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Abstract: Every net of an isotetrahedron (I) or a rectangle dihedron (RD) is a Conway tile. Reversely, it is shown by
using Alexandrov’s theorem that every Conway tile can be folded into either I or RD. However, it was not known how
to fold a given Conway tile into I or RD. The purpose of this paper is to give an algorithm for folding a Conway tile
into I or RD. Moreover, for a given Conway tile we present a method to identify the exact shape of I or RD into which

it can be folded.
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1. Conway Criterion and Conway Tiles

We first state the Conway criterion which is used throughout
the paper.

Conway criterion [13]

A given region (figure) can tile the plane using only transla-
tions and 180° rotations if its perimeter can be divided into six
parts by six consecutive points A, B, C, D, E and F, all located on
its perimeter, such that:

(a) The perimeter part AB is congruent to the perimeter part ED
by translation 7, in which

(A) = E, 7(B) = D.

(b) Each of the perimeter parts BC, CD, EF and FA is centrosym-
metric, that is, each part coincides with itself when the region
(figure) is rotated by 180° around its midpoint.

(c) Some of the six points may coincide but at least three of them
must be distinct.

A region satisfying the Conway criterion is called a Conway
tile. A cutting tree, denoted by CT, of a polyhedron P or dihe-
dron D is a tree drawn on the surface of P or D which spans all
vertices of P or D. An unfolding (or a net) of P or D is a pla-
nar region obtained by cutting along all edges of a CT of P or D
(Fig. 1).

Theorem 1-1[2], [7]
Every unfolding of an isotetrahedron or a rectangle dihedron

U1

Fig. 1 A cutting tree and a net of P.
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is a Conway tile.

For a Conway tile N, a 4-base of N is defined as a set of four
midpoints of centrosymmetric parts of N under the assumption
that the midpoint of a centrosymmetric part XY is X (= Y) if X
coincides with Y. Thus, there exists a 4-base for any Conway tile
N. Notice that a Conway tile may have many different 4-bases
(Fig. 2).

Theorem 1-2[9]

Let N be a Conway tile with its 4-base vy, v, v3 and v4. Then
these four points form a parallelogram.

The four points in the 4-base of a Conway tile N play an im-
portant role when N is folded into an isotetrahedron or a rectangle
dihedron.

Theorem 1-3

Every Conway tile is foldable into either an isotetrahedron or
a rectangle dihedron whose vertices are four points of its 4-base.
Sketch of Proof

Let N be an arbitrary Conway tile. Let A, B, C, D, E and F
be the six consecutive points on the perimeter of N, which satisfy
the conditions of Conway criterion.

A perimeter of N consists of at most 4 centrosymmetric pairs
Bv; and Cvy, Cv, and Dv,, Evs and Fuvs and Fuvy and Avy of the
perimeter parts, having their midpoints vy, v,, v3 and v4 and at
most one pair of congruent perimeter parts AB and ED.

Glue centrosymmetric pairs of the perimeter parts together and
also glue one pair of congruent perimeter parts. The gluing re-
sult is a topological sphere. Besides, the gluing result has just 4
points, where the sum of the angles is 180°, which is proved as
follows. Let P be a point on the perimeter of N other than vy,

nam

Fig. 2 Three different 4-bases {v;, vz, v3, v4} of a Conway tile.
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vy, v3 and vg, and the inner angle of P be a. Since P is on the
parallel congruent part or on the centrosymmetric part, P has a
unique point P’ with the inner angle o’ (= 360° — «), where P
and P’ are glued. Therefore, the sum of the angles of the other
points than vy, v,, v3 and v4 on the topological sphere is 360°. By
Alexandrov’s theorem (see details[12]), N is folded into either
a polyhedron or a dihedron whose vertices are vy, v, v3 and vy.
Therefore the resultant polyhedron or dihedron is either an isote-
trahedron or a rectangle dihedron whose four vertices are four
points of the 4-base of N. [ ]

Let the gluing of the perimeter of a Conway tile N be
called “Conway gluing” when centrosymmetric pairs of parts of
perimeter of N are glued and a pair of congruent perimeter parts
of perimeter of N is glued.

In Refs. [5], [11], [12], all convex polyhedra and dihedra are
determined, into which a square is folded. Figure 3 illustrates
four cases of them where a square is folded into an isotetrahe-
dron or a rectangle dihedron. In all those cases, the perimeter of
a square is glued by Conway gluing.

Case 1.
sz Cle ‘[73=E=F=A
0> v, V1
i \ B=C=D
1.73 — E = v4. A 172
C is an arbitrary point on BD.
Case 2.
v
F /3 E V3
AN m
Ad v, IZ> v,
B v, C v,

A, D is an arbitrary point on BF, CE, respectively, where
AB = DE.

Case 3.
D vz B=C=v1 172 U1=B=C=D
—>
vy =E=F v, A v v;=E=F=A
Case 4.
C v; A=B V1
21 4 XA 2
D:E U3 F U3
B=C=E=F

Fig.3 A, B, C, D, E and F on the perimeter of a square satisfying the
Conway criterion.
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2. Foldability and Reversible Transformation

Since foldability of figures has a strong connection with their
reversibility, we explain the known results on reversible trans-
formation in this section.

Figure 4 illustrates the famous Dudeney’s Harberdasher’s puz-
zle. Haberdasher’s puzzle asks one to dissect an equilateral trian-
gle (referred to as P) into several pieces and rearrange them to
make a square (referred to as Q) after hinging the pieces like a
chain (Fig.4). By scrutinizing the essence of the Haberdasher’s
puzzle, a reversible transformation between a pair of figures P
and Q is defined in Refs. [7], [8] as follows:

A pair of figures P and Q is said to be reversible if P and Q satisfy

the following conditions:

1. There exists a cutting tree CT¢ along which P is dissected into
n pieces.

2. Hinge n pieces at n — 1 endvertices of CTq to make a chain of
n pieces.

3. Fix an endpiece of the chain of pieces and rotate the remaining
pieces monotonously clockwise, counter-clockwise to obtain
P, Q respectively.

4. In this reversible transformation, all dissection lines of P (i.e.,
edge of CTq inside P) are located on the perimeter of Q and
all perimeter parts of P are located in the interior of Q (which
form CTp inside Q), and vice-versa (reversible condition).
Notice that both an equilateral triangle and a square are

Conway tiles. By Conway gluing an equilateral triangle, a square,

respectively, an identical isotetrahedron is obtained (Fig.5). In

other word, this istotetrahedron generates a reversible pair of

Haberdasher’s Puzzle.

In general, the following theorem holds for every reversible
pair of plane figures.

Theorem 2-1 [4]

A pair of figures P and Q is reversible if and only if there exists
a polyhedron or a dihedron W such that the cutting trees CTp and
CT¢ do not intersect on the surface of W.

™ U2

A=B Vs F V3 D=E

Red lines are CTy

A Vs | Uy V3

U1

Fig. 5 An identical isotetrahedron generates a reversible pair of
Haberdasher’s Puzzle.
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Fig. 6 Rp and R, tile the plane like a checkerboard.

Ry* conjugate trunk

Vg

(b) checkerboard tiling by Rp and Rq

Fig. 7 (a) illustrates a pair of Conway tiles P, Q and their trunk and conju-
gate trunk Rp, Rq. (b) shows a checkerboard tiling by Rp and Rq.
@Jin Akiyama

The polyhedron or a dihedron W in Theorem 2-1 is called a

mother (or generating) polyhedron for P and Q.

Theorem 2-1 suggests the following fact: Suppose A and B are

a reversible pair and W is their mother polyhedron or dihedron,

then try to fold B into W if it is hard to fold A into W.

A pair of Conway tiles P and Q is called non-intersecting if P

and Q satisfy the following two conditions (1) and (2):

(1) A 4-base of P is identical to a 4-base of Q.

(2) Two regions Rp inside P and R inside Q (they are called
trunk and conjugate trunk, respectively in Ref.[7]) can
be drawn such that each perimeter Cp of Rp and Cq of Rq
passes through all vertices of a 4-base of P, Q, respectively,
and Rp and Ry, tile the plane alternately like a checkerboard
as shown in Fig. 6.

Theorem 2-2[6], [9]

A pair of Conway tiles P and Q is reversible if and only if P
and Q are non-intersecting.

Example 2-1: A reversible pair of Conway tiles P and Q (Fig. 7).

It is easy to fold a Conway tile into an isotetrahedron I or a
rectangle dihedron RD if its 4-base parallelogram can be divided
into two identical acute or right triangles by its diagonal as illus-
trated in Fig. 8 (a) and (b). However, it becomes difficult to fold

a Conway tile P into I or RD whose 4-base parallelogram is thin

and long like one in Fig.9. Notice that the 4-base parallelogram

of P can not be divided by its diagonal into two identical acute

© 2020 Information Processing Society of Japan
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%1
V2
(b)
Fig. 8 Easy cases in folding.
P:
V3 vy
—
Uy e

V2
Fig. 9 One example of difficult cases in folding.

or right triangles. Folding a such Conway tile P comes down to
thinking about how to fold a stripe Q, which is reversible to P
around the 4-base of P. Therefore, we discuss about folding a
stripe into I or RD in the next section.

3. Fold a Long Stripe into an Isotetrahedron
or a Rectangle Dihedron

Two ways of folding a stripe into a rectangle dihedron are
known in Ref. [3]. We call these methods of folding, FF1, FF2,
respectively. Generalizing these methods, a stripe can be folded
into isotetrahedra.

In order to obtain our main results (Section 4), we use the re-
sults obtained in Ref.[1] which are generalization of FF1 and
FF2. Therefore, we summarize the results briefly below.
Generalization of FF1 and FF2 to fold stripes into isotetrahe-
dra.

—FF1—

We first divide a parallelogram (or a rectangle) stripe S into
4n(n + 1) acute or obtuse triangles as shown in Fig. 10 (a). This
example is the case n = 2. By folding S according to FF1 and
gluing pairs of adjacent perimeter parts folded by FF1, a topolog-
ical sphere TS whose head and tail faces are shown in Fig. 10 (b)
and (c) is obtained. Creasing each face of TS along the diagonals
v1v; and v3vg, we obtain an istotetrahedron (Fig. 10 (d)). In gen-
eral, S is folded into isotetrahedra whose vertices vy, v-, v3 and vy
are the points of triangles with label 1, 2(n + 1), 2n(n+ 1) + 1 and
2(n + 1)? of S by FF1. Notice that these four points compose of
one of 4-bases of S.

—FF2—

We divide a rectangle stripe S into 4(2n—1)(2n+ 1) triangles as
shown in Fig. 11 (a). This example is the case n = 2. The way of
dividing is the following: Each of long sides of S is divided into
(2n — 1)(2n + 1) segments with the same length d, PyP;, P, P>,
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Yo: (2n—1)d *:(2n+1)d
S:
Fold1 Fold 2 vy = Qg Fold 5 Fold 6
QO Ql QZ Q3 Q4- QS Q7 QS Q9 QlO Qll QlZ Q13 Q14- QlS
d d_| d— * bl * d_ d

Ry o7 D7 o7 I I 7

bl 1745 | 0 13 J411 74|21 74|25 7 29

3 1l~"1eL~ /19
yz o/ 10/ Ha/ e/ A/ Poe/ Do
Qo a8 o 12 [ 16 bl 20 b 24 1l 28 o4

(4 . e . gl

31l /sl ol sl ke el /g
300436 [ 40 ok 4k a8 1ok 52 [ty 56 [ 0

A'33 A3 A m A a5 g A3 A 51 AV4
34/ 2158/ 2o/ e/ e/ 6/ Dles

e Al /e e e

P, P, P, P3| P, Psl , P
Fold 3 Fold 4

Pll*P P14-P15

Vs = o Fold7 Fold 8

(a) A trianglulated stripe S (Blue lines are fold lines of FF2). Let the line v2 Py2n-1y, V2 Pp2n+1) be €, m,
respectively. Each fold line is parallel to either £ or m.

py Wwww W W ww w
Vs gl B Vs vs 2 2 22 2y,
60 N4\ 13]N35\36 T\ ¢ ONTINNONT S
AEAREANERYANEON e\ 5\ s\
BTSN3 N2\ ¢ N7 N
1N\ 29\ 30N\ | 4\a3\| NN NNEN
21 N2\ 28 [N\26\ 45 [\ 3 INTI VA
L25N\28N\[48\aN\[T \| 22\ [49\ 50\ | 24\ 2\
v, U1 121 v,
(b) Head face of a TS (c) Tail face of a TS (d) An isotetrahedron is folded
Fig. 11 Generalization of FF2. (b), (c) A topological sphere composed of two parallelograms. In this
figure, n = 2, v; = the midpoint of PyQq, v2 = Qg, v3 = Py, v4 = the midpoint of P;5Qs.
: d VU d d v, S:
St " PR e 2 e N2 S L 2 B N2 R A y V2 y F_x Y x E
VNS A\ 6\ 8\ AN NSNS 16\ L 18\ 208 92\ 2 | |
v\—ct/ —d7 —d \dZ d _—d7\d- d7 d-\dzZ d _—d \"1 B= o ¢ V3 L D
1 (m+1)d V3 (n+1)d (n+1)d =L=n ) 7
(a) A triangulated stripe S (Blue lines are fold lines of FF1. Two fold lines ¢ (a)
and m pass through v,. Each fold line is parallel to either ¢ or m). S
‘ y
wFfF — —— v, — Y —— E —X—_ D w
— ~ —_
AN i )
AT—yx—" B T—y— Vg T——y-— C
(b)

(b) Head face of TS
(topological sphere)

(¢) Tail face of TS
(topological sphere)

(d) An istotetrahedron is folded.
Fig. 10 Generalization of FF1.

e, 0001, 0102, -

Let the midpoint of PoQo, Qn@n-1)» Pnn+1)-1, the midpoint of
Pon-1)2n+1yQ@n-1)2n+1) b€ U1, 12, 13, 4, respectively. Notice that
these four points compose of one of the 4-bases of S. Last, draw
0101, Pon-nens-1v4, PoQ1, P1Q1, Pii1Q;, PiQ;, and P10,
(i=234--,2n—-12n+ 1)). By folding S accoding to
FF2 and gluing pairs of adjacent perimeter parts folded by FF2,
a topological sphere TS whose head and tail faces are shown in
(Fig. 11 (b), (c)) is obtained. Creasing each face of TS along v,v3,
v401, we have an isotetrahedron in FFig. 11 (d).

Let a pair of head and tail faces of a topological sphere TS from
a stripe by FF1 be called a FF1-arrangement. And let a unit tri-
angle T into which a rectangle stripe is triangulated be called a
cell of FF1-arrangement.

© 2020 Information Processing Society of Japan

Fig. 12 (a) AB and ED locate on the vertical sides of S. (b) AB and ED is
located on the holizontal sides of S.

Similarly, a pair of head and tail faces of topological sphere
For
a given stripe S, there are two important Conway-gluings. We

TS from a stripe by FF2 is called a FF2-arrangement.

call them Conway-gluing Type 1 (simply CGT1) and Conway-
gluing Type 2 (simply CGT2). CGT1, CGT2 is a Conway gluing
of S when the perimeter of S is divided into six parts as illus-
trated in Fig. 12 (a), (b), respectively. In Fig. 12 (a) and (b), the
six points A, B, C, D, E and F follow the Conway criterion. The
difference between CGT1 and CGT?2 results from the locations
of their parallel-congruent parts (i.e., AB and ED) of S. Notice
that a pair of parallel-congruent parts AB and ED in Fig. 12 (a) is
located on the vertical sides of S.

On the other hand, a pair of parallel-congruent parts AB and
ED in Fig. 12 (b) is located on the holizontal sides of S. In both
Fig. 12 (a) and (b), the four points vy, v, v3 and v4 compose of a
4-base of S.

For S in Fig.12(a), the FFl-arrangement of S is called a
proper FF1-arrangement for n of S when S is triangulated
into 4n(n + 1) triangles as shown in Fig. 13 (a) (i.e., divide BD
into 2n(n + 1) segments P;P;,;. Divide v;E U Av; into 2n(n + 1)
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(a) Blue lines are fold lines. Y: (2n — 1)d, %: (2n + 1)d, ® = d,, o = d. Triangulated stripe S
which induces proper FF2-arrangement for #. In this figure, n = 3.

v; = Qs

D=C
Vs VU,

(e) Head face of TS (f) Tail face of TS

Fig. 14 (b), (c) a proper FF2-arrangement for 3. (d) Triangulated stripe which induces FF2-arrangement

For S in Fig.12(b), the FF2-arrangement of S is called a
proper FF2-arrangement for n of S when S is triangulated into
4(2n—1)(2n+ 1) triangles as shown in Fig. 14 (a) n = 3, (d)n = 1

E—
vz = Py
(b) Head face of TS
Q1 =1,
: v
SZ' F=0Q, \L E=0, D=0, 1
w 5 _
z 5 |L73X6 9 7 E=A
v
2 \/‘ 2 4 3 ¥ 1 7 Uy
A= PO B 2 C
(@)
for n = 1. (e), (f) proper FF2-arrangement for 1.
vy = Qni1 =03
Qn = QZ
Q=vs Q,=0
. A Q Q Q F 12 2n(n+1)
S: éld\ N 4<d\i\£d\Q6 Q7 Qs |, 0@ |, E

~1/228/a ?é 7\31910 NN NN NN
& odlod
P4 PS T P7 P8 P9 P10P11

Py P, P
vy =B=C=PF, V3 = Ppuer) = Po P2 = Prmsy =D

(a) Blue lines are fold lines.

(b) Head face of TS

(c) Tail of TS

Fig. 13  (a) Triangulated stripe S which induces proper FF1-arrangement for
nof S. In this figure n = 2. (b), (c) a proper FF1-arrangement for 2.

segments Qu41Qu+2, Qui2Que3s o, QuuenQi, Qi1Q2, ---,
Q,Q,+1), and is folded and glued according to FF1 in Fig. 13 (b)

and (c).
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and is folded and glued according to FF2 in Fig. 14 (b), (c) and
(e), (f). The way of dividing S in Fig. 14 (a), (d) is the following:

First, AB, ED is divided into 2n — 1 segments with the same
length d,, respectively.

Second, BC, EF is divided into 2n(2n — 1) segments with the
same length d,, respectively. Third, draw segments v;Q;, P;-; Q;,
PiQi, Pimi1 Qis 1, Pon-ny2n+ 1)-1Q@n-1y2n+1) and Pou_yus1)-104 (i =
1,2, -+, 2n-1)2n+1)-1).

Theorem 3-1[1]

S (Fig. 13 (a)) is folded into an isotetrahedron or a rectangle
dihedron which is made by creasing proper FF[-arrangement for
n of S (Fig. 15), when S is glued by CGTI and its 4-base paral-
lelogram of S can not be divided into two acute or right triangles
by its diagonal.
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Fig. 15 An isotetrahedron obtained by CGT1 for S in Fig. 13 (seen from the
two different views).

(b)

Fig. 16 (a) An isotetrahedron obtained by CGT?2 for S in Fig. 14 (a). (b) An
isotetrahedron obtained by CGT?2 for S in Fig. 14 (d).

Theorem 3-2[1]

S (Fig. 14 (d)) is folded into an isotetrahedron which is made by
creasing proper FF2-arrangement for n of S (Fig. 16 (b)), when
S is glued by CGT2 and its 4-base parallelogram of S can not
be divided into two acute or right triangles by its diagonal. In
particular, an isotetrahedron is made by creasing proper FF2-
arrrangement for 1 of S when the length of parallel-congruent
part (AB or ED) of S is longer than {/3, where { is the length
of S.

4. Fold a Long Conway Tile into an Istotetra-
hedron or a Rectangle Dihedron

We have already mentioned that it is easy to fold a Conway
tile N into an isotetrahedron or a rectangle dihedron if a 4-base
parallelogram of N is divided into two identical acute or right tri-
angles in Section 2. We now consider how to fold a long and thin
Conway tile whose 4-base parallelogram is not divided into two
acute or right triangles. That is, we consider the Conway tile N
like in Fig. 17 (Type 1) and Fig. 18 (Type 2).

The difference between Type 1 and Type 2 is exposed when
their parallelo-congruent parts AB and ED are glued. A 4-base
parallelogram of Type 1 is located inside a ring when AB and ED
of N is glued (Fig. 19 (a)). On the other hand, a 4-base parallelo-
gram of Type 2 is located inside a one-round spiral when AB and
ED of N is glued (Fig. 19 (b)).

If the 4-base parallelogram of N is located inside a ring after
gluing AB and ED of N, we call N ring type. If the 4-base par-
allelogram of N is located inside a one-round spiral after gluing

© 2020 Information Processing Society of Japan

Type 1:
A
va
w]
A=B UW3 D=E

A # g
Fig. 17 A long Conway tile N of Type 1; ring type.

Type 2:

vy, A B vy

F Vg U3
H E D

Fig. 18 A long Conway tile N of Type 2; Spiral type.

(b) The 4-base parallelogram is inside a one-round spiral

Fig. 19 The difference between two types of long and thin Conway tiles.

U, Uy I
ﬁ 7 vz
21 VU3 U1
A=B=C=D=E=F
(a) My
’ " C = D
Vs ,-G\I'.I\ \ U3 H
G%%/\G%’{/\MVW\
vl 1" 7 172
F=E=A G H
(b) M>

Fig. 20 N is reversible to the parallelogram. Ring type, spiral type is
reversible to M, type, M, type, respectively.

AB and ED of N, we call N spiral type.

Each of Conway tiles N of ring type and spiral type is re-
versible to the parallelogram M|, M,, respectively as to its 4-base
(or sometimes M;, M, might be a deformed parallelogram, but
if so, the following argument is valid) which inscribes its 4-base
parallelogram (blue parallelogram in Fig. 20 (a), (b)).

From Theorem 2-1, an isotetrahedron I or a rectangle dihedron
RD obtained from a Conway tile of ring type is nothing but I or
RD obtained by folding M; such that v(v) & viva, v402 & v40),
and v3v; & v3v| of M, are adjacent, respectively.

Similarly, I or RD obtgained from a Conway tile of spiral type
is nothing but I or RD obtained by folding M, such that G'vs &
Guy, Hvp & H'vp, G’H” & G”H’, Gv; & G”'vy, and H”v3 & Hos of
M, are adjacent, respectively. Therefore, folding a Conway tile
of ring type, spiral type into an isotetrahedron I or a rectangle di-
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vy = Q3 Q=vs Q=0 Q3=v
Qs Qs Qs Q7 Qs Q10Q11l Q1 Qz, l
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1P Pz Py Py Ps t P; Pg Py PioPpy 1}

ro__ r
Py=v, Ps =v3 P =Py=v;

(a)

(b) N in Fig. 17 with fold lines (Red lines)

3| V3

a
\2\4

(&

v v
3 AN 5 (%) 2 %
12\R\15 \%\ 7 \h4

' 1:%\1 \1; gk

51 Vs Vg 121
(c) N in Fig. 17 is folded into RD

N: vZ_Q%w\—Q—S\U_Qg
_ﬁ

vy =Py 1[’1PZCK\Ii\’ISSI'WZP6 D=E

(d)
Fig.21 How to fold N of ring type.

hedron RD comes down to folding a parallelogram stripe M, M,
into I or RD according to FF1, FF2, from Theorem 3-1, Theorem
3-2, respectively.

Example 4-1 (Fold a Conway tile N of ring type in Fig. 17)

(1) The perimeter of N is divided into four parts BC, CD, EF
and FA (B = A, E = D) such that BC, CD, EF, FA is cen-
trosymmetric around its midpoint vy, v3, v4 vy, respectively,
as shown in Fig. 17. The 4-base parallelogram v v3v40, can
not be divided into two acute or right triangles by its diago-
nal.

(2) Determine the suitable value of n. Reference [1] suggests
that the suitable value of n (n > 2) is roughly determined
such that V2n(n + Dw/V3n+1 < € < 2n(n + Dw for
the length ¢’ and the width w of the 4-base parallelogram
v1v30407. In this case, n = 2.

(3) Dissect the Conway tile N along vlvz, vov4 and v3v; and re-
verse N into a parallelogram v,v;v]0) as shown in Fig. 21 (a).

Divide each of the segments v}, U202 into 2n(n + 1) (= 12

in this case) segments PoPi, Pi1P2, -+, Pupust)Pnmen)+1s
Proiaty1 Priay+2> =05 Ponua-1Po;3 01+10n+2: Oni20n43,

“s Q2n(n+1)-10Q0, Qo 01, - - - @ Oy, respectively, as shown
in Fig. 21 (a).

(4) Make a ring from the parallelogram vav1v}v; in Fig. 21 (a)

by gluing vyv; and vjv]. Then decompose the ring into

4n(n + 1) cells. In this case, the cell is a right triangle.

And fold the ring into a rectangle dihedron along the method

of FF1 (i.e., this rectangle dihedron RD is the proper FF1-

arrangement for 2 in this case). Reverse the parallelogram
va01v} ) with fold-lines to a Conway tile N again as shown in

Fig. 21 (b). Fold N along fold-lines (Red lines in Fig. 21 (b)),

and then N is folded into a rectangle dihedron RD as shown

in Fig. 21 (c).
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(5) In fact, for a Conway tile N in Fig. 17 and its 4-base paral-
lelogram v,v;v304, the triangle P,v, P,y (i.e., P Q3 P3 in this
case) symbolizes the cell of M; which plays an important
role in folding M, into I or RD by FF1, after dividing v;v3
into n(n + 1) segments with the same length. Since a triangle
P, Q3 Ps in this case is a right triangle as shown in Fig. 21 (d),
it suggests that this Conway tile N is folded into a rectangle
dihedron with size 2 - P3Q3 X 3 - P,Q3 by FF1.

Example 4-2 (Fold a Conway tile N of spiral type in Fig. 18)

(1) The perimeter of N is divided into six parts AB, BC, CD,
DE and FA such that AB is parallel-congruent to ED and
BC, CD, EF, FA is centrosymmetric around its midpoint v,,
v3, U4, U1, respectively, as shown in Fig. 18. A 4-base paral-
lelogram v;v,0304 can not be divided into two acute or right
triangles by its diagonal.

(2) Draw the line vjvs3, €1, {5 such that each ¢}, ¢, passes through
v4, Uy, respectively, where ¢; is parallel to £, (Fig.22 (a)).
Denote by G, H, the intersection of £; and vjv3, ¢, and vyvs,
respectively. Dissect N along the segments vjv3, v4G and
v, H.

(3) Reverse N to a parallelogram GG'HH’ as to its 4-base as
shown in Fig. 22 (b). Notice that the parallelogram v4v30,0;
in GG'HH’ is congruent to the parallelogram v,v,v304 inside
N.

(4) Since GH of vjvs in N (Fig.22(a)) is shorter than Huo;
(= Guy) for N (i.e., GH” = G'H < Hu; = Gu; in
Fig.22 (b)), then n > 2 from Theorem 3-2. In this case,
for n = 2, the parallelogram GG'HH’ is divided into sixty
(=4x(2%x2-1)x(2%x2+1)) triangles as shown in Fig. 22 (c).
Fold it along the fold-lines according to FF2 for 2 and glue
adjacent pairs of perimeter parts of a stripe. Then, the topo-
logical sphere composed of proper FF2-arrangement for 2
is obtained (Fig.22(d)). Crease each face of the topologi-
cal sphere along v,v4 and vjv3 (red lines in Fig. 22 (d)). And
then, an isotetrahedron I is obtained (Fig. 22 (e). Therefore,
the parallelogram GG’"HH’ can be folded into an isotetrahe-
dron I as shown in Fig. 22 (e)).

(5) Reverse a parallelogram GG'HH’ with fold-lines to a
Conway tile N again. Fold N along these fold-lines
(Fig.22 (f)), and then N is folded into an isotetrahedron
(Fig. 22 (g)) which is congruent to I in Fig. 22 (e).

We have our main results generalizing the argument in the two
examples mentioned above.

Theorem 4-1
Any Conway tile N with width w is folded into either an isote-

trahedron or a rectangle dihedron by the following procedure ap-

plying FF1 (FF2), if N is a ring type (a spiral type).

Procedure
The first two steps are common for all Conway tiles:

1. Find the 4-base vy, v,, v3 and v4 of a given Conway tile N.

2. If a 4-base parallelogram is divided into two identical acute or
right triangles 7 and T, the Conway tile N can be folded into
an isotetrahedron with four identical faces to 7| (= T3) or a
rectangle dihedron whose face is identical to a rectangle com-
posed of Ty and T5. If the 4-base parallelogram of N cannot be
divided into right or acute triangles, glue the parallel-congruent
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Qq Q1o Q11 T Qi3 Qs Q5= H'
G" = Q12

(c) GG'HH’ is a triangulated into 60 triangles according to FF2 for 2 Fold line: blue lines

(d) The gluing result is a topological sphere which is composed of
this FF2-arrangement for 2

Fold

D~ V3 Fold

(e) The stripe GG'HH’ is folded into an isotetrahedron I

(2)

Fig. 22 How to fold N of spiral type.

parts (i.e., AB and ED) of N. In the case that N is ring type,
go to the FF1-procedure mentioned below. If not, go to the
FF2-procedure.
FF1-procedure
Without loss of generality, vjv3 (= vyv4) is longer than vjv;
(= v3v4) and the angle v,v;v3 is acute angle of the 4-base parallel-
ogram vjvp0304 of N. If the angle vyv 03 is obtuse, turn over the
Conway tile N and rename the points vy, vy, v3, v4 into “vs, vy, v3,
v4”, respectively, and then the angle v,v 03 is acute.

3. Determine n (> 2) such that \/fn(n +Dhw/V3an+1<¢? <
2n(n + 1)w, where ¢’ is the length of a 4-base parallelogram.

4. Divide the base side vjvs of the 4-base parallelogram into
n(n + 1) segments PoPy, PP, -+, Pugs1)—1 Puu+1y With the
same length d = ¢’ /n(n + 1), where Py = v; and P41y = U3.

5. Draw the segments P,v, and v;P,.. The triangle P,v, P,
symbolizes the cell of the parallelogram stripe M; below.

6. Dissect the Conway tile N along vjv,, vav4, v4v3 and v3v; and
reverse the Conway tile N to the parallelogram M;: vov1v|v)
with the length 2¢" and the width w, where v}, v} is a cen-
trosymmetric point to vy, vy (= Pop) around vy, v3 (= Pppu+1))s
respectively.

7. Divide the segment v3v] into n(n+ 1) segments with the length
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8.

10.

& v3Pugety+1s Pray+1 Pagustys2s =5 Poanna1)-101, Where
v1 = Py = Pyyus1). Divide also the segment vov, with the
length d into 2n(n + 1) segments Q41 0n+2, On2Ons3, -+,
O2in+1)-1Q0, QoQ1, « -+, Where vg = Qparyp, 02 = V) = Ouyi
and Qp = Q2.

Glue the side v,v; and v}v| of the parallelogram of M to make
a ring and decompose a parallelogram PoP2,,+1)Qonn+1) Qo
into 4n(n + 1) triangles (i.e., cells), QoPoQ;1, PoQO Py, ---
each of which is identical to the triangle P,v,P,; in Step 5
above.

. Fold the parallelogram M;: PoP2yn+1)Qonn+1)Qo into an is-

totetrahedron I or a rectangle dihedron RD according to FF1
for n. From Theorem 3-1, the FF1-arrangement for n is the
topological sphere which induces I or RD by creasing it. I
or RD can be exactly described by FF1-arrangement of the
parallelogram M; (Ref. [1]).

Reverse the parallelogram Mi: PoPayue1)Qonme1y)Qo With
fold-lines to a Conway tile N again. Fold a Conway tile N
along the fold-lines, and then a Conway tile is folded into an
isotetrahedron or a rectangle dihedron which is congruent to
Ior RDin Step 9.
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FF2-procedure

3. For the 4-base parallelogram v,v,v304 of N, let vjv; be the
longer diagonal and vjv4 < vjv; (i.€., V302 < V304).

4. Draw the line vjv;. Draw the line £, ¢, through v4, v, re-
spectively such that ¢; is parallel to £,. Denote by G, H the
intersection of vjvs and £y, vjvs and {,, respectively.

5. Dissect N along v,v3, Gvs and Ho, into four pieces, and then
reverse the Conway tile N to the parallelogram M,: GG’'HH’,
which inscribes the parallelogram v4v3v,0; which is identical
to the parallelogram vjv,v304 in N.

6. If GH of vjv3 in N is longer than Guv; (= Hus) in N, triangu-
late the parallelogram M,: GG'HH’ and fold it into an isote-
trahedron I or a rectangle dihedron RD in the manner of FF2
for 1. If not, triangulate the parallelogram M,: GG’'HH’ into
4(2n—1)(2n+1) triangles and fold it into an isotetrahedron I or a
rectangle dihedron RD in the manner of FF2 for n. From Theo-
rem 3-2, I or RD can be exactly described by FF2-arrangement
of the parallelogram M, (Ref. [1]).

7. Reverse the parallelogram M,: GG’HH’ with fold-lines to a
Conway tile N again. Fold a Conway tile N along the fold-
lines, and then the Conway tile N is folded into an isotetrahe-
dron or a rectangle dihedron which is congruent to I or RD in
Step 6.
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