 2 EITIEB.

N 2
min | AM 1|/ (©)

R, | lr iZ—Rc 7 o= 2 VA ERRENT
Wa, Fi, R (6) 2ERT 2L, KADKDIT23.

1AM ~ 1[5 = [lAm; — ;3. ()
7=1
ZIT, mie; RENEFNAMEI O jIFERELT
W5,

Imn”Am]_e]HZ? J:171na (8)
mj

W->T, X(B) D nEORNEEMEEMS Z &K
5. Amj=e;, (1 =1,...,n OFELBOFEITI,
Bra RBEMREINTWAS D, T30 %
REFTaDIC, T4 V1> DBEERTDRUvE
SUETIMENRDS.

4. 9x—Jlbv b

41 Uz—-JlyhEHR

BIRIGE ST 2 FIA T3 & &, ZDOHE?:
MEIEZDIITz—TLy NEBER WS Z EN
HD. Ux—TLw FEBRIITHED EDRETIE
Tx—T Ly hERCERTEZIETHS. #HlZIE,
Hawkins 57 lo&kiud, 1 RTOEEBILL 7= Laplace
BEFICUz—T Ly bREAWCERTHEZERTS
&, 2 WRT & D ITBREATFIN finger /NF — 2 %
FRL, EOHTHIGHIREE TEHELZREDORER
Tz—7 VL hRED finger NY—EBRT DI &
ERLTVS.

4.2 Yx—7 Ly MEBRTY

Tr—T7 by hEED DS X 2 EEOEREE
AT5E A OBROBENMLEL, XDMRM
IR ANERENS. —Bicn =2Y THaHZ
ITin=sVp&T3. I5, hohi,...,hm1
E g0, 01, Gmo1r BENTENEBLDONAINZA T 4
WE—HE, O—NRXA T4 NF—FEETE. =
level L BBt E N 2 Oz —T 1w hNE#H%E
&= (sk db,db 7t dY) & B,

s° =0,
m—1
E__ k-1 . k
s = E hls<l+5j‘1>n/2k—1’ i=12,...,n/2%
=0
m—1

K k-1 L ok
dj = E gl3<l+2j*1>n/2k,1 o I=12,.. ,TL/Z .
=0

s = Ukskfl,
ho hi ha o hmea
h1 ho hm—1
Ug =
ha -+ hm_1 ho M

FHRIC, df 2ERTHE, ROKDCES.
dF = Vksk—l,

g0 g1 g2 gm—1
g1 g2 gm-1
Vi =
g2 - Gm-1 go g1

L, U, Vi iZEFRFN /2% x n/2F 1 OITHT
H5. FlIZIE m=4,1x2D NTFHOEE, KO
XS5,

Un =[ho+h2 hi+hs],

Vn=[go+g2 g1+gs]
F7z, level L TEEEUL L7272 —T Ly RS, X
DEIITIRB.

g=WTle=wiwF ,. . wls.

rEL,
Uk 0
Vi 0 . (9)

O Inﬁn/zk—l

wi =

THY, RAEMET.
wwh =1 (10)

5. WAZERITIICK 5L
D=7 Ly FREEICK BT AT OEMHERIE,

—140—



RSO RBON
e

2 (a) BEBULU 7% laplace 5 F (n = 32) &L ¥ OH1TF. (b)Daubechies 4 T x—7

Ly BEERICER L 2175 & F OfTF]

1. Compute AWTAW, 5= W7Tb
: Compute M , a right sparse approximate
inverse of A
3. Solve AM g = b
4. Compute z = WMF
3 Hik 1: MAERTIIC L SR E

B TH e BT R H-> TS, R (9 OYr—T Ly
NEBITHI W BAWTHEY LRARR Ar =b 2%
s A=WTAW, 2=WTz, b=WTb&¥
3&

Az =b. (11)

EEL, AT =wTA W = (WTAW)~! = 471
ERBOT, Mt AORLWERIES. 5T, &
BER 3 OLDIcs. M ARDBEDRTL—T
Ly NEMITFIR W &T5& A =WIAW 0 k>
2 ARBEIN S 2 —T Ly NEBREH W CESET
BrEickh, ARKHohs. ZHUCEKD, finger
N — BRI, —RRIC A OEBYETH M %
KD B AM — I||p EVWS TORZIZ ) V%
BMET B &R DDT AM % AM KANEZ D
ZET
|AM — I|| . (12)

WKERBTED. INESEIERBHETTRMET S
ZEICEDEBYTH M N RED Z EITRkD.

6. HEIZHRITIICL Z8B%

X (12) THLT, ROKSBATHEMEEZ 5 Z
EINTES.

1. Compute M, the minimizer of |AM — W|r
subject to the prescribed sparsity pattern for
M.

2. Solve WT AMy = WTh

3. Compute z = W]\?fgj

4 Bk 2: FERTHERWERE

|AM = I||F = |[WTAWWTMW — I|r
= |WTAMW —I||r
= [WWTAMW — W||p
= |AM — W|r.
#REL, M=WTMW TH0, M=MW =WM
THB. bLBA, M OTFIERIBLY — L 25
D, ko, |[AM-W|r 28MET 22 &1, nif
OMI U7z |AM — I||F 2B/MET 22 & ERAUME
iz, B4 OBEEBRTHENTES. T2
T, M3, BRI A ThHY, iy o—
TLy NEEMNSERTES. Haukins 57 I2&R
12, B RIESIFFICE S finger )87 — IR 5 O &
3BT EMFRINTNS.
7. ELLETIOHERE
3EDTHIORNLE O THIMALA, BURIELLE
75 M1, KOB/MEFBEOBEFETIEI L.
min | AM — I||% (13)
L, 75 M BBTF &5 L5, EXOKE
RBIZERND . 7OR=)) AR BFIEHE
M UTHBMEINE Y. £o>T, R (8) 2L T &I,
n EOMT BN REEEHB I ERBEE T

—141—




5 (a) finger /N¥—>. (b) KIWEMRITINZL S finger /35—

WTED. bBESA, ZOFERLINTD ZENT
XL, 70ORZUA/INVARCETSROY TO—F &
LT, Kolotilina 59 itk 23EADETORITZ
IIWVALERRTSHESHD. ABTIE, EELMICT
ORZDA NV ADR/MEIZ LB T TU—F 285D
DET B,

EBROFHETIE, K (8) DRLEEELRDD &
MEELW, LML, KO 2DOOR#RFENDS.
(1) EO&> CHRRELETHOERY — > Dk

ETBOM
(2) R (8) DR AR RS B FIEERET
DM

WA, SRR FIOFEIZIE, W DMDOFENRR
EIhTW5E. bo X bERELEAERE, ERAFBRNZE
BRL, THOEREBRE— RTRELTHRN T
W&, %7z, Grote 59 1%, = (13) & QR %
AWTHELEEZERLTVWS. ZOFEE—RIX
rEIZEDNED, m; DB THNE, QRFOIA b
B0 EDT5. 2517, EYOEROBEFZEG
FICIREST ZEEEFIATAZEBTES. U—7
Lw NEBEFIRT 2 ETTOfTFIM finger INY — %
BT 2BTFICR5 DT, QR HHRIZK 2 LGET
FIDOBRIIN 2 D ARBBETHDENE D,

= (8) DB EEHET 5L 5> —DOHEN, i
Wiz kERE BZIE, MR %, GMRES 7%, newton
BERE) RERTAIETHS (DO, Z0BEI,
BEROAlin DRZI > FO—LT B0, m; I
ROwE 725 2&ITk5. 8%, X<FEIH
ZHEREELUTMR (B/INEE) BXHD. BB AA,
ZOBEERR (7) 2L ZDOBETH D, nEHOK
HHER

Amj;=e;, j=1,2,...,n,

BRFITB. FEL, m; 375 M O% 5 FIE,
e; 1TFI I D% j FIBERT. 23U, BTFEICED
SEBEEERBATYTHIELLVRDZEBETHS.

01: M := M,

02: for each column j:=1ton do
03: begin

04: m; = Mej;

05: fori=1toT;

06: r;=e; — Amy;

07 aj = (rj, Ar;) [ (Ar;, Ar;);
08: my = m; + a;7;;

09: apply dropping to m;;

10: end

11: end

B 6 MR EOHIE

BTFED kEEORBIZBT S m; i3, KOLIWHk
5. B, MEENSREEERD.

my; =m; + ar; (14)
ZEL, a BBTFTEIBIBZNIA—FT a =
(rj, Ar;)/(Ar;, Ar;) THD. 2T, r; i, X (7)
MNE/ENDROEN 2 REEDRENY M r; =
e;— Am; TH 5.

min || e; — Am; I|§ (15)
m;

ZZTC, ATFv78%E 1 & UKD MR QBRI
K6DEDITns.

RIZ, newton {EIZX B ETHDFHEFEICD
NWTIRRD. 4, Newton E®D | EIHOKRERIZON
TERD. ZOEE, BRETH AR 23T
FiZE M, E35E, M ITHT 5 Newton Hld

M= MZ(QI— AM[) (16)
EERTE B =) Newton IR 2121,
751 21 — AMy DARY FIVEE p(2] — AM) 3t

p(2[ - AMO) <1
THDBENRH DY . TOARY MVEREL, FIHHE
Mo WE->TEASNADT, MHEEEYISERY
BLERERBIZEETHS. newton HEICEDKES

—142—



BORTE, REVEDIZON, MI3ETETET
| &7 5D T, newton RENIX FEIZRRD, 75
DOEEEREDOEDIRERO R B2 72 TRINE
MRH 5. {5E, Moriya 51013, ELEFTHOR)RMN
REEFEERERLTVWS. ZRo0BEEICETSHE
MiE, FREBUBEICHRETS.

2 Z XM

1) Bru, R., Creddn, J., Marin. J., and Mas, J.:
“Preconditioning sparse nonsymmetric linear
systems with the Sherman-Morrison formula,”
SIAM J. Sci. Comput., Vol. 25, pp. 701-715,
2003.

2) Bruaset, A.M., “A survey of preconditioned
iterative methods,” Pitman Research Note in
Mathematics, No. 32, Longman Scientific &
Technical, U.K , 1995.

3) Cohen,A. and Masson,R.: “Wavelet method
for second-order elliptic problems, precondi-
tioning,and adaptivity,” SIAM J. Sci. Comput,
Vol.21, No.3, pp.1006-1026, 1999.

4) Chow,E. and Saad,Y.: “Approximate inverse
preconditioners via sparse-sparse iterations,”
SIAM J. Sci. Comput., Vol. 19, pp. 995-1023,
1998.

5) Daubechies, I.: “Orthonormal base of com-
pactly supported wavelets,” Comm. Pure Appl.
Math., pp.909-996, 1998.

6) Grote, M. and Huckel, T.: “Parallel precon-
ditioning with sparse approximate inverses,”
SIAM Journal on Scientific Computing, Vol.18,
Pp.838-853,1007.

7) Hawkins, S. C. and Chen, K.: “An implicit
waveret sparse approximate inverse precondi-
tioner,” SIAM J .Sci .,Comput., Vol.27, No.2,
Pp.667-686, 2005.

8) Huckel, T.: “Efficient computation of sparse
approximate inverse,” Numer. Linear Algebra
Appl., Vol.5, pp.57-71, 1998.

9) Huckel,T.: “Approximate sparsity patterns for
the inverse of a matrix and preconditioning,”
Appl.Numer.Math., Vol.30, pp.291-303, 1999.

10) Kolotilina, L. and Yermin, A.: “Factorized
sparse approximate inverse preconditionings 1
theory,” SIAM J. Matrix Anal. Appl., Vol.14,
pp.45-58, 1993.

11) Moriya, K. and Nodera, T., “Computing
the preconditioner for Schur complement,”
ANZIAM ., Vol.46 (E), pp.C394-C408, 2005.

12) Montero, G., Gonzalez,L., Flérez, E., Garcia,
M. D., and Sudrez,A.: “Approximate inverse
computation using Frobenius inner product,”
Numer. Linear Algebra Appl., Vol.9, pp.239—

—143—

247, 2002.

13) Pan, V., and Schreiber,R.: An improved New-
ton iteration for the generalized inverse of a
matrix with applications, SIAM J. Sci. Stat.
Comp., Vol.12, No.5, pp.1109-1130, 1991.

14) Saad, Y.: “Preconditioning techniques for
nonsymmetric and indefinite linear systems,”
Comput.Appl.Math., Vol.24, pp.89-105, 1988.

15) Saad,Y.: “Iterative method for sparse linear
systems,” 2nd ed. STAM, 2003.

16) Saad,Y. and Schultz, M. H.: “GMRES: A gen-
eralized minimal residual algorithm for solving
nonsymmetric linear systems,” SIAM J. Sci.
Statist. Comput., Vol.7, pp. 856-869, 1986.

17) Shulz,G.: “Iterative berechnung der rezipro-
ken matrix,” Z. Angew. Math. Mech., Vol.13,
pp.57-59, 1933,

18) Chan,T. F., Tang, W. P., and Wan, W. L.:
“Wavelet sparse approximate inverse precondi-
tioners,” BIT, Vol.37, pp.644-660, 1997.





