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Improved ABRB Ordering Algorithm Based on Selection
of Fill-in for Parallelized ICCG Method

AKIHIKO INOUE' and SELJI FUJINOt

In this paper, parallelism by the original ABRB (Algebraic Block Red Black) ordering al-
gorithm for the ICCG method without fill-in is considered for the purpose of improvement of
convergence rate of ICCG method. The blocking structure of entries of the reordered matrix
by the ABRB ordering algorithm is an underlying factor for realizing the ICCG method with
fill-in. Numerical experiments indicates that the proposed parallel blocking with fill-in ABRB
ordering algorithm improves efficiency of the ICCG method on parallel computer with shared
memory.
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Fig.1 Diagram of nonzero entries pattern of a coefficient
matrix A reordered by the ABRB ordering algo-
rithm in case of four processors.
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Fig.2 A pattern of nonzero entries (“o” symbols)
reordered by the ABRB ordering.
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Fig.3 A typical pattern of nonzero entries reordered by
the ABRB ordering in case of two threads.
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Fig.4 Distribution of nonzero entries (“o” symbols) of
the ABRB ordered matrix.
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Fig.5 Rejected fill-in (“e” symbols) in the IC(0)
decomposition reordered by the ABRB ordering.
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Fig.6 Selection of fill-in (adopted “e” symbols and

rejected “e” symbol) in the improved ABRB order-

ing.
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Table 1 Characteristcs of tested matrices.

0o 000 000 0000 0000
Oo/0 D0O0
Beam 10,626 22.0 8 O0OOOOOODO

nooooooooo29
ooooooooo?Y
OoOooDO00ooo
ooooooooot®
OoOooDO00ooo
0Oooo0o0oo
OoOoooOoooO
GGG
oooooooo

Msc10848| 10,848 57.2 6
Ct20stif 52,329 26.3 12
Wire 104,576 17.7 16
Engine [143,571 16.9 12
Truss 187,866 36.7 8
Pillar 352,496 38.4 16
RC 374,229 29.8 16
SP_coarse| 89,586 13.7 6
SP_fine |115,248 13.8 8

07 0D00000D0OD0O0O0ODD ABRBOOOOOOODODOO
000oo0oo0ooooooo0ooooO0oddd Engined
Fig.7 Adopted fill-in in the matrix Engine reordered by
the improved ABRB ordering.
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Fig.8 Rejected fill-in in the matrix Engine reordered by

the improved ABRB ordering except for diagonal.

3. 00004

000ooooooo0o0ooooooogooooo
O IBM p5 000 5950 CPUO POWER 500000
00001.9GHzOOSOIBM AIX 5L.LO0 16000
goooooooboobobooooo IBM XL For-
tran version 9.1 000000000 0O0O0O-03 -
qarch=pwr5 -qtune=pwr5 -ghot0 00000000
O OpenMPOOOOOOODODOODODOOOOOO
goodocGoOoOooOoOoooooooono i 0
000 ||rksallz/]lroll: D00 1078 0000000
000000000000 Mscl0848 000 Ct20stif
000020000 100000000000000



124

gooooooooooooooooboooooo

02 00 ABRBUOOOOOOOOOOOOOO ICCGUOOOOOOO

Table 2 Numerical results for accelerated ICCG method with the original ABRB

ordering algorithm.

oo oooo [ oo [ 0ooo oo 000 0o oo
00 | [MB] 00 | 00 ] 0OO0f[s] 00 [s

Beam 1| 248 3.28 | 8102 0.08 23.1 23.2
2 | 248 3.28 | 8096 0.08 13.8 13.9

4 | 2.48 3.28 | 8115 0.08 7.09 7.17

8 | 2.48 3.28 | 8182 0.08 3.95 4.03

Msc10848 1| 2.62 7.72 | 1569 0.19 11.3 11.5
2 | 248 7.72 | 1593 0.17 7.03 7.21

4 | 2.48 7.72 | 1683 0.17 3.81 3.99

6 | 2.58 7.72 | 1579 0.19 2.39 2.57

Ct20stif 1| 2.44 18.7 | 11249 0.51 256.7  257.2
2 | 244 18.7 | 11255 0.50 124.0 124.5

4 | 2.44 18.7 | 10499 0.50 58.2 58.7

8 | 2.44 18.7 | 11132 0.50 33.6 34.0

12 | 2.44 18.7 | 10715 0.51 22.9 23.4

Wire 1| 3.36 27.1 | 10545 1.2 257. 258.
2 | 3.36 27.1 | 10545 1.2 198. 199.

4 | 3.36 27.1 | 10527 1.2 91.4 92.6

8 | 3.36 27.1 | 10624 1.2 45.0 51.1

16 | 3.36 27.1 | 10774 1.2 28.2 29.4

Engine 1| 1.68 36.0 | 1570 0.50 72.9 73.4
2 | 1.68 36.0 | 1566 0.51 38.8 39.4

4 | 1.68 36.0 | 1633 0.51 17.8 18.3

8 | 1.68 36.0 | 1623 0.51 9.5 10.0

12 | 1.68 36.0 | 1627 0.52 6.8 7.3

Truss 1| 1.90 80.6 | 1043 2.4 158. 160.
2 | 1.90 89.6 | 1040 2.4 92.4 94.8

4 | 1.90 89.6 | 1033 2.3 43.2 45.4

8 | 1.90 89.6 | 1014 2.1 18.1 20.2

Pillar 1| 1.44 175 | 1685 2.3 567. 569.
2 | 1.44 175 | 1690 2.2 342. 344.

4 | 1.44 175 | 1809 2.2 162. 164.

8 | 1.44 175 | 1846 2.1 82.7 84.8

16 | 1.48 175 | 2003 2.2 48.5 50.7

RC 1| 1.56 149 | 3070 2.2 771.2 773.4
2 | 1.56 149 | 3086 2.2 466.3  468.5

4 | 1.56 149 | 3094 2.2 220.8  223.0

8 | 1.56 149 | 3130 2.2 121.9 124.1

16 | 1.62 149 | 2911 2.6 59.5 62.1

SP_coarse 1| 1.00 19.2 | 3845 B 103.3 103.3
2 | 1.00 19.2 | 3993 B 52.8 52.8

4 | 1.00 19.2 | 3971 e 27.4 27.4

6 | 1.00 19.2 | 4048 e 19.7 19.7

SP_fine 1| 1.00 24.8 | 5868 e 211.7  211.7
2 | 1.00 24.8 | 5997 B 125.1 125.1

4 | 1.00 248 | 6024 e 56.2 56.2

8 | 1.00 24.8 | 6332 e 37.2 37.2
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Table 3 Numerical results for accelerated ICCG method with the improved
ABRB ordering algorithm.

oo oooo | oo 00 | oooooo | 00 [ 000 oo oo oo
oo [MB] | 0O | OO fs] OO[s) OOJs) | 00O

Beam 1| 102 oo01 5.7 (1.74) | 1138 0.09 2.54 2.63 | 8.82
2 | 1.02 | 0.01 5.8 (1.77) | 1083 0.10 1.50 1.60 | 8.69

4| 102 | o001 5.9 (1.80) | 1232 0.10 0.93 1.03 | 6.96

8 | 1.02 | 0.01 5.9 (1.80) | 1433 0.11 0.64 0.75 | 5.37

Msc10848 1| 102 o001 | 165 (2.14) | 257 0.60 1.59 2.19 | 5.25
2 | 1.02 | 001 | 17.3(2.24) | 266 0.94 1.18 2.11 | 3.42

4] 102 | 001 | 17.7(2.29) | 335 1.11 0.78 1.88 | 2.12

6 | 1.02 | 001 | 17.8(2.31) | 270 1.11 0.41 1.52 | 1.69

Ct20stif 1| 1.02 | o001 | 384 (205 | 1987 0.85 33.7 345 | 7.46
2 [ 1.02 | 001 | 39.0(2.09) | 2009 0.93 20.9 21.9 | 5.68

4] 1.02 | 001 | 39.7(212) | 2275 1.06 12.8 13.9 | 4.22

8 | 1.02 | 0.01 | 39.7(2.12) | 3012 1.10 8.82 9.92 | 3.43

12 | 1.02 | 001 | 39.3(2.10) | 3221 1.12 6.64 7.76 | 3.02

Wire 1| 1.02 | o001 | 561 (2.16) | 1442 1.03 43.1 44.0 | 5.86
2 | 1.02 | 001 | 56.4(2.08) | 1390 1.02 28.0 20.0 | 6.86

4] 1.02 | 001 ]| 56.8(2.10) | 1396 1.05 12.5 13.6 | 6.81

8 | 1.02 | 0.01 | 57.7(2.13) | 1543 1.12 7.52 8.64 | 5.94

16 | 1.02 | 001 | 583 (2.15) | 1806 1.33 4.90 6.13 | 4.82

Engine 1| 1.00 | 0.005 | 94.0 (2.61) | 211 2.30 13.3 15.6 | 4.71
2 | 1.00 | 001 | 833(231) | 311 1.76 9.69 11.5 | 3.43

4] 1.00 | 001 | 852(237) | 314 2.33 4.01 6.34 | 2.89

*8 | 1.00 | 0.01 86.2 | 389 2.14 3.14 5.28 01

*12 | 1.00 | 0.01 86.4 | 433 2.48 2.09 4.57 o2

8 | 1.00 | 005 | 57.9 (1.61) | 978 0.58 4.36 1.94 | 2.02

12 | 1.00 | 0.05 | 57.9 (1.61) | 899 0.60 2.79 3.39 | 2.15

Truss 1] 102 oo1 173 (1.93) | 260 5.42 30.3 35.7 | 4.48
2 | 1.02 | 0.01 174 (1.94) | 255 5.71 18.8 245 | 3.87

4| 1.02| o001 176 (1.96) | 265 6.13 9.91 16.0 | 2.84

*8 | 1.02 | 0.01 176 | 310 4.16 5.43 9.59 03

8 | 1.04 | 0.05 121 (1.35) | 660 1.40 5.83 723 | 2.85

Pillar 1] 1.00 | o001 | 339(1.94) | 486 10.7 126. 137. | 4.15
2 | 1.00 | 0.01 340 (1.94) | 490 11.1 81.2 923 | 38.73

4 | 1.00 | 0.01 342 (1.95) | 502 11.8 37.8 49.6 | 3.31

8 | 1.00 | 001 | 346 (1.98) | 521 13.2 20.3 33.5 | 2.53

*16 | 1.00 | 0.01 338 | 617 12.9 10.0 22.9 04

16 | 1.00 | 005 | 239 (1.37) | 1321 3.0 12.8 158 | 3.21

RC 1] 102 oo01 263 (1.77) | 927 5.5 163. 168. | 4.60
2 | 1.02 | 001 | 264 (1.77) | 922 5.6 114. 119. | 3.94

4 | 102 | 001 265 (1.78) | 947 5.9 56.1 61.9 | 3.60

8 | 1.02 | 0.01 267 (1.79) | 1058 6.3 33.6 39.9 | 3.11

16 | 1.02 | 0.01 | 264 (1.77) | 1229 6.5 16.5 23.1 | 2.68

SP_coarse 1| 1.02 | 0.005 | 44.3 (2.31) | 1512 0.97 46.8 a77 | 2.7
2 | 1.02 | 0.005 | 44.4 (2.31) | 1521 1.01 21.6 227 | 2.33

4| 1.02 | 0.005 | 44.4 (2.31) | 1713 1.09 14.0 15.1 | 1.81

6 | 1.02 | 0.005 | 45.0 (2.34) | 1797 1.71 8.73 104 | 1.89

SP_fine 1| 1.02 | 0.005 | 56.1(2.26) | 1926 1.64 79.5 81.2 | 2.61
2 | 1.02 | 0.005 | 56.6 (2.28) | 1928 1.72 38.6 404 | 3.10

4 | 1.02 | 0.005 | 56.9 (2.29) | 2014 2.46 18.0 205 | 2.74

8 | 1.00 | 0.005 | 60.5 (2.44) | 1878 1.74 11.9 13.6 | 2.74
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Table 4 Comparison of average speedup ratio of paral-
lelized ICCG methods with two types of ABRB
ordering algorithms.

ooooo
1 2 4 (6) 8 (12) 16
5.01 | 451 | 3.73 | (1.79) | 3.50 | (2.59) | 3.57
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Table 5 Comparison of average ratio of used amount of
memory of parallelized ICCG methods with two
types of ABRB ordering algorithms.

ooooo
1 2 4 (6) 8 (12) 16
2.09 | 2.07 | 2.10 | (2.33) | 1.90 | (1.86) | 1.76
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Table 6 Comparison of average ratio of iteration counts
of parallelized ICCG methods with two types of
ABRB ordering algorithms.

ooooo
1 2 4 (6) 8 (12) 16
209 | .208 | .227 | (.367) | .253 | (.334) | .278




Vol. 46 No. SIG 16(ACS 12)

goo.010O0O 2290000 005000 15.8
oo000014490000000000000
ooooooooooocooooooooooo
00800 POWERSOODODO 8000000
ooboooobooooooooooon
gooob 20030000 1000000000
J0000000000o0o0o0o0oooUoooUoUog 40
050060000040 2000000 ABRBO
oooO0oO0ooO0o0o0oOoOoOoOoIccGooonoonon
goooooooooooooooooooa son
gboooocoooooboobboebboOOOOOO
goooooooooooboooooooobooooo
goboooooooed 1200000000000
oooo20000000000000000o000
goooobooboooobooooooooooo
e 4000000000110 200000DDO
o000 45000000000000 80 16
ooooOo0o0oo0O0OO0 350000 1ICCGOoO
ooboooooboogoood
e JOOOOOOOOOOOOLOOOOOOOODOO
00000000 ABRBOOOOOOOOOO
ABRBOOOOOOOODOOODODOOOOOO
ooboooobooooon
e 0 5000000O0O0O0 1020000000
oooooocoooobo 210000000000
oo8b16000000000 1800000
oooobooooooo
e J60OOUOOOOOOOOOOOOODODOO
10 20000 02000000000000A0
oooooos8sboleouobooooo3bon
oooooooooooooooooboooooo
oooo

4. 0 0O O

000000000000 00000000 ABRB
goooboobooooooboooboooobooooooo
gooooooooooooooboobooooooo
000 ABRBOOOOOOOOOOOOOOOOO
0O ABRBOOOOODO ICCGOOOOOOOOOO
gooobooooobooooboooboobooobo
dooooooooooooooosooooooo
goooobobooodoooooooboooooooo
ooboog

obobooooooooboooooooooboooo
OO0 ABRBOOOOOOOO IccGooOoood
goooboboooooooboboooooboooooo

0000000000 ABRBOOOO ICCGOOOOOOOoO 127

O00o0ooooooooooIccGoooooon
oooobooooooobooooooooooooo
0000000000000 00000 ABRBOO
Oo0ooooooooo Iicccgooooooonoa
ooooobooooooooooboooboooboooooo
oobooooooooobooooooobbooooboo

00 OoOoOoooooobobooooooooo
oboobooobooboooooooooooooboan
oo

o o o o

1) Benzi, M.: Preconditioning techniques for
large linear systems: A Survey, J. Comput.
Phys., Vol.189, pp.418-477 (2002).

2) Benzi, M., Marin, J. and Tuma, M.: A two-
level parallel preconditioner based on sparse
approximate inverse, In D. Kincaid (Ed.), It-
erative Methods in Scientific computation IV,
IMACS series in Comput. and Appl. Math.,
Vol.5, IMACS, pp.167-178 (1999).

3) Carpentieri, B., Duff, I. and Giraud, L.:
Sparse pattern selection strategies for robust
Frobenius-norm minimization preconditioners
in electromagneticsm, Numer. Linear Algebra
Appl., Vol.7, pp.667-686 (2000).

4) Cuthill, E. and Mckee, J.: Reducing the band-
width of sparse symmetric matrices, Proc. 24th
National Conference of the Associate for Com-
puting Machinery, pp.157-172, Brandon Press,
NJ (1969).

5) Doi, S. and Hoshi, A.: Large-numbered mul-
ticolor MILU preconditioning on SX-3/14, Int.
J. Comput. Math., Vol.44, pp.143-152 (1992).

6) Fujino, S. and Doi, S.: Optimizing multicolor
ICCG methods on some vector computers,
Proc. IMACS Int. Sym. on Iterative methods
in Linear Algebra, Beauwens, R.(Ed.), North-
Holland, pp.349-358 (1991).

7) Gibbs, N.E., Poole, W.G. and Stockmeyer, P.
K.: An algorithm for reducing the bandwidth
and profile of a sparse matrix, SIAM J. Numer.
Anal., Vol.13, pp.236-250 (1976).

8) Gupta, A.: Recent advances in direct methods
for solving unsymmetric sparse systems of lin-
ear equations, IBM Research Report RC22039,
April, 2001, ACM Trans. Mathematical Soft-
ware, Vol.28, pp.301-324 (2002).

9) Henon, P., Pellegrini, F., Ramet, P. and
Roman, A.: Blocking issues for an efficient
parallel block ILU preconditioner, Abstracts of
International Workshop Preconditioning 2005,
Atlanta U.S., May (2005).



128 gooooooooooooooooboooooo

10) D0O00oO0oO0oooUOoUOoOoOo ICCGO
joooooooOoo-ODooooooooon
00000 Vol.430 pp.893-904 (2002).

11) Iwashita, T. and Shimasaki, M.: Algebraic
block red-black ordering method for paral-
lelized ICCG solver with fast convergence and
low communication costs, IEEE Trans. Magn.,
Vol.39, pp.1713-1716 (2003).

12) Karypis, G. and Kumar, V.. Parallel
threshold-based ILU factorization, Technical
Report No.061, Department of Computer Sci-
ence, University of Minnesota (1998).

13) Kouhia, R.: Sparse Matrices web page.
http://www.hut.fi/“kouhia/sparse.html

14) Meijerink, J.A. and van der Vorst, H.A.: An
iterative solution method for linear systems of
which the coefficient matrix is a symmetric
M-matrix, Math. Comput., Vol.31, pp.148-162
(1977).

15) 00000GeoFEMOO0OODOO0ODODOOOO
goooooooooooOoooooooooo
0000 Vol.7, pp.629-630 (2002).

16) Nakajima, K. and Okuda, H.: Parallel itera-
tive solvers with selective blocking precondi-
tioning for simulations of fault-zone contact,
Numer. Linear Algebra Appl., Vol.11, pp. 831—
852 (2004).

17) 00 0D00DO0DO0ODODO0OO0ODO0 OO0OO0O0O OO0

00 0O0O0OO00OoooOoo BILUOOOOO
goooooopoooooOoouoooooooo
jooodooooooooooooooooon
0000 Vol41, No.SIG 8(HPS 2)0 pp.92-100
(2000).

18) Raghavan, P.: Efficient parallel triangular so-
lution with selective inversion, Parallel Pro-
cessing Letters, Vol.8, pp.29-40 (1998).

19) Raghavan, P., Teranishi, K. and Ng, E.: A

Dec. 2005

latency tolerant hybrid sparse solver using in-
complete Cholesky factorization, Numer. Lin-
ear Algebra Appl., Vol.10, pp.541-560 (2003).

20) University of Florida Sparse Matrix web page.
http://www.cise.ufl.edu/research/sparse/
matrices/

21) van der Vorst, H.A.: Iterative Krylov precon-
ditionings for large linear systems, Cambridge
University Press, Cambridge (2003).

22) 00O O0OOverlapped Multicolor Precondi-
tioningd O 23 0000000 0O0O0OODODOO
000 pp.115-119 (1994).

23) Yavneh, I. (Ed.): Special Issue: Multigrid
methods, Numer. Linear Algebra Appl., Vol.11,
No.2-3, (2004).

(00 17040 28000)
(00 17080 15000)

o0 OooOooooo

198000020030 300000
ooooobDoO0o0ooooob20050
jooooooooooooooo
oobooooboo20050 40000
goooobooooooooooon

gbooooboooboooooooooo

o0 O0o0o0oooo

19500001974 0000000
goboomoooooomon
gboo2o001c0000oboOonbooon
gooooocoooooooooo
gooooooocoooooooo

ooboooobooooobooooboooooo




