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Determining the Winner of Split-and-delete Nim
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Abstract: We propose a new combinatorial game named “Split-and-delete Nim” and study its winning or
losing conditions. The active player starts with n heaps. He or she selects k heaps and then splits each of
the k heaps into two heaps. There is now a total of n + k heaps. The active player then deletes k heaps  to
return to the original total of n heaps. The order of the operations of deleting and splitting is the reverse of
the order in Delete Nim. In this paper, we discuss the winning condition when the number of heaps is two.

We also discuss some variants of this game for an arbitrary number of heaps.
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DI Tn+1 k3.

IR n+11HDS35D 12D LEHIERL, o7zl
OEPn b L1275,

n =2 DFEF 2 BTN EHEIR=21—KF 5. 20
7 — A TORBBHESEE n =3 IXBWTHRBRTH 3
3, FRT ISR & BIHE DRI DOWTHRE T 5. n=3
DIFE, 207X —=AE 320D 55D 1 D%575E L TEE
T4-2DE L, ZOFH»5 1 ODIEHIRL TETHE T
T5. F=rRBNIRE (CHEL5D0FHFETHE0EVD
BRZEZFERV) 2ROEEE Gs = {{(a,b,¢)|a,b,c € N}
THbY, KTREX (1,1,1) DATHS. ZOF5—LDP
RAIOEER P, N RHEDOEEE N T5. 5—1r0H
T X D BOLHORBITHIARDTH 2720, P OEHRL
LT (1,1,1),(2,2,2),(1,3,3),(1,4,4), (2,3,5), (1,5,7) %
YRIEICHETZ e TES. LIIDEEIR=ATIZH S
120D GEEFEROTIEMNARETHZ s, B
TOMENRITOZ L IZHLLTH S,

B4 a,be NIINL, (a,bc) e P73 cldEmA 1
DTH 5.

FI9LLT, a,blcXLT {a,bc) € Prixd cZiglf
5. FELBRVWEEEIXTRLTWS. a & b2IWHET
HBLEZ AINIWEL R BEAD D BHRER TN S.
FHZ a = b THBGEEERDGTEIK D LD,

(a,a,c) e P BIX, a>cThHb.

FERR (a,a,c) € P Da<ck AT a,c DFETS L
RESS. DL =% (a,a,1),{a,a,2),{a,a,3),...,{a,a,a)
WBIRTN RETH S (x). FiZ (a,a,a) e N THdZ L
25, ZORERS—FTHTIEDTE S P RMEAHFE
3%. L2L (a,a,a) 2 6BE 2R (a,a,7) (G <a) ¥
72i% (a,d’,a") (@ +a" =a) DVWTUHLTHDY, BIEH P
JRETHIUR (x) KL, BED PRETHNI (a,a,c)
MPRHEITHEZLIINT 5. a

(a,b,c) e PTH21-DDFEMEZELHIEETH S, a,b
WX LT (a,b,c) € PLizd c BEET 25D E1215E5
g, PREE N RHOTEBRSEIIIE > TV,

Rty

HIER=21z8B13 2 TLoHIER) & NLon#) oFIEHD
Hitg % ARURZ 728172700 — o TR =2 ZEAL,
ADILDED 2 O TH 258 DIFCHESRMFZ R L.
DF — LBREPSH SN TVWS =4, Wythoff D=4,
HIBR D E = 2 e R L ER 2T o7z, EHIZIDT—LD
IR R SHRD 1 D2 LT 4 LREB S EIHIR= %%
Z, FOBMCHESMERU. SR b4 IR — 4
DIFBHIESRG 2D L 2B, Tho DA ALY
7 — DR 2B 5 D E1T - T ]

mES5

6.
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&9 a,blCHLT (a,b,c) e P 7D c

a\b| 1 2 3 4 5 6 7 8 9 10 | 11 |12 | 13| 14 | 15| 16 | 17 | 18 | 19 | 20
1 1 X 3 4 7 X 5 X 10 9 14 X 13 | 11 | 15 | 16 | 18 | 17 X 20
2 X 2 5 X 3 6 7 X 13 | 11 | 10 | X 9 X 17 1 19 | 15 | 23 | 16 | 25
3 3 5 1 X 2 9 X 8 6 12 | 17 | 10 | 18 | 19 X X 11 | 13 | 14 | 26
4 4 X X 1 X 10 8 7 12 6 18 9 17 | 20 | X X 13 | 11 | 22 | 14
5 7 3 2 X X 11 1 X 14 | 16 6 12 | 15 9 13 | 10 X 21 | 20 | 19
6 X 6 9 10 | 11 2 X X 3 4 5 X 19 | X 21 X 1202213 |17
7 5 7 X 8 1 X 2 4 X 14 | 16 X 22 | 10 | 23 | 11 | 21 | 29 | 28 | 30
8 X X 8 7 X X 4 3 17 | 18 | X 15 116 | 21 | 12 | 13 9 10 | 23 | 31
9 10 | 13 6 12 | 14 3 X 17 X 1 X 4 2 5 X X 8 24 X 32
10 9 11 | 12 6 16 4 14 | 18 1 X 2 3 X 7 X 5 22 8 24 | 33
11 14 | 10 | 17 | 18 6 5 16 | X X 2 X X X 1 X 7 3 4 21 X
12 X X 10 9 12 X X 15 4 3 X 5 X X 8 20 X 27 | 29 | 16
13 13 9 18 | 17 | 15 | 19 | 22 | 16 2 X X X 1 X 5 8 4 3 6 X
14 11 X 19 | 20 9 X 10 | 21 5 7 1 X X X 25 | 23 X 30 3 4
15 15 | 17 | X X 13 | 21 | 23 | 12 X X X 8 5 25 1 X 2 X X X
16 16 | 19 X X 10 X 11 | 13 X 5 7 20 8 23 X 1 X X 2 12
17 18 | 15 | 11 | 13 | X 20 | 21 9 8 22 3 X 4 X 2 X X 1 X 6
18 17 | 23 | 13 | 11 | 21 | 22 | 29 | 10 | 24 8 4 27 3 30 X X 1 X X X
19 X 16 | 14 | 22 | 20 | 13 | 28 | 23 | X 24 | 21 | 29 6 3 X 2 X X X 5
20 20 | 25 | 26 | 14 | 19 | 17 | 30 | 31 | 32 | 33 X 16 X X 12 6 X 5 1
BIEE  AWZTIE JSPS B E JP21K 12191, JP22K13953
DR EZT T DTHB.
fi B
= R =
BEXH Al %2 O
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5% LTIEICRTS.

(i) ve(a) >3 2T 5. a=221pr & (22+1 —1,2241) ¢
N WZBES. a=2212Db > a1l DE & (22142 221424
1) € Ny IZBBE2. ZNLAD a 2DV TIE, b>a+1T
UL (a2 —1,a/2+1) € Ny ITHEES.

(i) ve(a) =28F5%. a=422b>5DL ZlL(4,5) € Ny
S, a#4DL X (a/2,0/2) € N3 IZBHE 3.
(iii) v2(a) =1 T 5. a=2Dr XX (1,2) € N} IKBE
5. a#20Dt X (a,a) € N3 ITHEE 5.

(iv) v2(a) =0 THD, a— 14 DFRTHB LT3, a=1
POb>2DLEIF(1,2) € Ny ITBEZ. a=22+10
cEF 2+ ) e N iBED. a=22 1D %
(2222 4 1) € Ny I 5. 2D a 12DV TE
(a—2,a) € Ny ITBE 5.

(v) v2(a) =0 THY, a+1DB4DERTHZ2LT 5.
a=22 10 % 22t —1,22-1) ¢ Ny BB 5.
a=22H_15Db>a+1 DL ZF X (221,224 e Ny
WKBES. ZALAD a 220V TIE, b > a+245613
(a,a+2) € NyIZHBES. b=a+1DEEE, dLa+1 D
8 DERTHIUL ((a—1)/2,(a+3)/2) € Ny ITFEES. b
La+128 DEETRHRIFIUT ((a+1)/2,(a+1)/2) € N3
WEES.

Kz, NVicEZEh3BFHEEE—-F TN ICEZI 3 EH
WKBEERWI L E2RT. NVIZEEN2REOADBICH
n3

921=1 _ 1 92=1 92 92l | 1,2(2k + 1),

(A.1)
22k 4+ 1) — 1,2 2k + 1) +1

Wkl e N LT ERLRWED, DHEEIR= 212
B2 NoolzndL, nElxhccEiz2lboR)
ZHIRT %21 (RO 51 EOBBEOLERES) &\
S5—FTX, N'ZEZN2RME»S NV ICEEN 2/
WKRBEZWI bR, koT MNoolizndE L,
HEENIZ o FILEHIRT 21 2 WS —FTAARETH
ZZeERBIEIV. ZO—FILoTREEZET &,
BRI O A OFMIITORED K DILOARITEL <
RISV, Ny, Ny, Ng, Ny, ZREFHIZEENS )/
HIZDOWTAHBOMEZRD 3 &

(22171 _ 1) 4 92-1 — 92l _ 1,

224 (220 1) =221+ 41,

22k + 1) +2(2k + 1) = 4(2k + 1),

42k +1) — 1) + (2" 2k + 1) + 1) = 2142(2k + 1)
THD, ThoDHELOEIE (A1) IF2L EE LR L.
XoT—F TN CEENZREICHET Z LHRATRELS &
NENTz. O
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