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Abstract: Let G be a nontrivial connected graph of order n. Let k be an integer with 2 < k < n. A strong k-rainbow
coloring of G is an edge-coloring of G having property that for every set S of k vertices of G, there exists a tree with
minimum size containing S whose all edges have distinct colors. The minimum number of colors required such that
G admits a strong k-rainbow coloring is called the strong k-rainbow index srx;(G) of G. In this paper, we study the
strong 3-rainbow index of comb product between a tree and a connected graph, denoted by T}, >, H. Notice that the
size of T, >, H is the trivial upper bound for srxs;(7T, >, H), which means we can assign distinct colors to all edges
of T, >, H. However, there are some connected graphs H such that some edges of 7, >, H may be colored the same.
Therefore, in this paper, we characterize connected graphs H with srx3(T, >, H) = |E(T, >, H)|. We also provide a
sharp upper bound for srxs;(T,, >, H) where srx3(T,, >, H) # |E(T, >, H)|. In addition, we determine the srx3(T},, >, H)

for some connected graphs H.
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1. Introduction

All graphs in this paper are simple, finite, and connected. We
follow the terminology and notation of Diestel [12]. For two in-
tegers a and b, we define [a, b] as a set of all integers x with
a < x < b. Given an edge-colored graph G of order n > 3, where
adjacent edges may be colored the same. A tree T in G is called
a rainbow tree, if every edge of T has distinct colors. For fur-
ther discussion, we always let k be an integer with k € [2,n] and
S € V(G) with |S| = k. A rainbow tree containing the vertices
of S is called a rainbow S -tree. If S = {u, v}, then the rainbow
S -tree is called the rainbow u — v path [8]. The minimum number
of colors needed in an edge-coloring of G such that there exists
a rainbow S-tree for every set S in G is called the k-rainbow
index rx;(G) of G. These concepts were introduced by Char-
trand et al.[10]. If S = {u,v}, then the 2-rainbow index of G
is called the rainbow connection number rc(G) of G [8]. Such
a graph G is called a rainbow-connected graph, i.e., G contains
a rainbow u — v path for every two vertices # and v of G [8]. It
follows, for every nontrivial connected graph G of order n, that
re(G) = rxp(G) < rxz(G) < ... < rx,(G). Chartrand et al. [9]
also introduced the generalization of rainbow connection number
called the rainbow [-connection number rc/(G) of G, that is the
minimum number of colors needed in an edge-coloring of G such
that there exist / > 1 internally disjoint rainbow u — v paths for
every two vertices u and v of G.
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Caro et al.[6] conjectured that deciding whether a graph G
has re(G) = 2 is NP-Complete, in particular, computing rc(G)
is NP-Hard. In Ref. [7], Chakraborty et al. confirmed this con-
jecture. They also proved that it is NP-Complete to decide
whether a given edge-colored graph is rainbow-connected. How-
ever, Li et al.[19] showed that deciding whether rc(G) = 2
becomes easy when G is a bipartite graph, whereas deciding
whether rc(G) = 3 is still NP-Complete, even when G is a
bipartite graph. Many authors also investigated bounds, algo-
rithms, and computational complexity of the rainbow connec-
tion number of graphs (see Refs.[21], [22]). Other known re-
sults about rainbow connection number of graphs can be found in
Refs. [4], [8], [9], [14], [18], [25], [26], [28], [29], [30].

The k-rainbow index has an interesting application for the se-
cure transfer of information between some people in a communi-
cation network, which can be modeled by a graph. Ericksen [13]
stated that the attacks on September 11, 2001, happened because
some agencies cannot access the information and communicate
with each other safely. In order to solve this problem, we can as-
sign a large enough number of passwords to the line which con-
nects these agencies so that no password is repeated. The min-
inum number of passwords which allows one secure line between
every k agencies in a communication network (which may have
other agencies as intermediaries) so that the passwords along the
line are distinct is represented by the k-rainbow index of a graph.

The minimum size of a tree containing S is called the Steiner
distance d(S) of S. The k-Steiner diameter sdiami(G) of G
is the maximum Steiner distance of S among all sets S in G.
If § = {u,v}, then d(S) = d(u,v) (d(u,v) is the distance be-
tween u and v, i.e., the length of a shortest # — v path in G) and
sdiamy(G) = diam(G) (diam(G) is the diameter of G, i.e., the
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largest distance between two vertices of G). Hence, diam(G) =
sdiamy(G) < sdiams;(G) < ... < sdiam,(G). In Ref.[10],
Chartrand et al. gave simple lower and upper bounds for rx;(G),
that is for every connected graph G of order n > 3 and each in-
teger k with k € [3,n], k — 1 < sdiami(G) < rx(G) < n— 1.
They obtained the k-rainbow index of a cycle and a tree, where
rx;(T,) = n — 1 which attains the upper bound for rx;(G). They
also showed that the k-rainbow index of a unicyclic graphisn—1
or n — 2. Therefore, Li et al. [20] characterized the graphs whose
3-rainbow index is n — 1 and n — 2. Liu and Hu [23] studied the
3-rainbow index with respect to three important graph product
operations and also other graph operations. Graph operations are
an interesting subject, which can be used to understand structures
of graphs. Some other results about k-rainbow index can be found
in Refs. [3], [5], [11], [17], [21], [22], [24].

In real life, one of the things that is being considered to make
a secure communication network is the time needed so that ev-
ery k people can access the information and communicate with
each other as quickly as possible. To model this problem, the
first and second authors generalized the concept of k-rainbow in-
dex [2]. A Steiner S-tree is a tree of size d(S) which contains
the vertices of S. If S = {u, v}, then the Steiner S -tree is called
the u — v geodesic [8]. An edge-coloring of G is called a strong
k-rainbow coloring, if there exists a rainbow Steiner S-tree for
every set S in G. The strong k-rainbow index srx;(G) of G is the
minimum number of colors needed in a strong k-rainbow color-
ing of G. Hence, rx;(G) < srx;(G) for every connected graph
G. If S = {u,v}, then the strong 2-rainbow index is called the
strong rainbow connection number src(G) of G [8]. Therefore,
sre(G) = srxp(G) < srx3(G) < ... < srx,(G) for every con-
nected graph G of order n. Chartrand et al. [8] gave lower and
upper bounds for the strong rainbow connection number, that is
diam(G) < rc(G) < sre(G) < |E(G)|, where |E(G)] is the size of
G.

Note that the strong k-rainbow index is defined for every con-
nected graph, since every coloring that assigns distinct colors to
all edges of a connected graph is a strong k-rainbow coloring.
Thus, it is easy to see that

sdiamy(G) < srxi(G) < |[E(G)). (1)

There is a connected graph of order n > 3 whose strong

k-rainbow index attains the upper bound in Eq.(1) for every
k € [3,n]. To see this, let G be a connected graph which contains
bridges and admits a strong k-rainbow coloring. Let ¢ = uv and
f = xy be two bridges of G. Then G —e— f contains three compo-
nents G, G,, and G3. Without loss of generality, let u € V(G)),
y € V(Gy), and v,x € V(G3). If S is a set of k vertices contain-
ing u# and y, then bridges e and f should be contained in every
rainbow Steiner S -tree. This gives us the following fact.
Fact 1.1. Let G be a connected graph of order n which con-
tains bridges. Let e, f € E(G) be the bridges of G. For each
integer k € [2,n], if ¢ is a strong k-rainbow coloring of G, then
c(e) # c(f).

The fact above implies the following theorem.

Theorem 1.1. [2] Let T, be a tree of order n > 3. For each
integer k € [3,n], srx(T,) = |E(T,)| =n— 1.
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Note that a larger and complex communication network can
be obtained by extending the previous networks, which can be
done by doing some operation on the graphs. Therefore, we stud-
ied the srx;3 of vertex-amalgamation and edge-amalgamation of
some graphs (see Refs. [1], [2]). In this paper, we study the srx;
of comb product of a tree and a connected graph. Let G be a graph
and H be a sequence of |V(G)| rooted graphs Hy, Hy, ..., Hy ),
where each H; has a root vertex o;. According to [15], the rooted
product of G by H, denoted by G(H), is a graph obtained by
identifying the root vertex o; of H; with the i-th vertex of G for
all i € [1,|V(G)|]. If H; = H and o; = o for each i € [1,|V(G)|],
then Saputro et al. called this notion by comb product of G and
H, denoted by G >, H [27]. The study of comb product is needed
when we have a communication network that contains some divi-
sions (the division is modeled by a connected graph H) and some
people in different divisions must pass through the head of their
division, which is represented by vertex o, in order to transfer
information to each other.

This paper is organized as follows. In Section 2, we first pro-
vide a connected graph H such that srx3(T, >, H) = |E(T, >, H)|
and characterize connected graphs H with srxs3(T, >, H) =
|E(T, >, H)|. We also provide a sharp upper bound for srx3(T, >,
H) where srx;(T, >, H) # |E(T,, >, H)|. In Section 3, we deter-
mine the exact values of srx3(T, >, H) for some connected graphs
H.

2. Sharp Upper Bound for srx3(T, >, H)

Let n and m be two integers at least 3. Let G and H be
connected graphs of order n and m, respectively, with V(G) =
{ur,us,...,u,} and V(H) = {wy,ws,...,w,}. By the definition
of comb product, we can say that V(G >, H) = {(u;,w,): u; €
V(G),w, € V(H)} and (u;, w,)(u;,w,) € E(G >, H) whenever

u; = uj and wyw, € E(H), or uju; € E(G) and w, = w, = 0[27].
P

For simplifying, we define v;
p e [l,m].

In this paper, we consider graphs T, >, H. For further discus-

= (uj,wp) for i € [I,n] and

sion, let H' denote the i-th copy of H for each i € [1,n]. Given ¢
as a strong 3-rainbow coloring of 7, >, H. For X € E(T, >, H),
let ¢(X) denote the set of colors assigned to the edges in X. By
using Theorem 1.1,

le(E(Ty) =n-1. @

Following Eq. (1), |E(T, >, H)| is the natural upper bound for
srx3(T, >, H). In the next theorem, we determine the strong 3-
rainbow index of 7, >, T, which is equal to its size.

Theorem 2.1. Let n and m be two integers at least 3. Let T,, and
T be trees of order n and m, respectively, and o be an arbitrary
vertex of Ty,. Then srxs(T, >, T,,) = nm — 1.

Proof. Note that T, >, T,, is a tree, where |E(T, >, T,)| =
|E(T,)| + n(|E(T,,))). It follows by Theorem 1.1 that srx3(T,, >,
Ty) = |E(Ty > Tl = |E(T) + n(|E(T,)]) = nm — 1. i

A natural thought is like this: Which connected graph H
of order m except a tree that has the strong 3-rainbow index
|E(T, >, H)|? Since H is not a tree, H must contains cycles.
Let i > 3 be the girth of H. Let Cj, be a cycle of order /2 in H. We
relabel vertices of H such that V(C),) = {wy, w,, ..., wy}, E(Cp) =
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{wjw;r1: 1 € [1,h] and w41 = wy}, and d(o,w;) < d(o,w;) for all
i € [2,h]. We first provide the following observation.
Observation 2.1. There exists an edge of Cy, that is not contained
in a shortest o — w; path for any i € [1, h].

Proof. For i € [1,h], let d(o,w;) = I;. Recall that [; < [; for
all i € [2,h]. Thus, [; € [l1,l; +i— 1] fori € [1,[%] + 1] and
Lellh,h+h—-i+1]forie [L’%J + 2, h]. Now, we consider two
cases.

Case 1. 0 € V(Cy)

It means 0 = wy. Thus, ; = i—1fori € [1,[4]+ 1] and
i=h—-i+1forice [L%J + 2, h]. If his odd, then Wk Wk o
is not contained in a shortest o — w; path for any i € [1,h]. If h
is even, then there are at least two shortest o — Wik jey paths, one
path contains w; s w1, and another path contains wyr,w; s ,,.
Therefore, we can choose w1, w1, to be an edge that is not
contained in a shortest o —w, 1|, path. Furthermore, wy s}, w1y,
is not contained in a shortest 0 — w; path for any i € [1, &].
Case?2. o¢ V(Cp)

We first define the following sets.

— For odd A, let Wy ; be a set of pairs of two vertices (w;, w;)

such that w;, w; € V(Cy,) and [; = I; for distinct i, j € [1,1 4]+

1], and Wy > be a set of pairs of two vertices (w;, w;) such that

w;,w; € V(Cy) and [; = I; for distinct i, j € {1} U [L4] + 2, A].

— For even h, let W,; be a set of pairs of two vertices (w;, w;)

such that w;, w; € V(Cy,) and [; = [; for distinct i, j € [1, L§J+

1], and W, be a set of pairs of two vertices (w;, w;) such that

w;,w; € V(Cy) and [; = [; for distinct 7, j € {1} U [L%J +1,h].

Hence, we have either Subcase 2.1 or Subcase 2.2 regardless of
the parity of / as follows.

Subcase 2.1. |W, 4| > 1 for some q € [1,2]

Choose a pair (w;, w;) € W4 so that d¢, (w;, w;) has the small-
est value. Thus, d¢, (w;, w;) is 1 or 2, since if d¢, (w;, w;) > 3, then
there exists another pair (wywj;) € W), such that d¢c, (wy, wy) <
dc,(w;, w;), contradicts the assumption.

If de, (w;, w;) = 1, then w;w; is not contained in a shortest 0 —w;
path and a shortest o—w); path. Furthermore, w;w; is not contained
in a shortest o — w; path for any i € [1, h].

If de,(wi,w;) = 2, then there exists wy € V(C}) such that
wiwg, wyw; € E(Cp) and [, = [; + 1. Hence, there are at least
two shortest o — wy paths, one path contains w;wy and another
path contains wyw;. By using a similar argument as Case 1 for
even h, we can choose w;wy to be an edge that is not contained in
a shortest o — w; path for any i € [1, &].

Subcase 2.2. |W, 4| = 0 forall g € [1,2]

Since |W, 4| = Oforallg € [1,2],]; = [y +i—1fori € [1, L%’J+1]
andl; =l +h—i+1forie [LI%J + 2, h]. Thus, by using a similar
argument as Case 1, w1, w1 ,, is not contained in a shortest
o — w; path for any i € [1, A]. O

The next theorem shows characterization of connected graphs
H with srx3(T, >, H) = |E(T,, >, H)|.

Theorem 2.2. Let n and m be two integers at least 3. Let T, be a
tree of order n, H be a connected graph of order m, and o be an
arbitrary vertex of H. Then srx3(T, >, H) = |E(T, >, H)| if and
only if H is a tree.

Proof. If H is a tree, then srxs3(T, >, H) = |E(T, >, H)| by
Theorem 2.1.
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Conversely, suppose H is a graph with srx3(T,,>,H) = |E(T,>,
H)| but not a tree. Thus, H must contain cycles. Let & > 3 be the
girth of H. Let C;, be a cycle of order /2 in H. We relabel vertices
of H such that V(Cy) = {wy,wa,...,wy}, E(Cp) = {wjwiy: 0 €
[1,h] and wyy = wy}, and d(o, wy) < d(o,w;) for all i € [2, h].

If o € V(Cp), then o = wy. Thus, w1}, w1, is not contained
in a shortest o — w; path for all i € [1, k] by Observation 2.1.

Llp1 242
L2J+ v%zh for all

Therefore, by assigning color 1 to the edges v,
i € [1,n] and colors 2,3, ...,|E(T, >, H)| — n + 1 to the remain-
ing |E(T, >, H)| — n edges of T, >, H, we can find a rainbow
Steiner S -tree for every set S of three vertices of 7, >, H. Hence,
srx3(T, >, H) < |E(T, >, H)| — n + 1, a contradiction.

If o ¢ V(Cy), then observe that any choice of vertex o makes
the cycle C), satisfy either Subcase 2.1 or Subcase 2.2 as given in
Observation 2.1. If Subcase 2.1 holds, then there exists an edge
of Cy, say e, which is not contained in a shortest o — w; path for
all i € [1,h] by Observation 2.1. Thus, by using a similar edge-
coloring as case o € V(Cy), we will obtain a contradiction. If
Subcase 2.2 holds, then w; s, w1, is not contained in a shortest
o—w; path for all i € [1, h]. Thus, by using a similar edge-coloring
as case o € V(Cj,), we will obtain a contradiction. O

Following Theorem 2.2, an immediate question arises: What is
the sharp upper bound for srx3(T, >, H) where srx3(T, >, H) #
|E(T,>,H)|? The answer of this question is given in Theorem 2.3.
Before we proceed to this theorem, we first verify the following
lemma.

Lemma 2.1. Let H; and H, be connected graphs which ad-
mit strong 3-rainbow colorings ¢, and c;, respectively, so that
c1(E(Hy)) N ca(E(Hy)) = 0. Then for any two vertices u € V(H})
and v € V(H,), the edge-coloring of the edge-colored graph G
obtained from H| and H, by identifying u and v is a strong 3-
rainbow coloring of G.

Proof. By the assumption, for any subset S with |S| = 3 which
is contained in V(H;) or V(H,), there exists a rainbow Steiner
S-tree. Thus, without loss of generality, we may assume that
S NV(H;) = {x;}and S N V(H,) = {x2, x3}. Observe that there
exist a rainbow u — x; geodesic T in H; and a rainbow Steiner
{v, xp, x3}-tree T» in H,. Since u = vand ¢;(E(H;))Ncy(E(H»)) =
0, the tree T = T U T, is a rainbow Steiner S -tree. |
Theorem 2.3. Let n and m be two integers at least 3. Let T,, be a
tree of order n, H be a connected graph of order m, and o be an
arbitrary vertex of H. Then

srx3(T, >, H) < n(srx3(H))+n—1.

Proof. We define an edge-coloring ¢
[1,n (srx3(H)) + n — 1] as follows.
i.  Assigncolors 1,2,...,n— 1 to the edges of T,,.

ET, », H —

ii. Foreachi € [1,n], assign srx3(H) colors which are not used
for E(T,,) to the edges of H', so that each edge-coloring of H'
is a strong 3-rainbow coloring and c¢(E(H')) N c(E(H’)) = 0

for all j € [1,n] with i # j.
By the definition and using Lemma 2.1 repeatedly, the edge-
coloring c is clearly a strong 3-rainbow coloring of 7,,>>, H. Thus,
the theorem holds. O
Now, let us prove the sharpness of the upper bound in The-
orem 2.3. Let m be an integer with m > 3. A ladder L, is a
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Cartesian product of a P,, and a P,, where P, is a path of or-
der m. Let V(L,,) = {w;: i € [1,2m]} and E(L,,) = {wiw;y1: i €
[I,m =110 [m+ 1,2m — 1]} U{wwisp: © € [1,m]}. A triangu-
lar ladder [16] of order 2m, denoted by T'L,,, is a graph obtained
from L,, by adding the edges w;w; ;.1 for i € [1,m — 1]. In the
following theorem, we determine the strong 3-rainbow index of
TL,.

Theorem 2.4. Form > 3, let TL,, be a triangular ladder of order
2m. Then srx;(TL,,) = m.

Proof. 1t is easy to check that sdiam;(TL,,) = m. Hence,
srx3(TL,) > m by Eq.(1). Next, we show that srx3(TL,) < m
E(TL,) — [1,m]
which can be obtained by assigning colors i to the edges w;w;; |

by defining a strong 3-rainbow coloring ¢ :

and Wj4,,Wim+1 for i € [1,m — 1] and color m to the edges w;w;4,
fori € [1,m] and w;w;y . fori € [1,m — 1]. Now, we show that
c is a strong 3-rainbow coloring of 7'L,,. Let S be a set of three
vertices of TL,,. By symmetry, we consider two cases.

Case 1. S = {wj,w;,wy} fori, jk € [1,m] withi < j<k

Then a tree T with E(T) = {wywy1: L € [i,k — 1]} is a rainbow
Steiner S -tree.

Case2. S ={w;,wj,wi}fori,je[l,m], i< j,andk € [m+1,2m]

If k <i+m,thenatree T with E(T) = {wywy_,} U{wwy,: 1€
[k — m, j — 1]} is a rainbow Steiner S-tree. If i + m < k < j+m,
then a tree T with E(T) = {wiwi—m} U {wwper: 1 € [i,j — 1]}
is a rainbow Steiner S-tree. If k > j + m, then a tree T with
E(T) = {wwyr: 1 € i,k —m — 2]} U {wiwi_u—1} 1S a rainbow
Steiner S -tree. O

Figure 1 gives an example of a strong 3-rainbow coloring of
TLs.

The degree dg(v) of a vertex v in G is the number of neigh-
bours of v. The next theorem shows that srx3(7,, >, TL,,) attains
the upper bound in Theorem 2.3.

Theorem 2.5. Let n and m be two integers at least 3. Let T, be
a tree of order n, TL,, be a triangular ladder of order 2m, and o
be a vertex of TL,, with dry, (0) = 3. Then srxz(T, >, TL,,) =
nm+n-—1.
Proof. By using Theorems 2.3 and 2.4, srx3(T, >, TL,) <
nm+n-—1.

Note that w; and w,,, are two vertices of TL,, which have
Suppose that
srx3(Ty >, L) < n+nm—2. Then there exists a strong 3-rainbow

degree 3. By symmetry, we consider o = w.

coloring ¢ : E(T,>,TL,,) — [1,n+nm—2]. Foreachi € [1,n], let

A; = {vaip*l : p € [1,m—11}U{v]v]*™}. The following properties

hold.

(A1) c(A) Nc(E(T,)) =0forallie[l,n]
Suppose that there exist ¢ € A; for some i € [1,n] and
f € E(T,) such that c(e) = c(f). Lete = xy and f = uv,
and assume that d(vl.l, u) < d(vl.l, v). Observe that the rain-
bow Steiner {x, y, v}-tree must contains edges ¢ and f, but
c(e) = c(f), a contradiction.

(A2) c(A)Nnc(Aj) =0foralli,je[l,n] withi# j
Suppose that there exists e € A; and f € A; for some
i,j € [1,n],i # j, such that c(e) = c(f). Let e = xy and
f = uv, and assume that d(v}.,u) < d(v},v). By using a
similar argument as in the proof of (Al), we will obtain a
contradiction.
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wy 1 wy 2 w3 3 wy 4 W
5 = 5 [

5 N 5N |15 N |5 N |5

6 1 w; 2 wsg 3 wy 4wy

Fig. 1 A strong 3-rainbow coloring of 7'Ls.

Note that |c(A;)] = m for each i € [1,n]. Hence, Y%, lc(A;)| >
nm by (A2). It follows by (A1) that |c(E(T,))| < n—2, contradicts

Eq. (2). Thus, srx3(T, >, TL,) > nm+n — 1. ]
3. The Strong 3-rainbow Index of T, >, H for
Some Connected Graphs H

The value of srx3(T, >, H) is not only affected by the structure
or the size of T, >, H, but also can be affected by the choice of
vertex o € V(H). In this section, we provide some graphs 7, >, H
whose srxj3 is affected or not affected by the choice of vertex o.

3.1 The Strong 3-rainbow Index of T, >, W,

Let m be an integer with m > 3. A wheel W, of order m + 1
is a graph constructed by joining a vertex to every vertex of a
cycle Cy,. Let V(W,,) = {w;: i € [1,m + 1]} such that E(W,,) =
{wyw;: i € [2,m+1]}U{w;w;y1: i € [2,m+1] and w,,;» = w,}. The
vertex w is called the center vertex of W,,. Foreachi € [2,m+1],
edge wyw; is called the spoke of W,,. In Ref.[2], the first and
second authors studied the srx3 of W,,. The results are given in
Lemma 3.1 and Theorem 3.1. To make it easier for the readers,
we also provide the proof of these results.
Lemma 3.1. [2] For m > 4, let W,, be a wheel of order m + 1
which admits a strong 3-rainbow coloring. Then any color is as-
signed to at most two spokes wyw; and wyw; where wyw; € E(W,,).
Proof.  Suppose that there are three spokes of W,,, wiw;, wiw,
and w;wy, which are colored the same. Without loss of general-
ity, assume that dc,, (w;, w;) > 2. Observe that the rainbow Steiner
{wy, w;, w;}-tree must contain spokes w; w; and ww;, but these two
spokes are colored the same, a contradiction. O
Theorem 3.1. [2] For m > 3, let W,, be a wheel of order m + 1.
Then

3, form =4,
[51, otherwise.

srx3(Wy) = {

Proof. For m = 3, sdiam3(W3) = 2. Thus, srx3(W3) > 2 by
Eq.(1). Now, we show that srx3(W3) < 2 by defining a strong
3-rainbow coloring of Wj as shown in Fig. 2.

For m = 4, suppose that srx3(Ws) < 2. Then there exists a
strong 3-rainbow coloring ¢ : E(W,) — [1,2]. Observe that we
need at least two colors to color all spokes of W, by Lemma 3.1.
Thus, without loss of generality, let c(w;w;) = c(wws) = 1 and
c(wiwy) = c(wiws) = 2. By considering {w;, wy, w3}, {wa, w3, wa},
and {ws, wy, ws}, successively, c(wows) = 2, c(wsws) = 1, and
c(wsws) = 2. However, there is no rainbow Steiner {wy, wy, ws}-
tree, a contradiction. Thus, srx3(Wy) > 3. Next, we show that
srx3(Wy) < 3 by defining a strong 3-rainbow coloring of W, as
shown in Fig. 2.

Let m > 5. Thus, srx3(W,) > [5] by Lemma 3.1. Next, we
show that srx3(W,,) < [5] by defining a strong 3-rainbow color-
ing ¢ : E(W,,) — [1,[%1] as follows.

i.  Assign colors L%J to the spokes wyw; fori € [2,m + 1].
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Fig. 2 Strong 3-rainbow colorings of W3, Wy, Wg, and W5.

ii. Define c(ww;y1) = c(wjw;yo) for even i € [2,m + 1] and
c(wiwiyr) = c(wyw;) forodd i € [2,m + 1].

Now, we show that c is a strong 3-rainbow coloring of W,,,. Let S

be a set of three vertices of W,,. Let i, j,k € [2,m + 1] with i # j,

i # k,and j # k. We consider two cases.

Case 1. The vertices of S belong to the cycle C,,

Without loss of generality, let S = {w;, w;, wi}. If d(S) = 2,
then a path of length 2 which contains all vertices of S is a rain-
bow Steiner S -tree. If i is even (i # m+1if misodd), j = i+1, and
k =i+ 3, then atree T with E(T) = {w;w;;1, Wiy Wiz, Wis2W;is3}
is a rainbow Steiner S-tree. If iiseven, j =i+ 1,and k > i+ 4 or
k<i—2(ori=m+1ifmisodd, j=2,and k = 4),thenatree T
with E(T) = {w w;, w;w;j, w;wy} is a rainbow Steiner S -tree. For
other values of 7, j, and k, a tree T with E(T) = {ww;, wiw;, wiwy}
is a rainbow Steiner S -tree.

Case 2. Two vertices of S belong to the cycle C,,

Without loss of generality, let S = {w, w;, w;}. If i is even and
j =i+ 1, then a tree T with E(T) = {wjw;, w;w;4} is a rain-
bow Steiner S-tree. For other values of i and j, a tree 7 with
E(T) = {wiw;, ww,} is a rainbow Steiner S -tree. ]

Our first result in this subsection is the srx3(T, >, W,,) where
o is the center vertex of W,,,.

Theorem 3.2. Let n and m be two integers withn > 3 and m > 4.

Let T, be a tree of order n, W,, be a wheel of order m + 1, and o

be the center vertex of Wy,. Then srx3(T, >, Wy,) = n[51+n—1.

Proof. Let ¢ be a strong 3-rainbow coloring of T}, >, W,,. First,

we verify two properties.

(B1) c(vlvp) ¢ c(E(Ty)) forallie[l,n]and p € [2,m + 1]
Suppose that there exist v/v’ € E(W},) for some i € [1,n]
and p € [2,m+ 1] and f € E(T,,) such that c(u}vf) = c(f).
Let f = uv and assume that d(v}, u) < d(v},v). Observe that
the rainbow Steiner {vl v ,v}-tree must contain edges v ”
and f, but c(vlvp ) = ¢(f), a contradiction.

(B2) @) # c(vlvq) foralli,j € [1,n],i # j, and p,q €
[2,m+ 1]
By considering {v, ! 7} for all i,j € [l,n], i # j, and
p.q € [2,m+1],itis clear that c(vjv}) # c(vlv")

Thus, by using Eq. (2), Lemma 3.1, (B1), and (B2) srx3(T, >,

W) = n[31+n~-1.

Next, we prove the upper bound. For m > 5, srxs(T,, >, W,,) <
n[%7]+ n —1by Theorems 2.3 and 3.1. For m = 4, we show that
srx3(T, >, Wy) < 3n — 1 by defining a strong 3-rainbow coloring
c: E(T,>,Ws) > [1,3n— 1] as follows.

i.  Assigncolors 1,2,. — 1 to the edges of T,.

ii. Foreachie [1 n], assign colors n+2(i— 1) to the edges v} v?,
vlv3 and v v and colors n + 1 + 2(i — 1) to the edges vl1 f,
1 5 and v?

11’

iii. Assign colors n+2i to the edges v and v; 02 forie[1,n—-1]
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and color 7 to the edges v}v* and vv?
By the coloring above, it is easy to find a rainbow Steiner S -tree
for every set S of three vertices of T, >, Wj. |

Following the theorem above, we obtain that srx3(7, >, W,,)
(o is the center vertex of W,,) attains the upper bound in Theorem
2.3 form > 5.

Now, consider graphs T, >, W,, where o is not the center vertex
of W,,. Without loss of generality, we may assume that o = wj.
This assumption applies until the end of this subsection. First, we
verify the following observation.

Observation 3.1. Let n and m be two integers at least 3. Let

o0 =wy € V(IW,). If c is a strong 3-rainbow coloring of T, >, Wy,

then

(@) c@?l) ¢ c(E(T,)) foralli€[l,n]and p € {1,3,m + 1};

(i) c(v vp) ¢ c(E(T,)) forall i € [1,n] and p € [4, m];

(iii) c(ufv}) # c(ivy*h) foralli € [1,n] and m > 4;

(iv) c@i)) # c(vzv") forall i,j € [1,n], i # j, and p,q €
{1,3,m+ 1};

V) v} # c(vlv”) foralli, j€[1,n] and p € [5,m — 1]; and

i) c@}v)) # c(v vq) forall i,j € [l,n],i # j, and p,q €
[5,m—1].

Proof. We distinguish several cases.

(i) Let f =
d(v u) < d(u v). By con31der1r1g{v v ,ojforp e {1,3,m+

1}, c(v?v!) # c(f). Furthermore, c(vl.zvf) ¢ c(E(T)).

(i) An argument similar to that used in the proof of (i) will ver-
ify that c(vlvp) ¢ c(E(T )) foralli € [1,n] and p € [4,m].

(iii) By considering {v U v’””} for all i € [1,n], it is clear that
c(v; 03) * c(u2v’"+1)

(iv) By considering {v v U ! for all i,j € [1,n], i # j, and
p.g€{1,3,m+1}, c(vzvp) # c(vzvq)

(v) By considering {v v v "} forall i, j € [1,n] and p € [5,m —
11, c(v}v?) # c(v}vf)

(vi) By considering {Uiz,vl.p,v?} for all i,j € [1,n], i # j, and
p.q €[5 m—1], c(vilvf) * c(v}v;’.). ]

Theorem 3.3. Let n and m be two integers at least 3. Let T, be

uv be an arbitrary edge of 7, and assume that

a tree of order n, Wy, be a wheel of order m + 1, and o is not the
center vertex of W,,. Then

2n+1, form=3;
3n, form e [4,5];
I'”'T’S'In+2n,
(227 + 20 + 1,

$753(T o W) = for even m > 6;

for odd m > 6.

Proof. Recall that we assume o = w,. We consider three cases.
Casel. m=3
Suppose that srx3(7,,>, W3) < 2n. Then there exists a strong 3-
rainbow coloring ¢ : E(T,>, W3) — [1,2n]. By using Eq. (2) and
Observation 3.1 (i) and (iv), we need at least 2n— 1 distinct colors
to color edges of T, and edges v, u2 for all i € [1,n]. This implies
we have at most one color left, say color a. Next, consider edge
103, By using Observation 3.1 (i) and (iv), c(vjv}) € {c(v}v}), a}.
If c(viv) = a, then c(v}v3) = c(v)v3) by Observation 3.1 (i) and
(iv). By considering {vz,vz, .} for all i € [1,n] withi # 2,
c(! vg) ¢ c(E(T,)) U {c(v'vz)} This forces c(vzvz) = a. How-
ever, there is no rainbow Steiner {u;, v;, v3} tree, a contradiction.
Thus, c(vv}) = c(vjv}). Similarly, c(v?v}) = c(v]v?). Now, we
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have c(vjv}) = c(viv}) = c(viv}). By considering {v},v},v!} and
{v3,v,0!} for all i € [2,n] and p € [3,4], we obtain c(v}v}) =
c(v}v‘l1 = c(v?v‘l‘) = a. However, there is no rainbow Steiner
{v}, U?, v‘l‘}—tree, a contradiction. Thus, srx3(T, >, W3) > 2n + 1.

Next, we show that srx;(T,>, W3) < 2n+1 by defining a strong
3-rainbow coloring ¢ : E(T,, >, W3) — [1,2n+ 1]. We first assign
colors 1,2,...,n—1 to the edges of T,,. For each i € [1,n], assign
colors i + n — 1 to the edges vaf’ for p € {1, 3,4}, color 2n to the
edges vi' Ul(’ for p € [3,4], and color 2n + 1 to the edges v?vf. By
this coloring, it is easy to show that for every set S of three ver-
tices of T,, >, W3, there exists a rainbow Steiner S -tree. Figure 3
gives an example of a strong 3-rainbow coloring of Py >, Wj.
Case?2. me [4,5]

Suppose that srx3(T, >, W,,) < 3n — 1. Then there exists
E(T, >, W,) — [1,3n - 1].
By using Eq.(2) and Observation 3.1 (i), (iii), and (iv), we

a strong 3-rainbow coloring ¢ :

need at least 3n — 1 distinct colors to color edges of 7, and
707 and v?uf*! for all i € [1,n]. This implies we have
used all available colors. For further steps, let i € [2,n],
p € [4,m], and g € {3,m + 1}.

Steiner {v],v”, v?}-tree must contains edges vjv?, v}v!, and v?vf,
which means {c(v]v?), c(v] )} & c(E(T,)) U {c(v?v!)}. This forces
{c]vd), cjv))} C {e@lv), eIy}, where c(vjv}) # c(vjo)).
If c(ojv?) = c(@lv?) and c@]v]) = c@*!), then consider
{vi, v?, v;’}. We obtain that c(v{v?) ¢ c(E(T,) U {C(U%U%),C(U?U?)},
implying that c(vjv}) = c(vivj"*!). By considering {v}, v}, 0]}, we
also have c(v}v]) = c(u?vy"*!). However, there is no rainbow

Steiner {v:, U?, v‘ll}-tree since c(v}v?) = c(v}v‘l‘) = c(v?vj‘), a con-

edges v

Observe that the rainbow

tradiction. Similarly, if c(v]v?) = c(iv[™*!) and c(v]v]) = c(viv}),
then there is no rainbow Steiner {v}, oY, vT”}—tree, a contradic-
tion. Thus, srx3(T,, >, W,,) > 3n.

Next, we show that srx3(T, >, W,,) < 3n by defining a strong
3-rainbow coloring ¢ : E(T, >, W,,) — [1,3n]. We first assign
colors 1,2,...,n — 1 to the edges of 7,,. For m = 4 and each

1,2 1,3 3.4
i Uis UiUis UpU;s
and v7v?, colors n + 1 + 2(i — 1) to the edges vl v}, v/v?, and v?v}

[ RS e [

i € [1,n], assign colors n + 2(i — 1) to the edges v

and color 3n to the edges v!v?. For m = 5 and each i € [1,n],

2 3

assign colors 7 + 2(i — 1) to the edges v!v?, v?v?, and v)1°, colors
11 Ll 11

n+1+2(i— 1) to the edges v} v?, v} v}, v?v?, and vfv7, and color 3n

075 007,
to the edges v} v?, v}, and v?v}. By this coloring, it is not hard to
find a rainbow Steiner S -tree for every set S of three vertices of
T,>,W,. Figure 4 gives examples of strong 3-rainbow colorings
of Py >, Wy and Py >, Ws.
Case3. m>6

For odd m, suppose that srx3(T, >, W,,) < [’"T'S]n + 2n. Then
E(T, >, W,) —

[1, [%Tn + 2n]. By symmetry, we consider the following two

there exists a strong 3-rainbow coloring ¢ :

subcases.

— There exists a fixed i € [1, 7] such that c(v!v}) = (v} v?)
Without loss of generality, let i = 1. First, consider spokes
vivf for p € {2} U [6,m — 1]. By using Lemma 3.1, these
spokes can not be colored with c(v{v‘l‘) and c(vivf) * c(v}v‘f)
for all ¢ € [6,m — 1]. Thus, we need at least I'%'I +2 =
[%'I + 2 (since m is odd) distinct colors to color spokes
v}v’f for all p € {2} U [4,m — 1]. This implies we have at
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Fig.3 A strong 3-rainbow coloring of P4 >, Ws.
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Fig.4 Strong 3-rainbow colorings of (a) P4 >, W4 and (b) Py >, Ws.

most [%527n + 2n — (12521 +2) = (1%521+2) (n - 1) col-
ors left. Next, consider all edges of T}, and spokes v} vf’ for
alli € [2,n] and p € {2} U [5,m — 1]. By using Observa-
tion 3.1, we need at least ([’”7’5] + 2) (n — 1) new distinct
colors to color these edges, implying that we have used all
remaining colors. This forces for each i € [2, n], we use ex-
actly f’"T"5] colors to color spokes vi1 vf forall p € [5,m— 1],
where every color is assigned to exactly two spokes. Now,
consider spoke v;v‘z‘. By using Lemma 3.1 and Observa-
tion 3.1 (ii), c(vjvy) ¢ c(E(T,)) and c(vjv5) # c(vyvy) for
all p € {2} U [5,m — 1]. This forces c(vlv}) = c(u}u;’) for
some j € [1,n] with j # 2 and p € {2} U[5,m—1]. However,
there is no rainbow Steiner {v}, v5, v?}-tree forg € [5,m—1]

i4 12 1,4
HUs V05 and vV}, @ con-

since the tree must contain spokes v
tradiction.

The subcase above implies the following subcase.

- C(UI-IU?) * c(viluf) and c(Ul.lv:.“) * C(U}UT"I) foralli € [1,n]
By using Eq.(2) and Observation 3.1, we need at least
[%]n + 2n — 1 distinct colors to color edges of 7, and
spokes vjv? for all i € [1,n] and p € {2} U [5,m — 1]. This
implies we have at most one color left, say color a. Next,
consider spoke v%v‘l‘. It follows by Lemma 3.1 and Observa-
tion 3.1 (ii) that c(vjv}) ¢ c(E(T,)) and c(v}v}) # c(v]o)) for
all p € {2} U [6,m — 1]. This forces c(v]v}) = a or c(v}v}) =
c(vj.vj.’) for some j € [2,n] and p € {2} U [S,m — 1]. If

c(vjuy) = c(v}. U? ), then there is no rainbow Steiner {v}, vy, v?}-

tree for g € [5, m—1] since the tree must contain spokes v}v4

17
1,2 1.4 1,4\ _ E 1, my —
GRS and v;U;. Hence, c(v;v]) = a. Similarly, c(v;v}") = a.

Therefore, c(v}v}) = c(v}v"") = a, contradicts Lemma 3.1.

Thus, srx3(T, >, Wi) > [%521n + 2n + 1 for odd m. Similarly,
we can also prove the lower bound for even m.

Now, we prove the upper bound. Let x = [’"T'S] + 1. For even
m, we define an edge-coloring ¢ : E(T,>,W,,) — [1, |""T‘5'|n+2n]
as follows.

i. Assigncolors 1,2,...,n— 1 to the edges of 7.

ii. Foreachi € [1,n], assign colors L’z—’J +n—1+4x(—1)tothe
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Fig. 5 Strong 3-rainbow colorings of (a) P4 >, Wg and (b) P3 >, W5.

1,0
spokes v; v;

for p € [2,m — 1] and color n + xn to the spokes
vV and o} v

ii. Form = 6and each i € [1,n], define c(v/v"*") = c(u;uf.’”)

for p € {2,4}, c(W®]) = c(v}v}), and c(vaf'“) = c(v}v?) for

pe{3,57}.

iv. Form > 8 and each i € [1,n], define c(v 1yP+2

= c(yv; )
foreven p € [2,m], c(vaf”) = c(v}vf) forodd p € [3,m—1],
and (/" 10?) = (o).
For odd m, we define an edge-coloring ¢ : E(T, >, W,,) —
[1,[227n + 2n + 1] as follows.
i.  Assigncolors 1,2,...,n — 1 to the edges of T,.

p p+l
v

ii. Foreachi € [1,n], assign color n+x(i— 1) to the spokes v! v?

colors |'§'|+n—2+x(i— 1) to the spokes v} vf’ for p € [5,m—1],

color n + xn to the spokes v!v? and v!v?, and color n + xn + 1

to the spokes v} v and v} v/"*!.

iii. For each i € [1,n], define c(v ) = c(vl.lvip) for even p €
[2,m—11, e 0?) = n+1+x(i-1), and /") = c(} o)
for odd p € [3,m].

By the colorings above, it is not hard to show that there ex-

+1
PP
Ll

ists a rainbow Steiner S -tree for every set S of three vertices of
T,>,W,. Figure 5 gives examples of strong 3-rainbow colorings
of Py >, Wg and P3 >, W5. ]

Following Theorems 3.2 and 3.3, the choice of vertex o €
V(W,,) affects the value of srx3(T, >, W,,). However, there are
some graphs H such that srx;(T, >, H) is the same for any choice
of vertex o € V(H). For example, srx3(T, >, T;;) = |E(T, >, Tyl
for any vertex o € V(T,,) by Theorem 2.1. Our next two results
also show that the choice of vertex o € V(H) does not effect the
value of srx3(T, >, H), where H is a ladder or a cycle.

3.2 The Strong 3-rainbow Index of 7', >, L,,

Before we proceed to the main result, we first provide the fol-
lowing theorem which has been studied in Ref.[2]. To make it
easier for the readers, we also provide the proof of this theorem.
Theorem 3.4. [2] For m > 3, let L,, be a ladder of order 2m.
Then srxs(L,,) = m.

Proof. Since sdiams(L,,) = m, srx3z(L,,) > m by Eq.(1). Now,
we show that srx3(L,,) < m by defining a strong 3-rainbow color-
ing ¢ : E(L,) — [1,m]. This coloring can be obtained by assign-
ing colors i to the edges w;w;;1 and w;y, Wiy fori € [1,m — 1]
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and color m to the edges w;w;,,, for i € [1,m]. By using a similar
argument as in the proof of Theorem 2.4, we can show that there
exists a rainbow Steiner S -tree for every set S of three vertices of
L. O

Now, we determine the strong 3-rainbow index of 7, >, L,,.
Theorem 3.5. Let n and m be two integers at least 3. Let T,, be a
tree of order n, L,, be a ladder of order 2m, and o be an arbitrary
vertex of L,,. Then srx3(T, >, L,) =nm+n— 1.

Proof. By using Theorems 2.3 and 3.4, srx3(T,, >, L,,) < nm +
n-—1.

Without loss of generality, let o = w; for some s € [1,m]. For
eachi € [1,n], let A; = {vfuipﬂ: pell,m—-1J} U {vaf*m}. Let
¢ be a strong 3-rainbow coloring of 7}, >, L,,. By using a similar
argument as in the proof of (Al) and (A2) in Theorem 2.5, we
obtain the following properties.

(C1) c(A)Nc(E(T,)=0foralliell,n]

(C2) cAD)Nnc(Aj) =0foralli,je[l,n]withi=+j

Note that |c(A;)| > m for each i € [1,n]. Hence, srx;(T, >, L,,) >
nm + n — 1 by Eq. (2), (C1), and (C2). O

Following the theorem above, we obtain that srx3(7, >, L,,) at-
tains the upper bound in Theorem 2.3. Recall that sdiams(T), >,
H) is the natural lower bound for srx3(7, >, H) by Eq. (1). Con-
sider graphs P, >, L,, where o € V(L,,) with d;, (0) = 2. We can
check that sdiams(P,, >, L,) = 3m +n — 1 for n > 3. Hence,
srx3(P, >, L) = sdiams(P, >, L,,) for n = 3 by Theorem 3.5.

3.3 The Strong 3-rainbow Index of 7', >, C,,

For m > 3, let V(C,,) = {w;: i € [1,m]} such that E(C,,) =
{wwir: i € [1,m] and w41 = wy}. Consider graphs T, >, Cy,
where o is an arbitrary vertex of C,,. Without loss of generality,
we may assume that o = w;. This assumption applies until the
end of this subsection. First, we verify the following observations
which will be used to prove the lower bound for srx3(7T), >, C,,).
Observation 3.2. Form =7 orm > 9, if c is a strong 3-rainbow
coloring of C,,, then no edge of C,, is colored the same.

Proof.  Suppose that there are two edges of C,,, say vjv, and
vpUp41 for some p € [2, m], which are colored the same. Note that
dc, (v1,v,) < | 5]. Hence, we only consider when 1 < p -1 <
[5]. Observe that the rainbow Steiner {vy, Vretty, Ups+1)-tree is a
tree T with E(T) = {vvie1: [ € [1, p]} where no edge of the tree
is colored the same, but c(v1v2) = ¢(v,vp41), a contradiction. O
Observation 3.3. Form > 4, let ¢ be a strong 3-rainbow coloring
of Ty>oCyy. Ife € E(C!) for each i € [1,n], then c(e) ¢ c(E(T),)).
Proof. Suppose that c(e) € c(E(T,)). Then there exists f €
E(T,) such that c(e) = c(f). Let e = xy and f = wuv, and as-
sume that d(vl.l,u) < d(vi‘, v). Observe that the rainbow Steiner
{x, y, v}-tree must contain edges e and f, but c(e) = c¢(f), a con-
tradiction. m]
Observation 3.4. Let m be an odd integer at least 3. Let ¢ be
a strong 3-rainbow coloring of T,, >, Cy,. For each i € [1,n],
let Ay = ECi)\ (005 ™). Then e(A) 0 c(A)) = 0 for all
i,je[l,n] withi# j.

Proof. By considering {v},vf,v’f} foralli,j € [1,n],i # j, and
Ppoq € 121,727 + 11, c(A) N e(A;) = 0. o
Observation 3.5. Let m be an even integer at least 4. Let ¢ be
a strong 3-rainbow coloring of T, >, Cy,. For eachi € [1,n], let
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S+l S+l 542
-0

A= ECC)\ oo o
i,jell,n]withi+ j.

Proof. By considering {v v 0% }for alli,j e [l,n],i # j, and
P.qEls 5+2},c(A,-)ﬁc(Aj)— . O
Observation 3.6. Let m be an even integer at least 10. Let ¢

}. Then c(A;) N c(A;j) = 0 for all

i

be a strong 3-rainbow coloring of T2 >, Cy. Then at least three
A 7+1 2+l Nl+2 m m+l

colors are needed to color edges v’ vivl ) v1 R 1)22 v2 , and
2yl 240

V5 2 inTr >, C.

. . moomyp my
Proof. Observe that the rainbow Steiner {vl2 ,vf ,1)22 }-tree
2 24 ’”+I m+2 . |

must contains edges v/v} , v/ v ", and either vy v;  or
m+1 242

vy Uy Hence, we need at least three colors to color these
four edges in 7, >, Cp,. O

Observation 3.7. Let m be an even integer at least 10. Let ¢ be
a strong 3-rainbow coloring of T), >, C,,. For eachi € [1,n], let
c(vi%‘v ) = a; and c(v2+l 2+2) = b;. Then {a;,b;} # {a;,b;} for
alli, j e [1,n] withi # j.

Proof.  An argument similar to that used in the proof of Obser-
vation 3.6 will verify that {a;, b;} # {a;, b;} for all i, j € [1,n] with
i#J. o
Observation 3.8. Let n and r be two integers at least 3 and m be
an even integer at least 10. Let r be the minimum number such
that n < @
then r is the minimum number of colors needed to color edges

mom m

+1 +1 242 .
v’v?  andv? v} " forallie[l,n].

. If ¢ is a strong 3-rainbow coloring of T, >, Cy,,

Proof. Suppose that r — 1 is the maximum number of colors
needed to color edges v} Uf“ and Uf+ vf+2 for all i € [1,n].
Following Observation 3.7, we have at most (r_l) color pairs to
}foralli € [1,n],

where ( N ) is the number of combmations of r — 1 colors taken
(r=1)(r-2)

3 Be Bl 40
color all pairs of two edges {v v n?

>

2 at a time. Note that (rgl) = 2(‘::%;, = 5—. How-
ever, n > (er_z) , this forces there are at least two pairs of
m % 1 241 my40 momyl myp myo

two edges {v; z U,2+ ,ufJr l.2+ } and {vj2 vj?+ , /2+ 2t } for some
. . n 1ge2

ij € [1 nl, i # j, such that {c(w?v: "), cw? ") =
EA .

{c(v u ),c( 1,342 )}, contradicts Observation 3.7. ]

Now, we determlne the strong 3-rainbow index of T, >, C,,.
Theorem 3.6. Let n, m, and r be three integers at least 3. Let
T, be a tree of order n, C,, be a cycle of order m, and o be an
arbitrary vertex of Cy,. Let r be the minimum number such that

r(r—1)
< =5~ Then

2n, form =3;
3n—1, form =4,
n(m—-2), forme{5,6,8};
nm, foroddm >7;

srx3(Ty > Ci) =

nm—n+r—1, forevenm > 10.

Proof. Recall that we assume o = w;. We distinguish several
cases based on m.
Case 1. mis odd

Subcase 1.1. m =3

Suppose that srx3(T, >, C3) < 2n — 1. Then there exists a
strong 3-rainbow coloring ¢ : E(T,, >, C3) — [1,2n — 1]. For an
Let f = uv be an arbi-
trary edge of 7, and assume that d(v},u) < d(v},v). By consid-

ering {v},v%, 0}, c(v}v?) # c(f). Furthermore, c(v}v?) ¢ c(E(T,)).

arbitrary i € [1,n], consider edge v} viz.
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Fig. 6 A strong 3-rainbow coloring of P4 >, Cs.

It follows by Eq.(2) and Observation 3.4 that we need at least

2n — 1 distinct colors to color edges of 7, and edges v 2 for all

i € [1,n]. Next, observe that the rainbow Steiner {v%,vl, A} tree

for all i € [2,n] can be obtained by identifying vertex u] in a

rainbow Steiner {v], Ul, v3)-tree and a rainbow v% — 02 geodesic.
L2
Uy, U1, 0
and colors from c¢(E(T},)). It means we only have one color, that

Hence, no edge of Stemer {v } tree is colored with c(v v; 2)
is c(v{v%), to color two edges in Steiner {vi, vf, v?}-tree, which is
impossible. Thus, srx3(T, >, C3) > 2n.

Next, we show that srx3(T, >, C3) < 2n by defining a strong
3-rainbow coloring ¢ : E(T, >, C3) — [1,2n]. We first assign
colors 1,2,...,n—1to the edges of T,. For each i € [1,n], assign
colors i +n—1 to the edges v} v and v} v} and color 2n to the edges
v?v}. By this coloring, it is easy to find a rainbow Steiner S -tree
for every set S of three vertices of T, >, Cs.

Subcase 1.2. m =5

By using a similar argument as in the proof of lower bound for
m = 3, it is easy to show that srx3(7T, >, Cs) > 3n. Now, we show
that srx3(T, >, Cs) < 3n by defining a strong 3-rainbow coloring
c: E(T,>,Cs) — [1,3n]. We first assign colors 1,2,...,n—1
to the edges of T,,. For each i € [1,n], we assign colors i + n — 1
to the edges v v and u v , colors i + 2n — 1 to the edges v v and

v . By this coloring, it is easy

, and color 3n to the edges U
to ﬁnd a rainbow Steiner S -tree for every set S of three vertices
of T,, >, Cs. Figure 6 gives an example of a strong 3-rainbow
coloring of P4 >, Cs.

Subcase 1.3. m > 7

Suppose that srx3(T, >, C,;) < nm — 1. Then there exists a
strong 3-rainbow coloring ¢ : E(Tn >, C,) — [1,nm —1]. For
eachi € [1,n], let A; = E(Ci)\{o]* o'}, By using Eq. (2), Ob-

servations 3.2, 3.3, and 3.4, we need at least nm—1 dlstmct colors

r51 151+

to color all edges of T, >, C,, except edges v, v; for all i €

[1, n], which means we have used all available colors. Next, con-
RIS 1’} foralli € [2,n] and p € {[21,[27+1). Note

sider s ]
should be contained in the rainbow Steiner

that edge u( a ( ]

{UEM], [1 2t S ;i }—tree, which implies this edge cannot be colored
with colors from c(E(T,l)) and c(Ai) for all i € [2,n]. By using

& 2 L I also cannot be colored with col-

ors from c(A;). It means we need one new distinct color to color

Observation 3.2, edge v

this edge, which is impossible. Thus, srx3(T, >, C,,) > nm.
Next, we show that srx3(T, >, C,,) < nm by defining a strong

3-rainbow coloring ¢ : E(T,, >, C,;,) — [1,nm] as follows.

,n — 1 to the edges of 7).

B for all i € [1, 7).

,nm — 1,nm to the remaining

i.  Assign colors 1,2,.

ii.  Assign color n to the edges v;

iii. Assigncolorsn+ 1,n+2,...
nm — n edges of T, >, Cp,.

By the coloring above, we obtain that all edges of T}, >, C,,

1 .
have distinct colors except edges u[ ]UE 2 for all i € [1, n], that
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vy

Fig.7 A strong 3-rainbow coloring of P53 >, C7.

v}

Fig. 8 A strong 3-rainbow coloring of P4 >, Cy.

. s s .. T .
is c(v[ﬂv[szr ) = C(UE.Z-‘UE.Z-H ) for all i,j € [1,n] with i # J.

Hence, it is not hard to check that this coloring is a strong 3-
rainbow coloring of T, >, C,,. Figure 7 gives an example of a
strong 3-rainbow coloring of Pz >, C7.

Case 2. mis even

Subcase 2.1. m = 4

Let ¢ be a strong 3-rainbow coloring of 7, >, C4. Since
c(vlv?) # c}v}) for each i € [1,n], it follows by Eq.(2), Ob-
servation 3.3 and 3.5 that srx3(7,, >, C4) > 3n — 1.

Next, we show that srx3(T,>,C4) < 3n—1 by defining a strong
3-rainbow coloring ¢ : E(T,, >, C4) — [1,3n —1]. We first assign
colors 1,2,...,n—1 to the edges of T,,. For each i € [1, n], assign
colors i+n—1 to the edges v} vi2 and U?U? and colors i+2n—1 to the
edges vl.zv? and U?Uil. By this coloring, it is easy to show that there
exists a rainbow Steiner S-tree for every set S of three vertices
of T, >, C4. Figure 8 gives an example of a strong 3-rainbow
coloring of P4 >, Cy.

Subcase 2.2. m = 6

Suppose that srx3(T,,>,Cs) < 4n—1. Then there exists a strong
3-rainbow coloring ¢ : E(T, >, C¢) — [1,4n — 1]. By consider-
ing {v}, u?, 01.6} for each i € [1,n], it is clear that no edge of path

2,16

v?vi v; v} is colored the same. It follows by Eq.(2), Observation

3.3 and 3.5 that we need at least 4n — 1 distinct colors to color
edges of T, and edges v} v?, v?v?, and vfv] for all i € [1,n]. Next
foralli € [2,n] and p € {3, 6}, consider {v?, v?, Uf"}. By identifying
vertex v} in a rainbow Steiner {v}, v3, v’}-tree and a rainbow v} —v”

35
11

v} }-tree is colored with c(v}v?), c(viv?),

geodesic, we obtain the rainbow Steiner {v

no edge of Steiner {v;, v},

c(v®v}), and colors from c(E(T,)). It means we only have three

o’}-tree. Hence,

colors, c(v}v?), c(vjv}), and c(v8v}), to color four edges in Steiner
{v}, v?, v?}-tree, which is impossible. Thus, srx3(T, >, Ce) > 4n.

Next, we show that srx3(T, >, C¢) < 4n by defining a strong
3-rainbow coloring ¢ : E(T, >, C¢) — [1,4n]. We first assign
colors 1,2,...,n — 1 to the edges of T,. For each i € [1,n], as-
sign colors i + n — 1 to the edges v/v?, colors i + 2n — 1 to the
edges v7v} and v7v®, colors i + 3n — 1 to the edges v’v} and v¥v!,
5

and color 4n to the edges v;‘vi. By this coloring, it is not hard
to find a rainbow Steiner S -tree for every set S of three vertices
of T, >, Cs. Figure 9 gives an example of a strong 3-rainbow

coloring of P4 >, Cs.
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Fig. 10 A strong 3-rainbow coloring of P3 >, Cs.

Subcase 2.3. m = 8

Suppose that srx3(T,,>,Cg) < 6n—1. Then there exists a strong
3-rainbow coloring ¢ : E(T, >, Cs) — [l,6n — 1]. For each
i € [1,n], by considering {v},v},v/}, no edge of path vivv!vSv]
is colored the same. It follows by Eq. (2), Observations 3.3 and
3.5 that we need at least 5n — 1 distinct colors to color edges of
T, and edges v} v?, v*v?, v/v}, and 080! for all i € [1,n]. This im-
plies we have at most n colors left. Let A be the set of these n
colors. Next, for an arbitrary i € [1,n], consider edges u?v;.‘ and

6,7 : 3.4 1,2 2.3 8.1
v;vi. It is easy to prove that c(v;v;) ¢ {c(v;v;), c(v;v7), c(v;v;)}

and c(v®]) ¢ {c@]v}), cw]v}),c(fv])}. Then by considering
{v},vf’,v?} for all j € [1,n], j # i, and p,q € {4,6}, it follows
by Observations 3.3 and 3.5 that c(v?vf) € {c(vZu?)} U A and
c(fv]) € {c(v?v})} U A, with condition, c(vjv}) = c(v]v}) if and

only if c(vfv]

) # c(v?v?). It means we need n new distinct colors
to color edges v’v! and %] for all i € [1,n]. Hence, we have
used all remaining colors. Without loss of generality, let i = 1.
If c(viv}) = c(v]v}) and c(v$v]) € A, then consider {v}, v}, vf} for
all j € [2,n] and p € {4,6}. Since c(v]v]) & c(E(T,)) by Ob-
servation 3.3, this forces c(v]v}) € {c(W$v]), c(v]v?), c(vdv})}. But
c(vyv}) ¢ {c(W§v]), c(v]v})}, which implies c(vjv}) = c(vfv}). How-
ever, there is no rainbow Steiner {v}, v7, v}}-tree, a contradiction.
Similarly, if c(vjv}) € A and c(v]) = c(v}v}), then we will ob-
tain a contradiction by considering {v‘?, vz, vf } forall j € [2,n] and
p € {4, 6}. Thus, srx3(T, >, Cg) > 6n.

Next, we show that srx3(T, >, Cg) < 6n by defining a strong
3-rainbow coloring ¢ : E(T, >, Cs) — [1, 6n] as follows.

i.  Assigncolors 1,2,...,n — 1 to the edges of T,.
2

i

ii. Foreachi € [1,n], assign colors i + n — 1 to the edges vl.lu
and va?, colors i + 2n — 1 to the edges va? and va?, and
color 3n to the edges v?vf .

iii. Assigncolors 3n+ 1,3n+2...,6n — 1,6n to the remaining
3n edges of T,, >, Cs.

By the coloring above, it is not hard to find a rainbow Steiner S -

tree for every set S of three vertices of T, >, Cg. Figure 10 gives

an example of a strong 3-rainbow coloring of P3 >, Cg.
Subcase 2.4. m > 10
Let ¢ be a strong 3-rainbow coloring of T, >, C,,. For each

. . m o omy|  mi| m,o
ie(l,n)letA; = ECCi)\ {v/ v’ v’ v ""}. Observe that for
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Fig. 11 A strong 3-rainbow coloring of P3 >, Cg.

an arbltrary i € [1,n], by using Observation 3.2 and con51der1ng
}forallje[l n], j#i,and p €

2 2 m m
{vl 207 {3 2}, edges
momy LA )
v v} and U

for all j € [1,n]. Hence, by using Eq. (2), Observations 3.2, 3.3,
3.5, and 3.8, we need at least (im—2)n+r+n—
tinct colors to color all edges of T}, >, C,,. Thus, srxz(T,,>,C,,) >

cannot be colored with colors from c(A))
1 = nm—n+r—1dis-

nm—n+r—1.

Next, we show srx3(T, >, C,,) < nm—n+r— 1. We define an

edge-coloring ¢ : E(T,, >, C,,) — [1,nm —n + r — 1] as follows.

i.  Assign alist of combinations of r colors taken 2 at a time to
womyy mypow
all pairs of two edges {v; v} EAR l~+ 342 } for all i € [1,n],

so that {e(w? o ™), e0F T oF ) # [, c0F oF )
forall i, j € [1,n] with i # j.

ii. Assigncolorsr+ 1,r+2,...,r+n—1 to the edges of T),.

iii. Assigncolorsr+n,r+n+1,r+n+2,...,r+nm—-n—-1to

the remaining (m — 2)n edges of T, >, Cp,.
By the coloring above, it is not hard to show that c is a strong
3-rainbow coloring of T, >, C,,. Figure 11 gives an example of
a strong 3-rainbow coloring of Pz >, Cyg. ]
It is easy to check that srx3(C4) = 2. Thus, following Theo-
rem 3.6, we obtain that srx3(7T, >, C4) attains the upper bound in
Theorem 2.3.
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