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Cache Line Impact on 3D PDE Solvers

Masaaki KONDO, Mitsugu IWAMOTO*
and HirosHI NAKAMURA't

Because performance disparity between processor and main memory is serious, it is nec-
essary to reduce off-chip memory accesses by exploiting temporal locality. Loop tiling is a
well-known optimization which enhance data locality. In this paper, we show a new cost
model to select the best tile size in 3D partial differential equations (PDEs) solvers. Our
.cost model carefully takes account of cache line impact. Thus, it successfully reduces data
traffics between cache and main memory or lower level cache. We also present performance
evaluation of our cost model. The evaluation results reveal the superiority of our cost model

to other cost model proposed so far.
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B, FryaFuyRr S (FAV R, YT b
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A(N,N), B(N,N)
do J=2, N-1
do I=2, N-1
A(I,J) =C * (B(I-1,J) + B(I+1,J) +
B(I,J-1) + B(I,J-1) )

1 2%t Jacobi H—F A a— F

2 2WICJacobi H—RAT I HRSNE—

solver DF ¥y =7 m X FEESL, a3 MEK
WOWTHEIZRRS, 3BT, Fxyias/
DOEBYEZR LF oo X VEKEZERRT S, 45
TIEWL 222D 33Tt PDE solver D4 — R/ L —F
YERBOTOMRREFMEITY, 5HETELDHESED
BEIZOVWTRR B,

2. 3XITTPDE solverD 70wV TESE
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solver iZBIT 371 v ¥ FREIZ SV CHEICEN
T 5,

2.1 3RFTPDE solver D E

%7, PDE solver D7 7 E A2 — L OFEFRT
7=, 2IRFTED Jacobi b —F N2 H L LTHHAT B,
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F— BT I EANE - ERT,

2R IE Jacobi H— RN TiE, HBFLOH 318 (K
1DAILD) #HBET 30, AEO4R(R10D
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SNAEIC, 2RTES EOFBFRIZOVTEDT
7RABITOND, ZDX DT, BFE o B (stencil)
DT 7EAHR, BFIOEETRICH LZVEINhDZ
b, ZOXIREEE Istencil 3t LFEE,
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i, AEO6A(BUI+1,J+L,K+1)E7 7 &R

A(N,N,N), B(N,N,N)
do K=2, N-1
do J=2, N-1
do I=2, N-1
A(I,J,K) = C * (B(I-1,J,K) + B(I+l,J,K) +
B(I,J-1,K) + B(I,J+1,K) +
B(I,J,K-1) + B(I,J,K+1) )

3 3%t Jacobi Kernel 2— F

1) —

4 33 Jacobi Kernel 72 & A58 —
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16KB(double precision 7 — % 2048 BH) DF vy
T a B UE LA, 25T Jacobi I —F L TiL, B
It A X231024 x M (MIHEBOE) LT Tthhil
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£1 a7V RLAWT Ty ¥ X0 (FEES A X: 200 x 200 x M)
TK 1 1|1 ] 1 2 2 2 3 ]3] 3] 4] 4] 4
TJ 1 10 | 41 | 256 | 1 4 | 5 | 15| 5 |11 |15 ] 4 | 15 | 56
TI | 2048 | 200 | 48 | 8 | 960 | 200 | 160 | 40 | 72 | 40 | 24 | 72 | 16 | 8
2 w» 4 N 1
do Jo=2, N-1, TJ D2OMTDOT Ry 7 YA XERD, 27V 7
do II=2, N-1, TI I &85 <72 %IZ padding 27
K= — =
R b, Bin(IReTI-1, H-1) e Pad: E3FE® Euc3D & GedPad #8A LT AT
do I=II, min(II+TI-1, N-1) Y XA,
A(I,J,K) =C * (B(I-1,J,K) + B(I+1,J,K) +

B(I,J-1,K) + B(I,J+1,K) +
B(I,J,K-1) + B(I,J,K+1) )

5 3,3t Jacobi Kernel 2—F

TJ

L

®6 34K Jacobi Kernel 7 7 A F—1
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2.4 Avoiding Conflicts
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P4 X16KBDOEGEDETEuwID DT AITY Xak
BALESE, RUITFTIOR, FA4vavrrl) s
FREERNWTr v 7 XOBEERELND, B
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ZIT. Z0Fyyi=bIT7 4y 7 DEMEND
HES ax VBB BT D, Costriy TiX. 20
b T4y O, FIFROT 1 v 7 OERICAL
BT 32BRTHOTHBHLETRLTWVWS, LJEHR
BWT, JFAZSE LRI INIXELY,
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H2ERTHRFA VI A X (L) HTHDZEELD
nbd,

K77 ay¥x 7 E2EE L] FEOKRTFER
Fo BHD boundary 1-2&13. Ta v 12HET2



: additional cache traffic
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block3  boundary 1-3

R A boundary 1-2
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TJ

P
block 1 block 2 |
S ————
TI

"7 Tnvr 10K
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T

Ti
H8 “Tryrs20#HE

BIMELRR T v Q08 N7 — 2 2Bkt
B, Flzid, M7T7uy s 1 2EET AR, Tay
7 1NDT —Z DHTIFRL ., boundary 1-2. BIT
boundary 1-3DF —F bLEILRD, TIT, X¥y
VaIARECEBICRS Yy V2T A VBN TT—
FREEENDIZLESERB L, IFRICHBILE
BARTuy 7 1A TEERENDET— 2L, ERO
boundary 1-2721F T2<, RITRICHCTHENLT —
BLB, TNREBEOF Yy 2 bTF 74y OH
maEis,

Wiz, 7y 7 2%3HET358 (K8) 25X 5, &
TR T nyX U TRETIR, 7Ry 1OLJE
HEKFRChblkoTT 78R TEEd, 7uvr2
KHESBS R, B4 T370y 27 1OLJFEERO
F—H T TR F vy VahbBOHERTWS, %
D=, H8D boundary 2-1ALET BT —ZIEHV
XryvallEBEENDE, TRy 1OHE
BEERRICR vy va b T 7 4 7 OWBMBRET S,
Toy s 1 RHETARICRETE NI T4y 7 DR
MmEEsT5L, IFRARRE LLREOEEMRTE
NWTit, BETH XYy aFA A XA LERGHN
Xxvia b T 74y s OBMERD, BB, THFRIC
DONWT, TRy I DERETA LV OBRB—BTE L,
LEEDO NS T o JEMBAELBZZ LT D,

3.2 X MEB%K

FEH TR X S, FIFEE IFREAB LR
AT, BERCBWTBIZLEZEDO NSy 747
DOEWMABET S, Zhi, aX NEKTRTILEE
Z B,

mEIFRAOFEK, nE2IFEOLSE KL TS,

MY A AN BRET D L. m = [N/TIl. n =
[N/TJ] £72%, IFBICHEILIEE, Lx (m—1)
BEROX ¥ va b I 74y 7 OEMBEL, JHFM
HAEI LB X (n—- )OS 7oy 78mM -
BETD, f>T. N3 (L(m — 1) + 2(n — 1)) EX
2, BEYA AN EMACHR vy v ailBEENS,
Fry ValBEINIERKOGHERBELD L,
N34 N3 (m—-DL+2(n~1) &%, ZZTN3,
BLUON2 BT a9 A XTI, TJICEOT—ET
HDHDOT, BEEEZHBRLTUTOaR FEKIES
na,

Costyew* = L(m—1)+2(n—1) @

(m=T1F1n=[#1

Tuy YA XTIxTI2—EETBE, LD
X NBABIRTI TJ=L:2 DEERXHNERD,

Iz, store L DBELF (K BDOEF ALH = B) 1T
WTH, ARIEF vy a2 T4 Y OEBERNT 2,
¥y 2 write around ¥ ¥ ¥ =2 ThHoBEI,
By ADERIIF vy aZEXEELARV, LL,
write allocate ¥ ¥y ¥ = ThowFHITIZ. ADEF
bFEry o lERESND,

E2F AlX, stencil 7 7 B R i ThbhiRnwiEd, JF
BIZHBI LSS, P74y 78MEAE TR, L
L. IHARSHE L BE AR, Lx (m—1)E
BORSRINT 74 7 BELBFREERS S,

E BT, stencil FHEDO A —FNV PO T 7R S
NARFIBREENTHBHEE BERIZ, Lx (m—1) DfR
D DT T4y I BRET D, ZHITHRTFRTRESID
H—Fn (RI0BE) ICRONE, ZhbOEIIOE
BE CostNew s IZEHHHT LT, BET IR MK
—Rf 3,

Costnew = P x L(m — 1) + Q X 2(n — 1)(3)

ZIT. PiRFry vaREBESNAEF OEKT
HY, QIEEDP Tstencil 7 7 £ AN {Thh 2 EF|
DEE L 725, Jacobih—RNAEFNT L B &, Jacobi
H—FVCIHERFIA L BRT 7 AI3M, write
around ¥ ¥y 2 DFEAITIE. B OABRF yy =il
EEEND, PiXl Lid, —F. write allocate
F oy a2, BEFIA. BEbiZXyry Y ailiE
EENALD, PiX2&25, ¥, stencil 7 7 &R
EhBEINEBOLTH Y. QiXF vy i =D write-
miss R Y — I BR21L725,

Jacobi H —RMZBWT, 32BX ¥y aF A,
write allocate ¥ vy V2 BRELEHES (L=4,P =
2,Q = 1), U Costyew ZHATH &, HERT
Oy Y4 R4 (TI,TJ) = (40,11) & 725,

T TIRF ey 2D A XOMETH Y, EFI A DSRY
SAVHA X LITaligne ENTVWBHREIT, KFRIT T4y
ZiEE LR



do odd=0, 1
do k=2, N-1
do j=2, N-1
do” i=2+mod (k+j+odd,2), N-1, 2
A(i,j, k) =Cl * A(i,],k) +
C2 * (A(i-1,3,k) + A(i,3-1,k) +
A(i+1,3,k) + A(L,3+1,k) +
A(i,3,k-1) + A(i,3,k+1) )

9 Red-Black SOR=—F

do i3=2, dk-1
do i2=2, N-1
do il=2, N-1
r(i1,i2,i3) = v(i1,1i2,i3)
~ A0 * ( u(il,12,i3) )

- Al * { u(il-1,i2 ,i3 ) + u(il+l,i2 ,i3 )
+u(il ,i2-1,i3 ) + w(il ,i2+41,i3 )
+ u(il ,i2 ,i3-1) + u(il ,i2 ,i3+1}))
- A2 * { u(il-1,1i2-1,i3 ) + u(il+l,i2-1,i3 )
+ u(i1-1,12+1,13 ) + u(il+1,i2+1,i3 )
+u(il  ,i2-1,i3~1) + u(il ,i2+1,13~1)
+ u(il ,i2-1,13+41) + u(il ,i2+1,i3+1)
+ u(il-1,i2 ,i3-1) + u{il-1,i2 ,i3+1)
+ u(il+l,i2 ,i3-1) + u(il+l,i2 ,i3+1))
- A3 * ( u{il-1,i2-1,1i3-1) + u{il+l,i2-1,i3-1)
+ u(il-1,i2+1,4i3-1) + u(il+l, i2+1,1i3~-1)
+ u(il-1,i2-1,1i3+1) + u(il+l,i2-1,1i3+1)
+ u{il-1,i2+1,i3+1) + u(il+l,i2+1,i3+41))

10 RESID #—*A=—F

£2 WEAVWEITLY

SUN Ultra30 SGI 02
CPU
- Chip UltraSPARC-II MIPS R10000
- Clock Cycle 360MHz 1756 MHz
L1 Cache
- Size 16KB 32KB
- Line Size 16B (2 word/line) 32B (4 word/line)
- write-miss policy write around write allocate
L2 Cache
- Size 4MB 1MB
- Line Size 64B (8 word/line) 64B (8 word/line)
- write-miss policy write allocate write allocate

4. M REFME

4.1 FM A E

Rivera HIZXXRY 2B WT, 32DH—FANA—F
v (3D Jacobi. Red-Black SOR. RESID) # A\ T
HERFMEIT>T D, AR TLRBOI—XLVE
FWT, Riverab® =2 R M Costriy & Bx D=
Z P B3 Costnew % LLEBGHET 5, EI'OIZ Red-Black
SOR #—*1 %, & 10iz RESID DX — R A —F
ERT(Fry2{Eliza— FRXm 28R). e
FEMEIZ i Sun Ultra30 B8 X’ SGI 02D 225D+
VEAWS, BATEK L DOV OHEETRT,

S BB A XN x N x 30 (£5—#
i% double precision) & L, N % Sun Ultra30 Ti% 400
~600. SGI 02 Ti¥200~400 & &b S #FHME1T-
feo ZOBEYA XX, fivrrint, FEY
A ZBPENEGIINL OBDN x N D L-JERmHR
2% vy aic#i B, MY A ANRKEI 2B L
L2F vy P alZiEMED ELRVEIITBATH S,
FyoiadayFrlIOoONTIE, LiFyyian
HEI—Fy e Lz,

£3 EIVL, BI—RNVIBITDIPLQOE

for L1 for L2

Platform Program P Q P Q
Jacobi 1 1 2 1

Sun Red-Black 1 1 1 1
RESID 2 1 3 1

Jacobi 2 1 2 1

SGI Red-Black 1 1 1 1
RESID 3 1 3 1

BRET IR MNEK Costnew ERAVBERIZ, P&
QODEZE J2HITH S TRDIMLERD D, HET D
PRBIUVQDEE. EKITT,

4.2 FHE&E R

#£4, BIUORREI BT HA) VT A0
a— FiZxtd 2 EEm LR OEHME, B8 L UL1/L2
¥ xy o I ABERENEROESEELRT, FHETE
Y1 NIRRT A EOEMN Y ThH D, £/, L1/L2
Fyy iz I RAEKERWEL X, FY PFra—Fo
IAEENSE Ty X S EfTolca— RO I REHK
2B %, Fhed ) PFra—Fo I AEETE -~
HLOTH B,

FERIZBWT, “CRiv’ iZRivera b ?D = A A%
Costriy EHVWTERERT 2 v 7 %A XERBAERE
DOHBERLTWD, —F, “CNew(L1) iZ#BET
BaR NEE Costnew ERAWVWTRERT 2 v 7 ¥4
RERBATEHSOMEEZTRLTEY, Costyew DLD
EELT, Lixyy¥adf A XOERR(FA
VYA X16BRBL =2)ERALELDOTHS,
7oy “CNew(L2)" R LIZL2F ¥y v adF A A
XEBALTNS,

ET, Fyva/myFr IOHRICOVTER
T3, FH, Costriy A L7 “Buc3dD" 7ATY
RAAEBRWEETOBEICBWT, FV PFrroa—
RiZtbRTm o I X D BHERFELRL TV S,
FEio, L1/I2F vy P2 IREKS, Y VSt
RV yF TR IVKRESBILTNG, ZOZ L
X9, 3%RFTPDE solver iZBW T, Fxryayay
XU TNEZBTHIZ BB,

Wiz, Costriv ZRWEEE L., Costyew ZHW
ERAOHEEHRE, RADKERE TiX, CRive
CNew(L1) IZBWT, LA EFHEEETR, Thix
Sun Ultra30 D L1¥F vy ¥=2F A ¥ X8 16B &/
S, Fyyva b7 I HMOBENIZLAL
RVEDTHB, L, £5 TiE, C_New(Ll) ik
CRivIZHERTEEMIZRVEENRELh TS, =
ik, SGI 02 T, L1¥ ¥y a4 A X3 328
LRELSRBED, FxyPaFdfrBExrydab
F7A I ~EZDRBERRELSRDZEDTHD, 7
AVFAIBRELRDB L, FxviaFA oA X
DR EERT D Costriy TRBRERKRELIRBDIT
Ft L. Costyew TiXCostriw LV EMZ T 7407
FRTZENDMB,



#4 Sun Ultra Sparc 2 COMMEAER (&Y A X 400-600)

Average Euc3D GcdPad Pad
Problem Improvement CT.Riv_ | C-New(L1) | CNew(L2) | C-Riv | C_New(L1) C_New(L3) T_Riv_| C-New(L1) CNew(L2)
Pert 3.6% 3.6% 21.1% 24.9% 24.9% 29.0% 20.1% 20.2% 28.5%
Jacobi # L1 Miss 31.1% 311% a11% 55.2% 39.2% 572% 53.8% 56.2% 595%
# L2 Miss 26.6% | 26.6% 34.0% 34.5% 34.3% 34.0% 35.7% 36.0% 35.5%
Perf 37.0% 37.0% 56.6% 74.3% 74.3% 74.3% 62.2% 62.7% T4.5%
Red-Black # L1 Miss il1% 1% 35.6% 75.1% 75.1% 75.1% G0.9% 63.4% 62.6%
# L2 Miss 70.8% 70.8% 71.0% 71.0% 71.0% 71.0% 72.7% 72.7% 72.7%
Perf 3.8% 6.2% 11.1% 17.0% 17.0% 23.4% 12.0% 18.5% 30.0%
Resid # LT Miss 42.4% 19.7% 49.5% 58.9% 58.9% 63.8% 51.4% 59.5% 60.9%
# L2 Miss 10.0% 23.6% 24.6% 24.7% 24.7% 25.3% 26.6% 27.1% 26.8%
#5 SGI O2 COMMEMRR (RIEEY A X: 200-400)
Average Euc3D GedPad Pad
Problem Improvement C_Riv_| C-New(L1) | C-New(L2) | C-Kiv | CNew(L1) C_New(L3) C_Kiv_ | C-New(L1) C_New(L2)
Perf 37.7% 46.6% 18.8% 47.9% 50.8% 50.8% A89% 52.9% 54.0%
Jacobi # L1 _Miss 17.0% 24.0% 24.4% 30.8% 35.6% 35.6% 22.0% 26.6% 28.2%
# L2 Miss 20.1% 31.3% 34.8% 36.8% 36.6% 36.5% 36.1% 36.7% 36.8%
Perf 174% 175% 180% 158% 158% 161% 184% 184% 184%
Red-Black # L1 Miss 57.8% B7.8% 58.6% 68.1% | 68.1% 70.4% 488% 55.2% 55.3%
) # 1.2 Miss 70.2% 70.2% 70.3% 72.0% 72.0% 71.6% 71.1% 71.1% 70.4%
Perf 10.8% 31.0% 32.2% 30.8% 36.2% 36.4% 38.0% 45.1% 45.7%
Resid # L1 Miss 24.1% 20.5% 29.6% 34.3% 36.6% 353% 28.4% 32.5% 33.0%
# L2 Miss 22.2% 28.3% 29.1% 28.0% 28.5% 20.3% 26.7% 29.3% 29.7%

EbiZ. CRivE CNew(L2) ZH&T 2L, 2D
BEZEITHE 2D, CNew(L2) VWA, CRiv
I Sun TIRIFEH 11.5%0 B HEEEER L T Y,
SGI T 7.0%0EMEEZERL T3, L2F vy =
IZL1F vy V2T T, K&ERT A VA X2E5A
LTWBZ Ehn, FyyiradfrBFrydi= b
G740 I ~EXAHBRAREL, ReDaX EK
FRAWBZET, Fxviabd 74y 2R/RIC
MZXBIENTELEDEEZLNS,

AEOFEMTIX, 64BDL2F vy o T A LV EFED
~ v ETHMEEITo e, BE, 64BUL EDF vy
FA VEFALTNEw 0L 20, Bz, SGI
Origin2000 CiZ128BD L2 F ¥y ¥ aF 4 U #fF-T
W3, SHOYBEEOENBMEELD L, L2F vy
aDIFA YA R, BN AEITI7EA LT
VBB LIV RELL RBILBFREND, D
LORKERS A U RFEOT LTI, S EOFEME
BIbFyo o bTF 74y 2 BEMOBEBIIREL
RBED, FA YA XOEEEER L oo, iR
BIEEITIZLBSBIVEEIRBLEZONS,

5. FLHESHBRDOBFHE

HPCIZEWT 3k7TD PDE #f#< Z & OLEMEI,
SBLEML TV EE XL D, SRITDOHEETIX.
AEYTIZEABR LRy 7 L7RBZ LIZLBMERE
ETHREECTHED, FRBLIyy vV aBOT—%
BEXRP TEANEVERTAZ LS, BEREEEL
DIZIXFICEETH B,

ZDZEML, A TIX3RTPDE solveriZ it
ZEBRT0y YA XEBRT HDOFERaX
FEEARRRE L, BR T 3 FMEEIIX vy =
SALOEBEERELTRY, EROFEITLEAF vy
Lo hT T4 I RNELMAB I LREAETH B,

MERERERS R TIX, BRTHa X FEEEAWS -

LT, fERO R FEKERWEZEEICHS, Xyy
Va2 I AEEEERMTESZ L, ERFRICEL Y EHE
EEBLNDZ EBbholz, DI EMnE, BRAD
BETDIaX NERIZ, EROLOEVERTNSE
BRI B TES,

SBOBEE LT, SAVF A XORR A D~
VTCHRBEIFMEEITI Z LR, BT SV r—Ta LI
LT, XX MEREAWEZT oo R U 2B L,
FHEEITH Z R EBRET OB,

BB ABIRETRIICHY, HEE, HNRE
We TEA 70— 7 0Ok, 72 5 NCERRKERASE
BICENB L ET, 2B, FAFRO—EIL B ARFEWNR
BAREHRENTRMEREE HEMRE) (Project
No. JSPS-RFTF 97P01102). X, CHREER
BB ERSE (A) AR LBEALER T X
FLHREDBOTHB,
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