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Abstract: This paper studies queueing system models for dynamic storage allocation probrems which appear in perfor-
mance evaluation of memory storage management shemes.The models are categorized in the group-arrival group-departure
queueing system which has c servers whose customers arrive in groups in accordance with a Poisson arrival process and
depart from the system group by group . The service of all customers in an arriving group starts immediately upon their
arrival, if the number of free servers is greatér than or equal to their population. Otherwise,they join to the end of the
waiting line whose queue length has no limitation, thus no customer is lost. Since customers within a same group have an
equal service time ,they set the servers assigned to them free at the same time after completion of their service time and
depart from the system all together. Free servers are assigned to waiting customers according to a groupwise FIFO(first-
in-first-out) queue discipline as far as the free servers are available.The service times for customers of successive arriving
groups are assumed to be independent identically distributed random variables (i.i.d.r.v.’s) having a general distribution.
This system is refered as the MX /G¥X /c queueig system in this paper,where the symbol X describes a random variable
associated with the group size. The sizes of successive arriving groups are assumed to be integer valued i.i.d.r.v.’s with a
general probability distribution P(X =n)=ap,1<n<c. )

In the case of MX /M X /2,analytic results are derived with generating functions. For the general scale case,i.e. MX /M X [c
,an approximate method is proposed . Numerical results for both the analytic and the approximate cases are presented.
Finally,the upper bound of throughput in the M¥ /GX /2 system is obtained in a closed form with the supplementary
variable method,and it is shown that the upper throughput bound of one system is greater than that of another system,if
the service time distribution of the former one is stochastically s smaller than that of the latter one in the sense of convex
ordering . )
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Yi(1),i=1,2: A t CH—EXARDIA—TORTHA X j TH 3 DY,

N(t):Bgl t BT 3RAPEIA— TR (F— 2P B IUELEbER)).

RERBE M(t) = (V1(t), Y2(t); N(t)) R=ra 7BHB LA 3. £ T, c= 2 OBEKE-T
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RBHBARLTOXS ClRENh 3. XL, p=A/p T 5.
(1 + p)P(O, l;n)
(14 p)P(1,0;n)
(2+p)P(2,0;n)

k pP(0,1:n — 1)+ 0 P(0,1;n+ 1)+ P(1,0;n 4+ 1) ,2 < 7,
pP(1,0;n — 1)+ 0109 P(0,1;n + 1) + 202 P(2,0;n + 1) ,3 < 7,
pP(2,0;n — 1) + a}P(0, 1;n + 1) + 221 P(2,0;n + 1) ,3 < m.

(2.1)

pP(0,0;0) = P(1,0;1) + P(0,1;1),
(1+p)P(0,1;1) = pazP(0,0;0) + a2 P(0,1;2) + P(1,0;2),
(2.2) | (1 +p)P(1,0;1) pay P(0,0;0) + a1 P(0,1;2) + 2P(2,0;2),
(1+p)P(1,0;2) poa P(1,0;1) + ay a2 P(1,0; 3),
(2 + p)P(2,0;2) pa1 P(1,0;1) + o} P(0,1;3) + 2P(2,0; 3).
z T, po=P(0,0;0),p = P(1,0;1) t B %, DTOREKEEHET 3.

Po(z) =0+ 550 P(0, 1i1),
Pi(z) = p+ o, P10,
Py(z) =3, P(2,0;n).
P(2) = (Po(2), Pi(2), Pa(2))> p = (po,p1) & 3 & REBFEXK (2.1),(2.2) RUTORIKCEET 3
TERTES.
(24) P(2)A(z) = pB(2).

(2.3)

T Tic, A(z),B(z) i (2.5),(2.6) cE#EE N BT LT 3.

2(1+p(1—2))—02 ,—010 y—af
(25) A(2) = [ -1 y2(L+ p(1=2)) ,0
0 , =209 ,2(2+ p(1 = 2)) - 20y
214 p(1 = 2)) —aa(l + p2(1 = 2)) ,—(1 — a3)2
(2.6) B(2)T = I: —ayag(1 + pz(1 - 2)) (1= )1 + p2(1 — 2))2% + ayoaz }
~a3(1+ pa(1 - 2)) \—a122(1+ p(1 - ) + als

(2.5),(2.6) RFBNT Py(z), Pu(z) #RD BT L HTE 3. Po(z) BUFICEL LIS,

(2.7) Po(2) = (g0(2)po + 91(2)p1)/9(2)-
TTiC, go(z),91(2),9(z) RELFIRREINBSEHK LT 5.

9(z) = P2 = 20%(p+2)2 + 00 + (5 + ) +5)2" — (L + 1) + (3 +n)p +2)2
+ por(l —e),
(2.8) | go(2) = a1p®z* — p2(2010 + 1 +301)2 + p(e19? + (a? + 301 + 2) + 201 + 3)22
(L +a})p® + (3 +a1)p +2)z + por (1 — 1),
91(z) = =poy(l —oy)z.

(27 ROBRIEND g(z) CONTREDHE A D ¢ & HAMHTE 3.

Lemma2.l: g(2) = 08 0 < 2 < 1 DBVEKL K —2DR%E D DOBBE+IEHER,
0< p < p*=2/(2-0}) L%k 5. '

LROBEEI L, KR T LARNBEBEDIODOBETDIEHHN0< p < p* THIT LH
HEATES. foT, BEREHOL LTRDL g(2) =0 D% 7 EFHE, (2.7) OHFELOWT,
pogo(n) + p1g1(n) = 0 BR YLD L & LERRHERD po, py R RET 5T M TE, BEKOWE
ELICEDZ T ENTE L. BUHREAICO WTRKREICTLRE Y 1T 5 BRICRT.

(4)




4 MX/MXc DEQSR

AECRERDOY — P c kb OV X7 LDEMMEELS. Mt ORATA—-TH (1),
F—EREZHFTnEIA—THGE) ¢T3, BRER (J(1),M(t)) Bvr=27BBICRA>T
whn KBCRET, w(t)= EM@E)|J(t) = k) 2ELMICHRT 3. cok, ¥—©XREY
MRS EERELTWE0T, RBJI(t) = kiIc BT 2 BERLEBMNIC u;(1) 2EL DT EHT
3. BEXY, RRZA—T7RI@) kwra7 BB EEL, EXRBERE LIELREES.

RO L EHELTEL.

P(j)=P(J =), (k) =E(G@=k|J =), S(k)=X1+Xo 4+ + Xy,
Fi(c) = P(S(k) < ¢), uj(c) = Fi(e) + Fa(c) + -+ + Fj(c), '
K@ =maz(k | X1+ Xo+ -+ Xp <c< X1+ Xo 4+ Xp + -+ + X7).
zZT(31) DBRARY IO LA b, (3.2) DELBIRKXEEI C L RNTES.

P(Xi+Xo+ -+ Xp <c)-P(X1 + Xo+-- + Xp41 <), 1<k j -1,

(3.1) P(K(j)=k) = { P(X1 4+ X+ -+ Xp <) k=]

Fk(c) - I(k+1(c) 1< k _<_ .7 -1,

(3.2) T(]!k) = { E,(C) ) k= j~

(3.2) L VRAZ A —THH T = jOBEOFHY— AP S A— TR E(G | J = j) = Tl kr(, k) =
ui(c) £ B. J = jOWDBERY uj(c) L EARNI A— 7 HICET 3 RBFEXLBRT 5.

uy(c)pP(1),
AP(n —1) + uj41pP(n +1),1 < n.

AP(0)
(A + unp)P(n)

FER (3.3) ERACUTOREBEBS. XL, m REKICY— L% EhBsBAOI A~
-ﬂ (m=[c/min(n|a, #£0]) tLp=Ap &T53. ,

(3.3)

p"P(0)/ I1j= uj(e)y 1<n<m,
(e/um(c))*~™P(m), m <.

(3.4) P(n)= {

%L, P(0) RRICRENE.

(34) P(0)=[1+ E_: {0/ TT wi(e)} + P um () {(um(c) = ) [ ()N

n=1 j=1 j=1

AEICRL 7R & RIEICRD 7 BEFH R & OBUEE L IC X 5 B EE 1 IKRT.
5 ooX/GX/2DAN—T v +EH

FAXi,(i=1,2) DXr—TO¥—€2BE% S, TONMHERE Fi(c), BEER (FEL
BE) % fi(z) L, EnbD mEDEEBIC2E F™(2), 1™ () 2T 3. $—~oLARER
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a, = 0.90 a, = 0.50

o} Exact  Appr. Exact Apor.
0.10 0.10 0.10 0.11 0.11
0.20 0.21 0.21 0.24 0.23
0.30 0.33 0.32 0.40 0.37
0.40 0.46 0.44 0.59 0.54
0.50 0.60 0.56 0.85 0.76
0.60 0.77 0.71 1.20 1.03
0.70 0.96 0.87 1.71 1.40
0.80 1.20 1.06 2.52 1.92
0.90 1.49 1.28 - 4.00 2.72
1.00 1.86 1.54 7.56 4.17
1.10 2.36 1.88 27.74 7.51
1.20 . 3.06 2.32 -
1.30 4.12 2.92 - -
‘1.40 5.95 3.80 - -
1.50 9.80 5.24 - -
1.60 23.17 8.04 - -

£ 1 ELR L REROILE ‘Fiél;*él*l&’k—fﬂ

B2 cE#EhD. FBIEKR, R,,Rgiﬁbﬁfiﬁma’aﬁa*f v @R L, ﬁﬁﬁlﬁ*‘&vﬁtm
E¥T 5.

(4.1)

(4.2)

(4.3)

Pl(a:)da:

P, B(z)dz
Pg(a‘l , xg)dazl dd‘z

Pa(z)dz
RIBHER & WHABR (4.2),43) 05 KBORE. XL, u(z) = fi(z)/Fi(z)-

P](l‘)

(611 + 32 )Pa(z1,22)

o Py(2)

[ P,(0)

Pg(ﬂ“, 0)
PQ(O, .Z‘)
P3(0)

i

'ia&mgu?om&ﬁa

(4.4)

Pl(:l‘) -
PZ(zI)'TQ)

Pa(ill)

P(state(l),z < R < z +dzx),

P(state(2),s <Ry =Ry <z + dw),
P(state(2),z1 < Ry <y +dzy, 25 < Ry < zg + dzg)
P(state(3),z < R < z + dz). ~

= ~uz(2)Pi(z), EPop(e) = —2p(z)Pp(a),

_{/"'1'(‘7‘"1) + #1(.’152)}P2($1, :L'g),

= —m(z)Ps(x)

+ o3 {st(z)#l(w) +J Pz, ")ﬂl(u)d“ + Io. Pa(=, “)#1(")‘1"}'

o Pa(w)pa(u)du + g [ Pr(u)po(u)dy, PgB (0) = o} [;° Pl(u po(uw)duy,
ai{Pepm(2) + f;° Poe, w)pa(v)dul,

a1{Pepp1(z) + [3° Po(u, 2)u1 (u)du},

ayog 57 Pi(u)pa(u)du.

2%V, Fi(z)=1-F(z)-

(- al)‘ﬁ'z(j”) Ppp(z) = (1 - n)aiFi(2)?,

(1 = )i Fi(2)Fi(z){ Ty 0P ™ (| 21 = 22 ])

et Loy ot [ fl(""(i)fl(")(Hlxl—xz 1)dt},

n@nmu-zm)+x1-mya{z m=1lm)(z)

Ty Towy oot [ ff""(t>F‘"><t+w)dt}1
(6)
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2: RBOEHE

BlEX ) ERERADRBER p1,payps FIURAL—T» PARBTF L X 5.

(4.5) p1 = M1 - a1)E(52), p2 = Ael(l —1)°G, ps = Ao E(51) - 203(1 — 01 )*G]

(4.6) A = {(1-1)E(S3)+a1 E(S1)—-a3(1-1)°G} Y, G = f: ia;'+m-2 /0 = F™ (0)F™) (u)du.

: m=1n=1 ]
(4.6) XY, S; ORHERRAAAL—Ty ' CBEEEL R T LA S, EHFERSL Q6]
DRAZF—ERBEEbo=on v 74 (SN sy (sP sP} % b 2 L BITFD Lemma #8
RYILor L NEERIDOND. XL, <, RET, HlH convex ordering DK [16] &3 5.

st <, s / FM(w)du < / FPY(u)du,0 < Vx

Lemma 4.1: B(S) = E(sP), E(SM) = B(sP) »o sM <, sP1 o & & AL < A % 3 B4R
BRI, ' ‘

6 F&¥

IV Ea—RE Y X7 AOEREEBSEARN0—2Td s BINHRE SR ¥ SHEE, SEE%,
HEROHFLENE LTETFAEEZTTw, T0EXNEGE T~ REAROBEFKICREK
RTCEBLAHNERES RN C Y EBRBIIZF~ vy PRV v 7R R L OBA R LD

PREINTVS. EBOY X FLACOEEFRBRELO2HEE A OHE . SHIBX LICHD
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