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input with 2-party card-based protocols

Yusr Sugalt:®

Abstract: The matching situation with AND operations between two parties is a common application in
card-based protocols, and it is known to provide a non-embarrassing confession of love. This means that the
other party does not know whether the input was 0 or 1, which is said to avoid embarrassment. Extended
AND protocols that extend the normal AND operation with two input choices of 0,1 to allow a third ”inde-
terminate” value that is neither 0 nor 1 has been proposed in SITA2021 and SCIS2022. Similar extensions
to the XOR operation were also proposed at the 84th national Convention of IPSJ in March 2022, each of
which is given commutative semigroup classifications.

By finding algebraic isomorphism in the commutative semigroups of AND and XOR extensions discussed
above, this paper presents two examples of compatible implementations of the card-based protocols. We
also show that it is possible to construct card protocols with different boolean tables by changing only the
encoding rules while keeping the same procedures exactly.
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1. [IL®IC

1.1 FETHES R

AR TIXRMEm L DI ALBRTHZ H—F
ZIXLHPRRER) BHVWE 2 EZ S (k2] 2B
W CIKARSIFIEAD L TBEREZEDLPLIZX Y v TR
Uy MZOWTERIATWVWS)., ZOLEH—FOLET
BEDEVWERWT, #heh (—&kkxhr—FS e bz
ATHWSHNRS) BZA— e RIEDITB B TES.
o%b [J]E 8y, [t]E [OrRA-HTsrEERS.
A— b ERBFATZXEHEEELEZWVWTD, F—H—FDOE
EFRAWTTB baL @322 eNTELRD—DDR
Uy NTH 5.

1.2 ISy XY REZORIL

AR — FR—Z2 7 ralnsbEaIy MO
o bharEfs. R — FR=—ABESTIE1 LY b
ANE2BE 2O — KBHVsNS [1). FlZX, 22—
FILd 1y PANRMUTO— gy a—F 4 > 7
L—THES - : 0, ﬁﬂ 1.

HAniazy  ITH B X, 7u b aHEIERICE S
NBFERD, ANMDZ Y a—F 4 ¥ IN— I ZHEDI W
ATHBZr%riEd. —ACHazy v BITHE LI, 7
0 ko EIERRCRIA X N2 — REBIRT 22 Y LT
RG24 TH .

1.3 AT+ I Five-Card Trick

22—PIZLBIEaIy P XY MY LTHISNS Five-
card trick [3] ZN—t & 27 7 7 2D — FHBHWLH
TW3.

Five-card trick 1% 2 2 —¥RIT AND {HE %2175 71 b
ANTHB. 2 ANk abe (0,1} kLR E[?]?|=0)
@ (: b) L LT5RDA— FELARTT LDy
b GREE#RE 5 & LIz =, [EFEE id & c5, 2,3, ck
D 5D 2 SEMHRTHEIRL TH— FRICUHE T 2 11E)
%75, 2T m%mﬂ: LTANLEZ EERLTE
D @l a DEJE (negation) TH 3.

7YX udy bEITSERRo [ [7]e L, 5K
YHEMIZATI Ty vy 70T 5. HAOEs KO- %
?Nfﬁ%?é:tf%%hé.M%D[%@ﬁbfﬁ
ATHhEN e Z anb=1, ZhLHNIanb=0Lt 7%
5. YT 5 MDH— FOPHIREZRLTEBD, b
DERDH— FBKEBRICED S » vy 7LENZ Z e
5, AR 3 KD @ﬁf@ﬁbﬁmm\é%é}@ms‘
aNb=1RBIZEDTDD. BT, anb=0rR5
3DODT —ZAIDWTIFITRCE—HREh 37D, HhE
FERTHAT a,b BED K S KA o T2 2DV TERR
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TERVWEDRERTT FarDRA >V FTH 5.

(a,b) sequence
(0,0) | [V
0,1) | [O]%]|OV|%
(1,0) | |]|Q|0)|%]O
(1,1) | |[[QQIO|
#+ 1 Five-Card Trick #JHHAJIIKHE

Five-Card Trick 1%, »— FANRFO—fFEL (ZDFr—
AT b ZATIOBICH— FEHEIEL TEVWTWS72D 5

ffﬁ(@ﬂa—b“éﬁsz‘:b'c(l 234 5)@%@%1?0
1 2 3 5 4

TWBREEZB) VALY FOATHRINE S v
Ik Ta kalchsb.

1.4 EFovy7ILOEAL Three Card Trick

Five Card Trick ¥ [AkEIC 2 & D AND & 71 koL
BEZL. —Wh—F7a b arilBnwTi 2 EED
A—bE 1RO 2 DB EN, 2OI—FT1EY
FERWT B, ZODDEM I N RPIREE 2K TH
5. —HT, ROEHMEDZELFALBHNTHEI—F%E
AWREEIE 1RO —FZ2 ETHER, oFbh 28#HD
Hiti [L[T[C AN 2 ¥ 1 ¥y b2 1 TR
BETH3. FODEMINIRIMBUI1IKTHD, 1
DA — REEA LD AND i b a LR TEN
1, B LTiEoptimal B 5N THBEFZ 5.

19'J71bi= 0, : 1EWVWHTya—F 4 T —L%
BEWHL XS 33858 5 Card Trick DX 5% AN, 2%
HATOIZ 2 b o H— K 1| L, Wil s#s—y
D a, b 1 T OOEBMASIZAITS & HIIAIREEL LT T D
KO REE Y 725, RICZ%E Three Card Trick & FEX
i ah.

(a,b) | sequence
0,00 | [4fT]4
O1) | [4frfr
wo | [+
@y | [Tt

#F 2 Three-Card Trick #JHIA J1IREE

Five Card Trick ¥R U XD AN ZHEL T 2720 31K
H—RE2TVRLTY bDA— NILBEZTTS 5, HHKRRC
B aAb=1DLEDA IR FTH— FEEDT 753‘3
W ATWS Z2h 995, —/5T Five Card Trick 1238
WTaAb=0%7%2%32075 —RIFTRTEMRTET
WERE 2 D XSS zt,czm— FORESELD
MOE—HTES, ZOFFETIEASN a,b ZMETZ 0.
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ZDRDROT 7= 7eAVWS. 7477 LTES
YEL2%SH v b [F] BMICERET I AR THY LR
TWAR AR LLE->TEY, ETEERET VA LICA
NEZDZr (ZOBEZ LTIy 7LEER) 2EZ
5. D00/ EE LTEI YR LAy MEDO D — RHIZ
EBHWREZIRAN T H—RIMERAVTIKRDAI—FDS 5
D1IKDORMEMEMEL, MOBT2EFELTLTHEEEZA

BATBRICZIA NI I—FEREEES VWS HANE
ZABND. ZIIEAREEFRADPDHDEZ RN, VT
L TS x oy 7L [ [tpAnsbs L 28
BELTHED Three Card Trick TIEXLITD X 5 W HIHEAA ST
REXZLT R 5.

(a,b) | sequence
0,0) | T[T
o | [te]e
10) | [L[]T
LY |

& 3 Three-Card Trick ICTETFY v v 72O @HRCE

£2r R3OKEEINTHRERNZLE, VXL Dy
F= EFY % v 7L B0RRER z 7B H— K25 0,1,2,3
BHOWFADERD, anb=1 Dk =F 753‘0,31&@
WERDPTHS. EHICaAb=0DL XlE ﬁa‘mﬁz
THYH, > A a,b BPMEINIIRETH %252 Z
tiﬁ‘ 3
]ﬂHTHﬂﬂ¢@aﬁbu?&fﬁ#ﬁéhéztﬁg
AK7v rarozett (AoMEN) ZERLTWS Z
L%, F72, Three Card Trick & A1 A — FHE L
LT optimal 7% AND {HE 7w barZzHEEHLTWS Z L
BB

A—1HT% 2 3KAICE L T T &4 FIc9ks 5 2
YHTED.

RAT Fl—tR&N 2 Hh— Kl

1 ATE T[T
TP T[T T
3 lf ]
K4 7RIy b>ETYrYy 7RO (3 8D

<+

2 4 FITHL 7*] KNS 2 R A DR T
BZIZRA F3ICHTFTS4 Xéh%i»%ihk.u

WML, FFyyv7ricknll llzn Hahazy
LD 5
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1.5 ABOFK

EFo v o7 =y r%BATEZZICED, i
KDAH—RFTa R aZBVWT2HT1IEYy F2ERHT2
HRTERL, HIDANEANTRIenTESZZD
RENTWS [12], [13]. FZ2DBICIE 3 EATIROER
#% AND EfaR Y XOR BEBROVWITID2 IR L, 2
D7 b aLOEgEE X BRI TH L,
DF DRFEET /T X ICHRT 2 2 WO ZFRT 2
e THEFEMAINRWE S Ry —A%HBRL, WEi5
HEET 2R EH-> TWB. FERMNICIE AND JERY L
T 7HEMH, XORJEEY LT 2 EICENTEZ S Z LhVR
ENTVEY, TRTOF—RARZBWTH—RFFatar
DFEEDTRED L D IOV TIE Do TRV — 2 %
HFIET 5.

Z ZCARTIX AND f58R & XOR JEBRD 7 — 25 %K
N FIET & 2 HERRD & 2 FH % o L, ERCh—
F7abare UTHEERMRETHZ e 2R, BRI
¥ XOR HEIRD 2 DDIFE XOR-(6,0,0), XOR-(0,0,1) D
ZFhZUTOWT, AND Ji5RTH % AND-(0,1,6), AND-
0,0,0) REMWCRABTH 2 Z e oo, Zhid
AND JE5RD 2 ¥ — L 03REET E UL XOR JEIRD 2 F — A
MEEAFETH 2 Z e B/RLTED, LR 84 [0 IPST &
EARIZT XOR-(0,0,0) DFEENPFERINTVWS Z & h
5 AND-(0,1,0) DEERFRETHE L ERT I iR 5.

ARBICEDMHAEMEZRLAEZ2ICED AND JE5ED 7
DOHFRICBVWT, ERAFEIRINLTVARL AND-
(6,0,6), AND-(0,0,6), AND-(0,1,6), AND-(0,6,0) @ 4
73R 2 Open Problem & L THEINhTWaE. ZD5 %5
XOR-(0,0,1) DFEEH/RELild AND-(6,0,0) 23 5%
A[RETH % 728 AND #Lik ¥ XOR LR DM /T H 2> & D HE
LKOMBDISHATREL 1825

kL 3 ERIE

Five-Card Trick ICfRH6FH— FR—=X v balo%
1d 2 f# True(l), False(0) Z A3 2 Z e BEZINT
W3, flziX2 ANick? AND 7o b alid TRk
LRWER] B TEZE3hTED, EBEIL—Y— AN
True # AJJL T False ¥ WO ERE/Z2 LT, HFD
TLAY—BIIEADRTrue Z AN L2258
0, L VS A TRE T RO RVEEHRIEL TN 5.

DRI FaT—arvEEIRGE, BELTS
u4¥—ﬁ0#1@20®%ﬁt# 2HRVDTHA D

. HFCHEZEE TV E S 2IE 2 HTIERL,
¢W%&mh%f%ért%5f%&VUra TORFED

P on] BHRLTEVOR, EWHHEELEZ 2
[12], [13]. 22 TH—F7B haiBVTOTH 1 TH
BOVHE3DOMEEANTES L512F 5 2 EHAREIC

2. 3{EA
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2.1 3fEREONVI—>3Y

FBIDMHEEANTTEZL LT AN a, b iITHLTanb DE
BRELTENEHVZ D WS REEREZ 2. 1ERD 2
fEERIEIC BT 5 AND EARIZUIT 125,

a\b |0 1
0 0 0
1 0 1

N LTEIDE 0 2 ANTBICHEAREZT
PIFETZ. —fFle LT, XhIREWLaEBICE I\
Lukasiewicz @ 3 fHimEIC BT 5 AND EBRIZLIT &
5.

a\b [0 6 1
0o o o
o [0 o0 o
1o 0 1

0,1 ZZzhzrhRicBI2EmiL, Bice LTERT
CEDRAML =74V —FRARNTHZ. Rz 02 =0
il T XIS NTVWB HICEET 3. Kleene IZ
X 2 3MERFICBWT D AND HEEICE L TR CEfAR
PROZEBHILNATWS.

2 Bochvar @ 3 {HERFRICET 3 AND HiARE T

ab [0 6 1
0 ]o o o
o [0 0 o
1 0o 6 1

BEICHLD EF72 &5, Zofoym halTtid IR
TR EoRWER B TEIH, X5 TKFBPES VT
W3] b gD, EWIBMET, F— 2 Mimoflime
LTHHEBAWVEEEZR o TWB Z e, BRI
aFZRFZbDEELPHN OB ASI L/ T AND HED
R0 L RBENAEBEWV. LAL, ZHEWMSEEL L
TREHEAL AL —2ar LTBY, HlZIETLAY—
ADATIMOERIFT1IDOE XX, v FUIDBIELWN
PIRVIEE, TLAY—BIREDANEZMET 2N T
x50, 0 ANILTLES &, ATIDIRNATLES. K
MTlkzhztFa) 7 BHEZmZIRVE VWSS T
3%, TOVRZEHFRLTILAY—EANTE L
EHIHRE T3, YWIMNBMEBETHMRL TS
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2.2 fi#{ 3 OENHREE

VLT 47 7ay 72 LT 2EMBOILRE AND j#HE 7
8 raLEREFXORERE R barzv, HHo S m
FaLEERLTETTL I ERET S, ZOHERE
HIIHERREM T BENDH . X512 AND EE, XOR
EEEARTH 2 2205, (3 ORECERED - 2T
INRENGRL LS. FEMICE A LT TIIRFIT X
ZRFAHZITV, HIARSEE 2D BV 720 3 on it
D55 AND OREESE 2RO RO EMBERIT 7 e &
% [13] [15]. F7z XOR OREMEE 2RO REO HEBRIX
2FEHY 25 [14)

SCIS2022 12 T AND-(0,6,6), AND-(6,0,6), AND-
(0,0,6) @ 3 5T DWW T optimal ¥ & % 5h 3 FRIC
DWTHRE N,

2.3 AND-(0,6,0) ORE

Tya—F 4y y—nr LTUTRERT 5| L[1]=0,
Ti%&,”i%l.z@K%EA¢K17ZF5ﬁ—F
?%EL\T%@E@UK a @ negation, HfllC b AL
T, NVI—2a v LTHREDIRE—UHELN
%. Z Z°T negation 3EGZ ANE A h—REANT
% Z¥2 ¥t $5. Five Card Trick TI& fiflo AT ZEEHKL
TWi=23, Five Card Trick I2BWT 3 negation 1% 2 D
= FOELZ ANEZ 21E 2T R UHRET
HELEZDLIELNTES.

(a,b) sequence
0,0) | [T]H[T]4]T
O1) | [T+
(LO) | [T
(LY | T
©.0) | | T{4{T]|T]+
0,0) | [4]|T|T]4]T
(1,0) | (44|14
0,1) | [T+
©.0 | [+[t]t[t]+
£ 5 AND-(0,0,0) EXEowHIREE

ZDEESVRLAY PELET Yy I EITH L
ZED (a,0) = (1,1) DL EDA [1]55 1 Tk 4 KD
X—VDENDB. T2 (a,b) = (0,0),(0,1),(1,0) DHE
i?‘:bi 753‘ 3HGESHN, TheOD 3 /X —2i3e
TH—HENE. IHIZZENLHND 5 % — I H 2 0F
L[]t fEeEn, comRmS Y xaH Y FEET
Sy v 7N LEREBOWTNLIC T BRI R X
na.

ZOZEDLEREISAET L
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a\b ‘

0
1

o O oo
T D O D
= > O+

CWIOEBRMBESND Z D5 Five Card Trick 12 F
Ty 7VEERBINT 5720 T AND-(0,6,0) %523
TERZEDTH5.

K4 LA, FVELDy b= EFY vy v 7505
BRI AT eh5.

xA7 Fl—fxhsdh— il

2| [ [ e [} e ]
L[ e[ 4

Ll [ele [l el [l o]t
[l [l o] ]t

3 [l [ el [ o o]
e[ o)1)

e[ el [ fe) [l o]
e[ ]

4 Ll [ e [ ] 4]
[l [ [y

(Ll [l [l [t ] [ ][]

L e[ e ]

£6 FVELHY b= LETFY vy 7% (5 BHD

&475“ﬁﬁé“5““1ﬂThH¢HH+WW“&
HET, LD k51c22-2=30@EbHHETZ L
55,

IXFCOEMBRICTLEE XA 7 G 45D00Thd) £Y
TEDBEUT RS, 72720 a DAJIE LTI negation
ERILLTWVWS, DFEDEBEOHI—RANTH S Z 2ITHE
B3 5.

aw | L] [ [

4| | Type-2 Type-2 Type-2
T Type-2 Type-3 Type-3
L1d| | Type-2 Type-3 Type-4

R 7 AND-(0,0,0) FHED XA 755
HIRY LT Type-2 % 177 0, Type-3 2377 6, Type-4
DN 1A T 200D
3. REMEEDEA

A2 T AND-(0,6,0) OFEEICOWTEAKNLRAAE
RU7z. RETIZET AND-(0,0,0) & FERICFEEERRER
AND-(0,0,0) \Z oW Tfiliir 3.
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a\b ‘

AND-(0, 6, 6):

o O OO
S DD O D
= D O

a\b ‘

AND-(0, 6, 6): 0

o D OO
DD | D
= > O+

1

ZD2O0D0HRNIIEMRBEOITINRFNCBVTE 1, 5 2
fTedle ARZEZ, D0 L theta B ANEZ B2 T
FRTH2D ZehBnnsd. &I T AND-(0,0,0) ZE&5
B0 ya—F 4y ZN—Le LT TF2EHT 3
’HTF&JHiFOJHiFl.z@t%ﬁ&*ﬁl7xb
SH— R %%L\T%O)E@UGC a @ negation, HHNIZ b
%Aﬁbtwn,AUl Pave Ll TESDIRX—V
WESNB. T Z T negation 3EFREANEZ2H—F
PANTBZE Z“B‘Za

(a,b) sequence
00) | [L[1H ]
o) | [+[+[+[+]+
wo) | [L[L [ T[e
Wy | [
0.0) | [4{T{T]+]T
©0) | [t[¢[+[+]+
wo) | L[4[ [e]r
@ | [r[e]r[+]s
©.0) | [T|e[T[+]T
% 8 AND-(0,0,0) FEDFIEIRE

D EIIATHNE ANEEZ B 2 2 X REICRAL 72
2DODAF—LkTya—T 4 VI EEHERTIRILC XS
WERETEZZ e nb

3.1 XOR-(6,6,6) & AND-(0,1,0) OEEM

a\b [0 6 1

XOR-(0,0,0): ° 2 Z ;
1 0 0

a\b [0 6 1

AND-(0,1,6): 8 ? 2
0 6 1
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FIRRICES 1, 265 2 1782 AU 2, XOR-(6,6,0) 1281 %
0,0,1 22NN 1,0,0 ITANEZZZ I hiTHle L
TR 2 Z e 305, D78 SCHk [14] I2B VT
XOR-(6,0,0) DEZEMRBEINTVWE I PHT Y a—
TAYIN—=NVEEET LI IZED AND-(0,1,0) 535
HEORETH B Z L Bt

4. FrHEEICOWVWT

AND J53k ¥ XOR¥EBRD 3MEASI A — K 71 b iz
BWT, REWICFAMETH 2HARBRD D 2FHH%2 R
HL, EBIchA—F7atrare LTHEERRETH S 2
Y RIFEEL 2. BARIIZIE XOR ERD 2 DDA XOR-
(6,0,0), XOR-(0,0,1) D ZhZHUIDNWT, AND JLIRT
»% AND-(0,1,0), AND-(0,0,0) & REMICFRRITH 2 Z
LERLE. ZHUE AND RO R ¥ — a3 FEETER
XOR HEERD A % — LVEIEFRETHH Z L R LTED,
FERREE 84 ] IPST 2E AR 12T XOR-(6, 6, 0) DEEDHE
RENTWVWB Z2h 5 AND-(0,1,0) D3FEHEATRETH % &
ExRL7z.

ARCE DHEEMEERLIZZ2ICED AND HERD 7D
DFHRUITBNWT, EEHFEIREIN TV AND-(4,0,0),
AND-(0,0,6), AND-(0,1,0), AND-(0,6,0), ® 4 /5353
Open Problem ¥ L THRENTED, IHoDEELRER
T5IeESHROFEY TS, ZDS5HXOR-(0,0,1) D
IR E AU AND-(0,0, 0) H3FEEERRETH % 72D AND
L3R ¥ XOR LR DM A TH 2> & D FRE DG 35K T RE
5.
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AppendixE. AND i3k 7 @O 7E—E AppendixF. XOR L5k 2 EEDOSE—E
a\b |0 6 1 a\b |0 0 1
1
AND-(0,0,0): 0 0 00 XOR-(6,0,0): 0 0
0 0 0 0 0 0 60 0
1 0o 6 1 1 1 6 0
a\b |0 6 1 ab [0 6 1
0 0 6 0 0 0 0 1
AND-(6,0,0): XOR-(0,6,1):
6 0 6 0 0 6 1
1 0 6 1 1 1 1 0
a\b |0 6 1
AND-(0, 6, 0): o 00
0 6 0
1 0o 0 1
a\b |0 6 1
AND-(0, 6, 6): 0 0 00
0 0o 0 0
1 0o 6 1
a\b |0 6 1
AND-(0,6,1): 0 0 00
0 0 0 1
1 0o 1 1
a\b |0 6 1
0 0 6 0
AND-(6,0,0):
6 6 6
1 0 6 1
a\b ‘ 0o 60 1
AND-(0, 1, 6): 0 o 00
0 0o 1 6
1 0o 6 1
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