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A Proposal for GCR Methods with Less Memory Requirement

MakoTo Kupos,tr HisayaAsu KURODA,
TAKAHIRO KATAGIRIt 14 and YASUMASA KANADA«z

For the solution of large sparse linear systems, Krylov subspace methods are widely used.
Particularly for nonsymmetric linear systems, GCR(Generalized Conjugate Residual) method
based on Arnoldi principle is well-known. Some implementations of GCR method such as
restarted GCR, eGCR(efficient GCR) have been developed. Their computational complexity
and required memory size are investigated, and two new methods, named meGCR and uGCR
are proposed in this thesis. Compared with conventional methods, the meGCR method has
the same computational error and computational complexity and small required memory size,
and the uGCR method has the nature of large computational error, small computational
complexity and required memory size. These conventional and proposed methods are im-
plemented under the sequential and parallel environments. Their convergence behavior and
execution time are investigated. It is shown that the meGCR method does not have com-
putational error problem and it is practical enough. Moreover, it is proved that the uGCR
method has serious computational error problem and it can be applied to limited problems
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with good convergence nature.
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BETRASARERTHOEL —RHER Az =
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ZeEA L Vv 5T b, GCR IE (Generalized
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conjugate residual method) i3€ ® Krylov 22
BEO—oTH Y, FEHHOMEEMATHETHRBNIEA
HELABMESR A AELLTHON TS, T
RN 2 BEE LTEE 3hTwb GMRESR
#D o—#e LT GCR EFHVLATEY,
GCR ENEEMHIEFE V.

%, GCR B REEBAE 2 5 10> CEHER,
AV ERESERHICHENT 20T, ERNICIY
A% — MED GCRENE (AL TS, L2rL,
GCR I IIEtEE, ATVMARIAREVEVIH
Eanhy, VAY—FEAPERE(TERY, K&
LHEEIET RV, REOFREFELZHENDS.

A$R4E T, memory efficient GCR(meGCR) %
% unrolled GCR(uGCR) &\ 5 220 GCR D
FNT) XL%IRET S, meGCR ERBEFOT VT
DXL EHART, BFEEFRLT, AEVEARSY



FEHMILDH VI ERERED. —FTuGCR I, B
FOTVITY XL ERRCEHER, 2 IHHEED
Ll h,

T/, CNODRETAETVITIXLEBEDT NV
TN X LDFREE, BFIRETOURELHET2.

2. GCREDOT7IIY XL

GCR !X Eisenstat 52 12 ko THRE ST,
Arnoldi FIHIZHE D { Krylov B89 ZEMETH 5.
GCR #Ti, FREICB VT Arnoldi BHEIZ LY
ATATFHERNY PVEERTS. 72, BRETE
BENDFEEEL, AU < Arnoldi FHEIZED < Krylov
BAEEEO—D>THSH GMRES Y 02 L HH
BICE L TH D, LwIEEEED.

2.1 UZX&—hRE GCR &

GCRETH, ERETERERNZ MV EETET
ADIBECTHEL R VRG> TEHELRZITR
%63, ERKEOMmE & bICsHER, xE )
HESEINTS. oz, YA —FRD GCR &
HERBOIE fEDPRTVE DY) o7 LTy X4
¥ 1IET. BUTFT, 27Ty XA% GCR(k)
ELEA,

Select zq, tol
ro =b— Azxg
po=K~1rg
for n=0,1,---k— 1 until ||r,|| < tol do :
begin
. _ (Apn,r
On = (APnytA;n
Tnil = Tn + AnPn
T+l = Tn — anApn
(Api, AK " 'rn41)
)Gn,i =

(Api,Api)
n
Pt = K rngy — E Bn,ipi

=0

i<n

n

Apnt1 = AK Vraqy — Z Bn,i Ap;
1=0
end
o =Tk
repeat

1 restarted GCR i%

2.2 Efficient GCR &%

BRETHRORT MV 2o ZVBEELBZWVWED,
:@mn-}-l %]V“j@ﬂb:&’lj—:ki){’cg%- é %L:it
ERETIE, ERETHEROKRE poy1, Apnia
DEEDI L, poy1 DEELEELLZLPTESL. IO
TN TY X AT Yang® 12k o TRE SN, Efficient
GCR (eGCR) EEIEIEN S, eGCR EDOT VY
AnFEMM2ZRT. BTFTR, VA9 —FEAHED
eGCR #:% eGCR(k) &5,

Z? eGCR(k) TIXEIHEE OkN) O poyy DEE

EESIENTE, PR )OFTEELHIRTE S5,
KL LT GCR(k) ELF L C (N x N) oftFl2
FDOAE)RLBEETE.

Select zg, tol
ro =b— Axg, g = K rg
Apo = AK 1y
forn=0,1, -
begin
oy = AAPnTn)
™7 (Apn,Apn)
Tn4l =Tn — anApn
Ont1 = K lrpgg

. (AP, AK Trag)
Bri = “apraps o i<
n

Apny1 = AK Trpgy — Zﬂn,iAPi

,k —1 until ||r || < tol do:

i=0
“end
zo = o + Uk—lBk__llak—l
where
ar = (e, 01, -, )
Uy = (@o,---, )
1 Boo Br—-1,0
1 Br-1,1
By = :
Br—1,k—1
1
repeat

2 efficient GCR (eGCR) £

2.3 Memory efficient GCR &%

I TRBREFED—2TH 5 memory efficient
GCR #% 3BT 5. eGCR(k) Ti, i, & Ap,
200X MVORBBEEZREL TR UV
WS, G, B Ap, TETIEICKY, 2T VEHES
BWHTIENTEL, COTNVITYXLYE, 31z
RY. ZOT7NTY X A%, memory efficient GCR
(meGCR) & L, VA% — A k ©® meGCR &
%, BT Cit meGCR(k) ELIFE.

meGCR(k) #:i3 eGOR(k) A b LICLTWVHD
T, ETEEIX «GCR(k) ELHERETDH Y, GCR(K)
HEE YLD, 51, XE)FEHEIL GCR(K) I,
eGCR(k) B %5 LALETR .

2.4 Unrolled GCR & :

meGCR(k) BEIZBWVT, Apy & Ap id

Ap1

= AK~* (ro — cp Apo) — Bo,0Apo

= —ao (AK™!) 7o + (1 — Bo,0) AK ™ ro,
Ap2

= AK~! (ro — apApo — a1 4p1)

—P1,04po — B1,1Ap1

= —apo (AK_I)BTO

+ (—ap — a1 (1 — fo,0) @0B1,1) (AK"1)2 To

+(1 = 1,0 — B1,1(1 = Boo)) AK o,



Select zq,tol
To = b— A.’Bo, Apo = AK~17‘0
forn=0,1,---,k — 1 until ||r,|| < tol do :
begin
o = SAPn, )
" (Apn,Apn)
Tn4l = Tn — Qn APn

1
= APLAKT tapa) L o
Bni (@piApy 0 =T

Ap,,+1 = AK_l’I‘n+1 - Zﬁn,iApi

=0
end
2o =To+ K 1Dy 1Cr_1 By} ak-1
where
ar = (oo, a1, - ,ak)H
1 Boo Pie Br-1,0
1 ﬂl,; Br-11
1 :Bk—l,k—l
B |
1 1 1 1 1
—Qg —CQp —Qo —o
Ck —_ -1 —1 -1

\ . ~an-1
Dy = ( r0 Apo Ap1 -+ Apr—1 )
repeat

End. ZOFHTHET S 7T X A% unrolled
GCR(uGCR) e L, VA% —1+E#H kD uGCR %
% LT Cid uGCR(k) #E L 5. uGCR(k) DTV
TYAL %R 4 ZRT.

2.5 EHHE, XEUEABOLE
GCREDZFNFNROTNTY XLIZDWT, EHE
B, AEVEHETHETS. BHEEIIOVWTE, #
BNEETEORE LV ICHEO YA THYEREICL D
0T, FFEHEELER1OLIIIHETS. ZITC, N

®1 FMEEROMHE

HEEES k RIEE DEHE Bk
dmv 2kn HH)- N2 b ViR
smv 1T AR BATHI-~ 27 b AFR
dp 2n ~Z b ADOAE
daxpy 2n z=z4+ ay
prec BB IREF BiLER
bin ik(k—1)(k+1) | B™?
krav 2k? (k x k) TATF-~27 b VAR
dmm 2k%n FTH-FATIIE

B 8 memory efficient GCR (meGCR) #

ERTIENTEL. BMAIC, Ap, RUTODES
2 (AK™) ro DBBHITRYT Z LA TE S,

Apn = sn,0AK " ro + 501 (AK‘I)zro +

ot snn (AKT) g

I, or RUTOL I ICRES.

n = tn0T0 + tn 1 AK " Iro + - 4 tnn (AK'l)” ro
Z T, it 8,4 L t;j li', ﬁﬁ@ﬁ@f?"’ﬁ L7z 8ij
& tij, LT (AK_I)l’I‘O , (AK—I)J ’r‘o; fEo
TEETHILNTES. fEoT, REFFOMIC
(AK=)"ro & ((AK™) ra, (AKT) ro ) %A1
LTBIE, si; & ti; AT T—5HHICL TR
ZEATE, SRICL o TRIERDHIRATE S, &
72, ((AK*I)’ ro, (AK™1) ro) ORHEIXEATIIMR
(BLAS3) DFMHICH 50T, FHEMIFETES. X
EYFEARICOVTIR, BATBEPRFIEER 5w
7 i (AK™) ro OBRED A% DT, meGCR(k)
HLIZIZRABET, BEOT VI X 10HESTH
5. LaL, (AK™) ' ro 3 i RELRBIZONT
A @ dominant ZEBH XY F VOFEEBNTL HD
T, VAZ—FEAERELTHLHEOETAITE

BEEY A X, kZVAY - ERTHE. TOTHE
%fEoC, 1) A5 — A (k RIE) OFtEREE, %
20Xk B,

£2 1 VA FEAPOHEDILE

HEEFE | GCOR(K)  eGCR(k) meGCR(k) uGCR(k)
dmv 3(k—1) 2k—1 2k —1 0
dp 2k 2k 2k 0
daxpy 2k -1 k k 1]
smv k k k k
prec k k k41 k+1
bin 0 1 1 1
kmv 0 1 2 41k
dmm 0 0 0 1
¥/, AEVEHARBIRIOLINCLS.
£33 AEUHEHEOLEK
buffer size GCR(k) eGCR(k) meGCR(k) uGCR(k)
N 2k + 3 2k +3 k+3 k+2
k2 0 2 2 5

% 1-3 OFEE, *TVEAEORENIS,
BTl bhb. (1)meGCOR(k) EOFHERER
GCR(k) #: & 0 7% {, eGCR(k) L FRETH
%. (2)meGCR(k) #:0 * €Y EHEIX GCR(k) &,
eGCR(k) EO#EFTH 5. (3)uGCR(k) Hid, 42
DFTNT)XLDHTHL oL bFTEEIDE(, XE
1) S meGCR(k) L FIZFALTH 5.



Select zo, tol

ro =b— Az

fori=0,1,---k—1

calculate (AK _1)“7‘0

end

fori=0,1,--k—1, §j=0,1,--k—1
u; ;= ((AK_I)iro , (AK‘I)jro)

end

sg,0 =1

forn=0,1,-- k-1

ui,1 U1,2 Ul,nt1
Uuz,1 Uz,2 U2, 741
(Apn, Apn) = (sn,ﬂ’ Sn,1," ", s'n,n)
Un+1,1  Un+1,2 Un+1,n+1
Uui,o Uu1,1 Ur,n
Uz,0 Uz,1 Uz,n
(Apnv'rﬂ) = (Sn,o, Sn,1," " :sn»")
Un+1,0 Un+1,1 Un+1,n
o = AAPnTn)_
n (Apn,Apn)
tn+1,i = tn,i — QnSn i1 (0 S i S n) tn+l,n+l = =0nSn,n
Vo So0,0 0 4] tee 4} U1,1 Uui,2
U1 $10 1. 0 -+ O Uz,1 uz,2
Un Sn,0 Sn,1 Sn,2 Sn,n Un41,1 Un41,2
Bri = !APivAK_lrn+1)
Tt T (Api,Api)

Snt1i = tng1i+ ) Bnysii (0X8<n)  Sngintt = ttint
end
To = xo + K_lEk—le—lck—lBk__lldk—x

where ay =(ao,a1,-~',ak)H‘
1 Boo Bio Br-1,0 1 1 1
1 B Br-1,1 —ap  —ap
By = : . Cr = -
1 Br-1,k-1
1

1 0

0 s0p0
k
Ekz(ro,AK—lro’ (AK—1)27'0> e, (AK—l) ,,,0) F, = 0 0
0 0

repeat

Sn,0
Sn,1
sn,n
Un,0
Un,1
Un,n
U1,n+2 tnt1,0
U2 42 tnt1,1
Un4+1,n4+2 tn+1,n+1
1 1
—ago —ag
- —o1
Q-1
0 0
81,0 Sk-1,0
81,1 Sk—1,1
0 - Sk-1k-1

4 unrolled GCR (uGCR) &




3. Ml =8

ZITHE, ERFRDOT VT X A% HITACHI
SR2201 b CHEESTLAERE R Y. SR2201 ©
% PE OB Y — » ¥EkIX 300MFlops, AE i
256MByte, & PE i 3 RTLNA/X— 2710 2N~
TOLYPNTEY, BEHEEE 300MBytes/s Th 5.

FEBRCHEMLHERIUTN3 2TH S,
¢ Problem 1: {5475 A & Toeplitz 175/
2 1 0 0 :- o
0 0
¥ 0
A=| o o

QL oOowN
T owmm
N = o

0 [1] e 0 2
HANZ PV bk (1,1,.--,1)7", vik10 & L7
e Problem 2: i Q = [0,1] x [0,1] i BT A
RARESES FEROERENE (2 X7T)
—Uzz ~— Uyy + Ru@ = g(:c, y)’
u(z,y)|6Q2 = 1 + =y,
IZ2WT, 5 ERLESICL > THRILLZ. R
Z10el, BRREERFu=14+2y L% 5
L IHICEDT.
¢ Problem 3: $HifQ =[0,1] % [0,1] x [0,1] ic
B EMERMA R OBREME (3 XT)
—Uzz — Uyy — Uzz + Ru, = g(«'ﬂ, Y 2)7
u(z,y)|62 = 0.0,
ZDWT, T AFLEMI L > THRILL:. R
21.0 &L, HRIIBERS u = e sin(nz) x
sin(ry) x sin(nz) £ %5 & HIZED/2,
BT R, |lrell/lroll < 1.0 x 10712 & L7z,
3.1 meGCR ENERER
meGCR(k) &, BEFFFED GCR(k) &, eGCR(k)
BB LUBRERYT. VA5 —FEAH kX TT
32 & L7 7RO, BABETCOERMERLTRT.
AR L & RiEFK 4, B-ILU(O) ATLERE ) OfER
BES5IIFRT. TRHORITRENFEERE, =
1DbDOERLTHE. ZhbDERDP S, eGCR(K)
& meGCR(k) EI2IZIZF UE S T, GCR(k) ¥ &
DNHHNZ EAbhb. Tl OEFTEEOEV,
13 AL dmv(BTF-EITFIR) OFtEEE OBV T
HBZENDDPS. GCR(K) D dmv DFHERER &,
eGCR(k) i, meGCR(k) D dmv DEFERREI O
BRHEE20LBD3:2TH5. HOFEEFLHA
Tdmv OFHEICIEZ L OBBF P2 20T, Z0H
BT BRI A %2 v eGCR(K) #: & meGCR(k)
X GCR(k) ICHNTHEEIHEL 2o T B,
T, BHBETOHKRERS LH6ICRT. oh
LOBNZIZEL 2 PE AR TR - 2 E7REINR IR
TV, ThODERPS, 3207 VTN X DM
SOBRIZ, BFOTETLBEROBRE LR CER%
AT ENDISB,

3.2 uGCR ZEDOERIER

RIZ, uGCR(k) LMD 3 DD FEDHBRER LR
6 Y. FEREOMER S, uGCR(k) XY A%~}
B#i% 8 L b REL{T5LPEIFERICEL LD
T, SITRTTYRY— A% 8 ICEE L7k
RERG6IIRT. )RS5 — b ELIA8 Ti3, Problem
2 DWRDIEEIEVDOT, Problem 2 DEERIZZ 0
RIZA 2Tz,

BILEE L LO%A T, uGCR(k) Eidfbn 3 ok
DHIFENZ EXH2rD. LaL, iz ot5 Ll
DFELFRED, ThUTOESICEZ->TWVS, =
L, BILEICREESE 22 5729012 uGCR(K)
DFHEEPDLRVEVIFIEINE L ALHEL TV
Wiz EZOND.

4. Bbh Y (Z

EERERD L, REFED—D2TH 2 meGCR(k)
EiZ, BREECBVTHEFIBEIBWTLBF
D eGCOR(k) ik L ETHENIIZR L TH L Z L %D
Mol E7:, meGCR(k) HED X T ) FEHEIINAE
DHEEDIESG D TIOFERFHERELEL I TIC
ATVHEHREHEFCTEDL LD TE, +0EH
BTHHEZ L bholk., dIVLO2DREFETH
5 uGCR(k) HRIFETEBED L DICY R ¥ — A%
RELTELRVEVIHBEEDNDED, VAY— LB
AN S VBEITHE TS L, oFkL ) bEET
HBEI LN,

2 £ X ™
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R4 FANM (B) L RERE BRRSE, LBzl

Tem 1
GCR. LR T ecer GCR. LERO™M 2 eGeR GCR. EERE™ 2 eGOR
TR R T R A [ A i )
\4 . . .
smv 8 3 ; 1010 10 582 5 -9
dp 0.730 0.725 0.737 123 123 122 0.868 0.835 0.865
daxpy 1.24 0.542 0.546 219 97.6 95.9 1.53 0.709 0.695
bin — 418 x 10™* 443 x107* —_ 0.509 0.590 — 9.24 x 1073  1.05x 1072
kmv — 4.30 x 107% 229 x 107% e 3.32 x 1072 1.83 x 1072 — 8.03 x 107% 331 x 1073
total time | 22.8 18.3 17.9 1860 3440 3450 37.8 277 287
£ 5 EAEM (M) L REEK: FXRHE, B-ILU(O) ArLiEd )
roblem 1 oblem 2 . roblem 3
GCR. e CR meGCR 1 G Q%R §§QR _.__ms%ﬂ.__
e L— L5 1 L 0. 3 3.50
mv s . . . . .
Sov ) 138 {29 §45 639 2% 3.3 533 330
dp 0.282 0.282 0.286 115 115 114 0.205 0.203 0.203
daxpy 0.455 0.197 0,198 20.3 9.03 8.88 0.350 0.162 0.159
prec 8.30 9.00 9.20 492 494 508 11.4 11.9 11.8
bin — 1.56 x 1074 1.61 x 107* — 4.70 x 1072 5.93 x 1072 — 1.93x107%  2.22x 1073
kmv — 1.80 x 1075 860 x10~° -— 3.06 x 107> 1.70 x 1072 — 1.70 x 10~*  7.10 x 10”*
Total fime | 21.2 198 201 938 B2 825 719 199 501
: H j " GCR(3) —— sz f "GCR(2) —— ] 128 F T " GCR@2) —— |
8 6} eGCREBZ e g eecngaz - Hemn g e, eGCRi:iZ e
g meGCR(32) ---#-- 4 256 meGCR(32) ---»--- 4 64 b e meGCR 32§ B
L § 1 8
£ < e ®r 4
2 JIRFCE S i B
£ 4f £ g .} gt
-
2 1 I 1 1 84 i L 1 - 8 1 L 1
8 16 3R 64 8 16 32 64 8 16 32 64
Number of PEs Number of PEs Number of PEs
Problem 1 Problem 2 Problem 3
(5  HFIRE, AiLEELOEITRE (B)
X ! " GOR(32) —— " GCR(E2) —— s " GCA(3Y) ——
" eGCRisZ e a eGCR(32) - g eGCQ?HZé Moo
‘57 6k meGCR(32) -~-%- | ‘g 64 meGCR(32) -~-#- J £ meGCR(32
2k )
i g !
£ -3 &
g e 1 g% 1 gt 1
F = =
iy _—
oL , : A 16 . . " sl , A N
B 16 32 64 8 16 32 64 8 16 32 64
Number of PEs Number of PEs Number of PEs
Problem 1 Problem 2 Problem 3

6 EFIHEE, B-ILU(0) ATLES h OEITHH (1)

£ 6 uGCR(k) LMD TV T XL OWEFEREETOREITHE (B) L REDK

no preconditioning | B-ILU(0) preconditioning
iferation fime iteraiion fime
GCR(k) 46 18.5 17 20.3
Problem 1 eGCR(k 46 15.4 17 18.2
meGCR(k) 46 15.4 17 19.5
uGCR(k) 55 13.5 25 26.7
GCR(k) 1096 64.8 150 30.6
Problem 3 eGCR(kg 1096 53.6 150 29.6
meGCRSc ) 1096 55.7 150 31.7
uGCR(k) 1053 43.0 150 30.1




