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Adaptive Time Warping
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Recently, time series produced and treated in many fields, and fast similar-
ity search in large time series databases becomes important. For this subject,
similarity search techniques based on Euclidean distance are straighforward.
However, recent studys have shown that time warping distance is more robust
distance in similarity search for time series. Difficulty is that time warping
distance is computationally expensive. Traditional indexing techniques is pow-
erless because it violates the triangle inequality. To overcome this problem,
compression is considered to be effectvie and some techniques which divide
time series into fix length for compressing have been proposed. In this paper we
propose an adaptive compressing technique. Prefer to fix length division, our
approach divides a time series according to its characters hence obtains higher
effect while keeping lower information lost in compression. The effectiveness
has been confirmed in out experimental results.
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Fig. 1 Euclidean distance and Time Warping
distance
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Fig. 2 An example of warping path
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Fig. 3 Fixed lenghth compression of time series
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Fig. 4 Time series with different frequency
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Fig. 5 Variable lenghth compression of time series
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Table 1 Algorithm for variable length
compression

1: s = 1, N = 1
2: find minimum e(s ≤ e < n) such that

max{xs,· · ·, xe} − min{xs,· · ·, xe} ≤ τ

max{xs,· · ·, xe+1} −min{xs,· · ·, xe+1} > τ
if e dose not exist, go to 5.

3: calculate frame value x̂N .v and length x̂N .l.

x̂N .v =

∑

e

i=s
xi

e−s+1

x̂N .l = e − s + 1
4: s = e + 1, N = N + 1, and go to 2.
5: calculate last frame value x̂N .v

and length x̂N .l.

x̂N .v =

∑

n

i=s
xi

n−s+1

x̂N .l = n − s + 1

K Î2� � º p��sã Ò À ; µ ± Î8� ³F´Aäs±�Ê
q j Ø � � º pz��ã3¿AÀ2Ñ ¶ ä�± Ü�Þ Ð ¸.ÌÂ�K7L�í�M ²d³ J&K ¿ h ã ¶ � k l ²d³�Ó:Ô¿ Ø ß ´µ�¶ Æ?Â µ ±FÒCN É Ê Þ ¸�FeH)J�K ¿ O(n)Î JGd Á

X = x1, · · · , xn Ò X̂ = x̂1, · · · , x̂Ní�Ù Ä!h k l Ò À ;�O�P�QSR@T p Ò < 1
í#ñ

²3´ µ Â O%PUQSR�T p2í Û:¶ ³ τ
·4V �dÎ8�Ë ¸Êµ,¶ í Ã ß�Þ · m Î {:| ²�³�´µ Â O*PWQUR�T pdí�X æ Þ ¸ τ = 4 ± Ü#ÞJ&d Á�Âz��#ÊÂ0Ó)� Ò �®� º p��Êã ²s³�£

¤ÊÒ3ð 6
í,ñ ²0´ � A

Å Æ �
B
É0Î2ÂzÓ8�

JGd Á�Â�� � � ± �5 !��Â 6 · 3
Î)�ÇË ¸

τ')( Â0� ±,Ø�æ Þ4ß ³ ¿ ¸ � B
Â � Âe�ÏÎ

� ³ � C
ÉJÎ îUY ± ¸ � � � ± �5 8��Â 6·

6
í Ø Ë ¸(V ��9�Ë � L�ç ØÏ³�´ 9 æ Þ ¸�

A
Å Æ �

B
É.Î!¿

1 Ã Â5�M� º p ±#Ø Ë ¸�
C
¿ � Â.�°� º pcÂ7ZJÈ5��í Øj³�´ µ,¶

Ò Jed ÁÏÂ#� m É�Î%[ Ë]\ ² ± ¸ � � º p��ã · Ð�^ ²j³A´µ%µ Î0k l í29 æ Þ*3 ��³�5�6 í Ã ß%Þ É
Ê Þ5Ë ³�± ¸ * t

8 u Îe<>= ¶ ³95.6 · '5(Â.9 ; í Ø Ë ¸ τ
9jË� ¼=sç Ø:³ µ ± ¿`_7a= ¶ ³�´
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Fig. 6 Division of time series into frames

error =

∑n
i=1 |f(xi) − xi|

n

<

∑n
i=1 τ

n
= τ (9)

� í É:Ê)Ø ã ¶ �%Ø Æ Ø ß µ ± ·.¸�V � τ
Òjå Â 9 ; í ×1gÏ²�³ Å ± ß ; µ ± Î2� ³A´
τ Ò	� º	
 ¿��.Û §�g4²d³ Â · q jcÎ · Ø ß ´
Ø�2Ø Æ � ¸�J0d ÁjÂ�� Ë]; ³ �jÂ���� Ò �Æ�Å � -	� æ Þ�ß Ø ã�� ���q j Ø V � Ò�§
g ÎML Ø ß�ÅÇÆ�Î)�����Ì�� Î � k l Â#¥1¦ Ò���� 
�� �0Û §&g ÎL�� ÙMC&¨ � n� JÜ�Þ �"!$#&%(' © ρ

 �ß ;
Ð Â Òg!��) �*� � Â ρ

Å�Æ � V � τ + '�(Â�*jÎ ×8g =	�,���
τ = ρ· ( max{x1, · · · , xn}

−min{x1, · · · , xn}) (10)� �cí.9 æ Þ � JGd ÁjÂ*��Ë ;-��jÂ	���2í./ Ø ç � 0
ÅÇÆ

1
Â#�ÏÎ0k l Â#¥�¦ Ò§1gÎML0�29 ; í Ø ���

3.2  S"MP]Q R2143®X��S�U�65�7989:
TW �;�UJGd Á Ò Ù Ä8h k l Ü ä�m,+� k l =�� äJ�d Á�í�ÍÝÜ,Þ

TW Ò#q)7 Ü,Þ $�%ÇÒ F!H) � �  �í Ø �*�ÏÜ�Å�Ü � � � � p4Â h = �0 g Î +4Ø ß ä -Ïí � Ù Ä)h k l =�� ä Jd Á�í�Í Ü�Þ Ì Â:É4É
TW Ò�q27�) � �  

+ Î�L Ø ß�� Ì�� Î � �M� � p4Â h = Ò�É7�í��<�2Þ
TW Ò�q)7�) ��ë s í Ã ß)Þ { |) ���

h = � N,M
Â

2 Ã Âzk l JId Á X̂ = x̂1,
x̂2, · · · , x̂i, · · · , x̂N � Ŷ = ŷ1, ŷ2, · · · , ŷj , · · · ,
ŷM

í
TW Ò�q87 Ü�Þ $&%�Ò +5-�� �  Ò�É

Ê ���Ézy +� k l JGd Ásí�Í�Ü#ÞGª 2.1
cÏÎ w

x2ä ë s Ò Ì Â4É%É q�7 Ü�Þ �$=���>$?@ ÙA Ò +2-��	� � í � � Â =���>$?@ Ù A ÅÊÆ
$&%�Ò +2-��.Â!â � � Ì Â�ë s í Ã ß%Þ w5x��B�í =���>C?@ Ù A í Ã ßJÞ%� Ü:ç É2Ê ÞË����
ª

2.1
cdÎ w.x:ä ë s Î =��<>4?D@ Ù A Ò

P1 P2
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9
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�
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Fig. 7 Relations of time series in ATW

g1 g2 g3 gn�
8 ������� �QP����� D#��RS���

Fig. 8 Grouping of warping path

+�-,�T �2ð 7
Â

P1

íAñ ) 9 ; ØVU 1 W ÍU 1 W Â .D/  � P2 X P3

íFñ ) 9 ; ØYU 1 WÍ U Æ W Â .D/ + �8� ) � � � P4

íFñ ) 9; ØZU Æ W Í U Æ W Â .�/ + �!� Ü Ø ßD� �Â a | í . Ü,Þ +�[�\4) ���Ì Ü�Þ � Ù Ä1h k l =*� ä JGd Á�í]:ã(�=���>C?@ Ù A Î +��^U 1 W Í U Æ W Â ./ Ò =Æ,í
2 Ã Â Ù n �,? í���ã�� �  � ÎMLC���

ð 7
Â

P2

Â]9 ; ØYU 1 W Â%ëjÂ.�¼� � pÏÂ
h = � U Æ W Â3ëdÂ��]� � p2Â h =3Â	_`9jËÐ Ý ß Ù n �,?  � P3

Â�9 ; Ø`U 1 W ÂAë �
U Æ W Â3ë®9�Ë Ð h ß Ù n �,? Î)�����Ù Ä1h k l =�� ä Jed Á�í�]:ã$� =���>$?@ Ù A + P1, P2, P3

Â
3 Ã Â Ù n �,? Î�a$b=��dÞ2ß,��Â)Î �:ð 8
íAñ ) 9 ; í =D�,>

?C@ Ù A Ò g1, · · · , gn

í @ P � A �Êã�ÜFÞ �'8( Â�*�í�X æ Þ Ù n �<?Lc Â @ P � A Â��
gh.v

 � L1=
gh.l Ò +.-����d Y�^ a P1 @ P � A gh

í$]�ã�� .C/ �
{x̂i}

 
{ŷj}

Â U 1 W Í U 1 W Î5���< ) �e �
gh.v = d(x̂i, ŷj) · max{x̂i.l, ŷj .l} (11)
gh.l = max{x̂i.l, ŷj.l} (12)d Y�^ a P2 @ P � A gh

í$]�ã�� .C/ �
{x̂i}

 
{ŷj, · · · , ŷk}

Â U 1 W Í U Æ W Î2�ÇË ��]� � p2Â h = � x̂i.l ≤
∑k

s=j ŷs.l
Î2���, 

) �T �
gh.v =

k
∑

s=j

(d(x̂i, ŷs) · ŷs.l) (13)
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Fig. 9 Application of TW to original time series

gh.l =
k

∑

s=j

ŷs.l (14)

d Y�^ a P3 @ P � A gh

í4]�ã�� .C/ �
{x̂i}

 
{ŷj, · · · , ŷk}

Â U 1 W Í U Æ W Î2�ÇË ��°� � p:Â h = � x̂i.l >
∑k

s=j ŷs.l
Î)���e 

) �, �
gh.v =

x̂i.l
k

∑

s=j

ŷs.l

·
k

∑

s=j

(d(x̂i, ŷs) · ŷs.l)(15)

gh.l = x̂i.l (16)� � ÆAÂG* +C� k l B Â J1d Á í.Í Ü�Þ
TW Ò�q.7�) �  ð 9

ÂM9 ; í Ø �- Fß ;
É�Ê ÅÇÆ<; Æ�� ä Ð Â%Î)�����Ù n ��?	� Â FeH *cÅÊÆ?; Æ � ä n � Â @P � A g1, · · · , gn

Â0�  � L5=�Å Æ � ATW
$8% Ò ')( Â�9 ; í g8��) ���

ATW (X,Y ) =

√
∑n

h=1 gh.v
∑n

h=1 gh.l
(17)� Â:9 ; íjÜ�Þ%; Æ � ä ATW $&%  k lB�Â JId ÁsÂ

TW $8%  �Â .D/ +D� ')( Â*�Â�9 ; í Ø �, É�Ê Æ��,���
TW (X,Y ) ' ATW (X,Y ) (18)

4. 
 � � � Â#cdÎ +�� X��dÅÊÆ#Â r�s  ���������Ü
ä#r�s Â���� ��� Ò À æ,ä��� í Ã ßJÞ w)x�����!� Ü äzr!s +�� ')( Â 4 "�# Î)�����

Cylinder FunnelBell�
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Fig. 10 CBF data

Euclidean ����& R('*) $8%
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k l Ò,+ Ñ�ydí TW Ò�q)7
PDTW f#g!h Îzk l Ü�Þ�-*. TW Ò,q87
ATW

Ù Ä.h Î&k l Ü�Þ/-0. TW Ò�q 7t �214365 �2� r1s)uJzd�7 5 #�8�9�:<;=+0>@?/A�B(CED �  +��FHG�I #�80J�K!L �NMPO 7 ;*�RQ�S -�TVU�WIVX T/Y!ZH[ L\>�] [ A2^ Z�_�` ]aA�b�c�de2f4gNh6iEj [�k e/f2gVhHiHj ;ml2noJ�KNpq�k�r ;msHL�b `Vt�uVt4v�w(xyvak s M�z*[Q�{�|};N~���J�� _cEd e6f6g�h}i\j�I/� b���� 2)
I�� L/Kl�n0� t KHL Z CBF

e<f6g�hoi<j ;�n<L� _ CBF
e�f2g�hHi4j�IP� b Cylinder b Bell b

Funnel
v

3 � q\v��������(�!� J�K�b `PtuVt/v4���V�4v e2f4gP�P�
10
vE� > I D Z�_k e4f4g�h6i�j�I�� b Keogh,E.&Folias,T.

(2002). The UCR Time Series Data Mining
Archive(http://www.cs.ucr.edu/ � eamonn/
TSDMA/index.html)

v!M�O2� ;�lEn�J�� _] t��Vv!M�O/�*v4���0� b��<D ZN�2� ;��T
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1
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Fig. 11 Examples of real data

�
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Table 2 Result of experiments with CBF dataset

param time(ms) correct(%)
Euclidean 3.4 64.97

TW 1086.3 83.30
PDTW 2 270.1 77.28

4 67.8 74.56
8 18.2 68.14

ATW 0.1 366.9 80.26
0.2 106.3 75.95
0.3 27.1 78.17
0.4 8.5 80.54
0.5 4.6 76.78

�
3 �����	��
��� �!���"�������������

Table 3 Result of experiments with real dataset

param time(ms) correct(%)
Euclidean 70 26.19

TW 100020 80.95
PDTW 2 26090 79.05

4 6140 66.19
8 1600 59.05

ATW 0.1 8320 82.86
0.2 3810 81.90
0.4 1740 67.62
0.6 1200 62.86

] v�Ò Ó �o� b�# f �%$ i'&�(*)6� ~�+ Mz��-, Í b TW
� Q!{�| ��U L [ L*>�] [m�Ê4�HZV_

PDTW
[

ATW
IPÕ JaK � b `(t�

2
T2v��Pz/. D Ò Ó I D Ë K!L Z ] [ � Ê�/Z�� baÖ ��× f/g ;	021 Z ] [ I �VË K ks M�z}[ Q�{�| � ¥<¬�Í3054 ´ ZPv APb=Ô 2 b

3
�}� �76-8 �m�-9�t K!L Z�� ;	:<;*J�= �L _�` ]�A(b?>5@*; k s M�z b?A5@*;�Q�{�|[ JN�<B �DC ; � 12 b 13

I ³H´ _ ] v B �C � baÖ ��× f2g ;	0E1�K�F �Rt � Ò Ó ;�GA Ò ÀIH�Æ v A/^ ZV_] v B �*C AJG �-K ? I ^ Z�L2� b�M/N �92t K�L Z�[ :D; ´ Z ] [R� AE¬ Z,_(�NË KPb
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Fig. 12 Result of experiments using CBF dataset
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Fig. 13 Result of experiments using real dataset
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