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Computational complexity and an algorithm with approximate

guarantee for the list multi-coloring probleme

Abstract: In the list multi-coloring problem, we are given a graph and lists of colors for its vertices, and we
select colors for each vertex from the list so that the same color is not assigned between adjacent vertices.
Moreover, it is desirable that the number of colors assigned to each vertex is as equal as possible. The list
multi-coloring problem models frequency allocation under the existence of priority users. Although several
heuristic algorithms have been proposed, they merely have outputs with any guarantees. In this research,
we deal with the problem of maximizing the smallest number of colors assigned to a vertex. The goal of this
research is to reveal the computation complexity of that problem and to solve that problem with guaran-
tee. To this end, we show that the computational complexity for some graph classes, the inapproximability
for general graphs, and a polynomial-time algorithm with approximate guarantee for graphs which can be
divided into cliques with a special property.
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Fig. 1 An example of the reduction from NAE3-SAT.
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Fig. 2 An example of graphs with nice clique partitions
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Fig. 3 An example of the reduction from 3-SAT.
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ENO6, Y, 95,08 € Q, F(qi,q5) & E(qi, qi) IEHANIET
Hd. 2V—=20M (¢i,q;) ITOVWTHEZXD. ue V(g)
IZ2WT, RWI Y —=JREDOEERNS, NT(u) 2 IHK
BEHELTDGOFERN T I TIEERTTITTHD. L
725 T, Nt(u) OEAICEY B TENAZEIEEWICE
THhd. uecVig) DEILRKTHE. ZDKD, &
THOZY) =7 OMZENTIIH LT, RN >TWD
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if G2 DLFDOZ Y =2 THETES then
TORHERNI Y — o 5EE LTHIIT 3.
end if
for (a,b) € E(G) do
stack + {(a,b)}.
E* 0.
while stack # () do
(e¢,d) <+ pop from stack.
K <+ N(c) UN(d)
for e € {(u,v) | (u,v) € E(G),(u,v) ¢ E*, (u,v) ¢
stack,u € K,v ¢ K} do
push e to stack.
end for
E* +— E*U{(u,v) | (u,v) € E(G),u€ K,v ¢ K}.
end while
if 757 (V(G),E(G)\ E*) #, W< 2»D7 ) —2 TR
T3 then
TNEDI) =2 %RWI ) =708 UTHTTS.
end if
end for

BOWI ) =7 R8I TERVEHNTS.

WaE EFSHBRTENERY. E = {(u,v) | (u,v) €
E(qi,q;),u & v THO T EHOBMBA }, V= {v |
(u,v) € EY 6822875 7% Gg = (V,E) £ LT
ZTDOLETOYEYYF VI %ERD. FliElL NS, LED 2
W 71280T, YV FUTRBTHELET D, T

->THEEITD &,
g lZB B Rl . Cuw
{mln2 Lnel‘r/l N, + Z 5
vENT(u)
ALG

IN

q€Q

IN

ERBB. 27ZU, NJIE, we VICEY L TENTWT,
Nt (u) DEDTHMEEHE> TRV HDETHS.
ETDY ) —=2IZDWT, TDF Y —7NTOREHIL,
EEOBREMEIA ETHD. BRERL, TDIZ Y —27IND
THEAWHZZUTH, 7V —2JHOTHKIZE Y K TS
ZEWTELZHOBIEA VNS THD. LZBoT,
ALG ERBKTH

OPT . q lIB B R AE

%)< L

M AT O

6.4 BWOU—URE5EHT2T7ILT) XL

ZOHiITIE, RW2 V=708 %K T 5% HARRKY
W) ZAIZDWTHRS, BT Y — 2 5 E D EFED
5, BRZ70V)—=7DXRTIZENT, 7V —7RDOlid
meHELURN. ULAEW-T, 227V —7R0OIOME
MOBBEESOGHE, TOUARKES2 D202 ) —JDIE
Mekd, FREAVETLVI) ZAART LIV AAL2T
H5.
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WE6. GEEEIITLTEH. TITY XA 2IFLHK
KT, GDRWY Y =7 BEIPEAETNELT Z % H
h¥5.

SRR, TN TVAL2DHERIZDOVWTRT. H
20572000 ) = TRETEZNE D nEf
ETDINE, TDTITORMI T TN 2EH T T TIMED
PEHETNIER ., ZHETEABICE T 2 R T
IO EMNTES. F/2, stack \Z 1 EFAINZTLIX
E* B MABNG Z EMD, while b— 734 [B(G)|
BTHD. X512, while V—THOD for V— T3 & %
IE(Q)|HTHS. ULrdioT, TATY AL 2 DHERIT
O(IV(G)]) + O(IE(G)]*) = O(|E(G)]*) TH 5.

Wz, GORWI ) =7 3EBEETHE, TIHVITY X
LA2RBTEFDOILD1O2THS Q 2HNT 5 L5
T. GMW2O2UTFDY ) =7 THETEREE, 7T
DZAALA2IEHLNIBWI Y = 8 EHT5. L
MNoT, GOMERORNI ) =T H5EE3 DA ED I Y —
T THBINTVWD LINETD. £/, —MiEELbT,
(a,b) € B(G) %2V —2HDBTHBLTEH. 2Dk X,
BWIZ ) =2 03#RHEHIND Z L ERT.

stack DY {(a,b)} THDE 05, B) HI NI
(a,b) THB. BT )= HEDEZEY, K 135D (a,b)
MPEEATND 2DD7 V) =7 qo,qp € Q DIESNESDEH
Thd. /2, B* BL UV stack IZIMAGNBHIE, ¢, B UL
gy EETNLAND I =T ZFERE D BRETDATH .
FRRIZ, stack MOELY) I NBU (c,d) W57 V) —Z[E D
THdLE, K (e,d) WHEATNSE 22071 —=ID

BERHIE, (c,d) PFEATNS 2207 ) —7 LZNBUNDY
V=0 &EREDSBRETOUTHD. 77 7MEETHY,
EEORWI ) =7 H5EMR 3 DA ED I Y — 7 THERI N
TV IEMS, FREDI ) —=IDRTY q,q; \IZ2PWVWT, £
DEL L1 q,q; DEBLLTERNT Y —27 L DRI
WUNPFHET D, UEWoT, ROV ) — I BDAN stack
WZEEND NS, EX ICEAERD ) —JEDUNEEND.
UENS, GORWI ) =7 RBEBGFETDIRLIE, 75
7 H=(V(Q),E(G)\ E*) IZi&7 V) — 7 DL MBHFHEL &
W Uzdio T, V(H) = Uyeq VI(9), E(H) = Uyeq E(9)
ERY, QAMIING. O

U7Z2ioT, IRDEY LD,
EE 7. B2 U= R8T ES0E D »NIL EHARRH
THETSZENTED. F£/2, HIKHIRWZ Y — 27534
TS L NTES.

6.5 BWo)—o9% 00—kt

ZOHiITIE, B2V =7 RED—LIZDONTHRANSB,
T53T7 GDI)—=IR5EQMVENI)—IRETHBZ
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EDTHFL, HWVIZER 6,5,k IZDWVTIRD & D 5%
-4 Thorr.

Vi, a5, ar € Q, E(qi,q5) & E(qi, qp) EHWIZETHS.

ZhlE, EEOHEMIZDOWT, Nt (v) DIEHEAEZAZATVS
)= DBITEZ 1 DEWVDFRMIZTZENRZ D Z LN T
X5, T8bL, BWIV—U3ETHD=OD5EMIL,
MO LS IZEITS.

Vg € QYo € V(gi),{g € Q| Fue NT(v),uecq}l <1

IN%E LT B EERD. T3 T70O7Y) =T EMN
ROEMEN-TEE, TV ) —IREF L-BWI ) —
IRETHDEND.

Vg € Q,Yv € V(gi),{g€ Q| ue NT(v),ucq} <k

LROY ) — 2 HEIRRN ) — 2 HETHB.

FUTVZALE, kHO2 Y — 2 pHTE <AL &
SEHET 5. TOK, HhINBMIE, BdliE OPT
YUkYH, |OBT| B ETHD. [MARD, H5IEMD
WT, 2 — 2 BITOE Y YTHFONE D4 k17
METHS., LEno>T, PIZIE 2R Y —2 58k K
% EMTENIE, [OFF| Bl EOME SRR TR
5IEMTES.

U UARDD, kB2 Y —2 DEDEAET B0 Y >
DHEIE NP 22 THE. T TR, NP 5ELMM [6] 12
EoTHILENTNS, 7575 3 HEAHEDE > HOHE
PR (3 AR LIS 25 2R U — 2 HEDTELE
FHHE > HOUEREAD SRR S AT S 2
YRR

SHEMBEDOANDI 5 7% G ed5. £, K, %
n = |V(G)| BEDHETST LTS, GHORDES %
Y57 H=(V,E) %M+ 5.

vV =V(G)U{z,y,z},
E = (E(Kx)\E(G))UF,
F = {(u,v) |ue{z,y,z},veV}

TRbY, V57 HIX, GO®iTZ 72, TOHI 7
DIERETIZHEETS 3 ODEM 2y, 2 2MAZEDTH
5. x,y,z I FEITHINT 5.

EE 8. GWIFUHRETHD L e, HIZ2-RWIZ Y —
I REIDFETENE D WNIFEMETH B.

SEER. »BHmMMNz tRAUZ Y —2JIZELAZLE, £
DEMIE z TEONAZZ 2 RIET D, £72, z,y,2 D
TNENREEL TRV NS, HOZ ) — 7 5E
WIEBT 3O EDZ Y = REENTVS. I5IT,
2,z DENEEENTNEWT ) —VIZETDHM v
WEETD L E, TOHEMT 2y, 2z LEEEL TIN5,
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HeeQ|Iue Nt(v),ueq} >3 &HY, 2B\VWIY—

ZHENIEE LB, ULzdi>T, 2R0W2 U —2745EH)0

GHETHLE, 2TOHLIE z,y,z D> bDENDILFE

CO2V—=2I@35. TNODI) =%, q4,qy,0. £ 9

5. DERBERT, GPIFAUNRETHEI I L L, HI

2-BWI U = HENGHET2NEDMAEETHE Z L
ZRT.

GMN3HORETHD L E, G DIHFUTHWIRZARD 3D
OMNES XY, Z I2nEXNnd. 2oL E, Gowizo 7
T, XY, Z HENORD5H8H0 77 7idehThss
757885 T0S. IHIT, X DIENE 2, Y DIEML v,
Z DERE 2 IFBHEL TS5, Xu{z},YU{y}, ZU{z}
MOBLFEHD T 7 TN TNTERT I 7885, L
2NRoT, Tho w7 ) —IaEeThIE, Thid2-Bw
) —=03HTHS.

W2, GWIHEAETHD L E, G OHNEIEEFIZ

HETOEBUL TV ZEE2EZXS. TOLE, YD
ZRHLTY, 3@$Tt%§bfbioioﬁ,iﬁﬁ

LNTOVRWEMWEFEET D, [ARRIZ, 2,y 2 2RV H
DIEM%, JEFRIZ1ESTD, 2,y,z DEDHEHMA LR LY
D—=J BT 2MBEATHKZEEREZD. ZOLE, ¥
DESBEDTELTH, q,qy,¢. DTNTHNIZET D 3
T a,b,c LEEEL COARVWE S AR, EAEENTHARN
TH v WFAET 2 (G TP DL, H TIRLHHEN

DT 2). TOLE, vidabeDENE BHEL
TWARNWZ NG, Qe Gy, 9= DENIZEET B LILTX

B, ULAEMN-T, 2-BW7 ) =R FEELRY. O

7. FEHESEDRE

AFETIEIEEI2E--%E) A MEAMEIZOWV
T, MERKEREE L TeRMEL, ZOREIZDNT,
FPREEMIZOWTH S MUz, BARIIZIE, 554 218
757, B757, BXURBWI ) =0 nE%E2ED50 57
IS ETI AL, BEME kDD Z L IZ NP WHEET
HBEILERUZ. XI5, KT T 7ICBWTITEREME
ZEBTE S DODYY) FIFAEOMREHILTLI L
NP R#THZ I ERUZ. IRIZ, BWI Y —275E M
B2 o056, 2IHEHARM TREMOLEFOY)Y) I
ED@EHRAETEZ TN T ALEBRELZ. X5, B
W)= REDO—AETH D k-RB7 ) — 7 HENZD0
T, k=102 EDHA, TOLDBRDENPFET D0 %LIE
R TCHETED 2L 2R L. SHOEE LTI,
TITY ALOEMEFE % LTS Z L%, ToMor 7
WCDOWTOFBEEBESEZRTZ LB ITFoND. K, A
IWEGHFDED) B TIZSHAL &S & UGEIZIE, BAHT
F7HEIBIFATINIV AL FEZDIENEETHD.
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