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Parallelism Estimation of Approximate Inverse Preconditioner
Based on Robust IC Decomposition for the CG Method

MASAHIRO YOSHIDA,t SEIJI FUJINOtt and AKIRA SHIODEf#

A considerable amount of work has been recently done on parallelism of the ICCG method
because of inherent sequential algorithm of IC decomposition itself. We propose an approx-
imate inverse preconditioner based on Robust IC decomposition for the CG method. An
approximate inverse matrix for upper triangular matrix is derived from procedure of the
Gauss-Jordan method. Moreover we estimate parallelism and stability of convergence of the
proposed preconditioner on parallel computer. Experimental results will be presented, and
displays (i) least CPU time of making preconditioner, (ii) robustness of convergence and
(iii) preferable performance of speedup on parallel computer of the new preconditioning tech-

nique.
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Fig.1 Arrangement of compensated diagonal entries w;;,
uj; of RIC(tol) decomposition.
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Fig.2 Region with rejected nonzero entries of matrix, and

correspondence between blocks of lower triangular
matrix U7 and nodes when four nodes are used in
the usual block_IC decomposition.
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Table 2 Description of test matrices.

oo ooo 0ooo | Dooo | oo
/000
TUBE1-2 21,498 459,277 21.4 ooooooo?b
NASASRB | 54,870 | 1,366,097 24.9 oooo
oooo3o)
TCASE 134,856 | 4,830,936 35.8 oooo
ENGINE 143,571 2,424,822 35.8 0ooo
oooo3o)
SBEAM 352,496 | 13,528,771 38.4 oooo
MODEL3 | 374,229 | 11,165,692 29.8 0ooo
GRID_w 634,335 | 22,385,096 35.3 oooo
GRID.s 838,395 | 13,566,835 16.2 oooo

01 00000
Table 1 Computing environment.

oo oo

ooo IBM eServer p5 000 595
oooo oooooooooooo
CPU Power50 1.9G Hz[

CPU O 16

oooooD 48 GB

oS AIX 5L

goooo XL Fortran 9.1

oooooooo OpenMP
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Table 3 CPU time (sec.) of the preconditioned CG meth-
ods for four matrices (TUBE1-2, NASASRB,
TCASE and ENGINE).

precond. | tol fill-in Ttr. pre-t CG-t tot-t
(x109)

IC — — | max — —

RIC 0.01 0.38 | 1973 | 0.19 10.80 10.99

ICAInv max

RICAInv | 0.01 0.71 | 2147 | 1.21 15.59 16.80

(a) matrix TUBE1-2

precond. | tol fill-in Itr. pre-t CG-t tot-t
(x108)

1C — — | max — —

RIC 0.05 0.47 | 5987 0.2 714 T71.6

ICAInv — — | max — —

RICAInv | 0.05 0.34 | 7349 0.7 80.6 81.3

(b) matrix NASASRB

precond. | tol fill-in Ttr. pre-t CG-t tot-t
(x109)

I1C — — | max — —

RIC 0.01 4.49 | 1743 4.5 200.4 204.9

ICAInv max

RICAInv | 0.05 1.02 | 5272 3.7 254.1 257.8
(c) matrix TCASE

precond. | tol fill-in Itr. pre-t CG-t tot-t
(x108)

1C 0.01 3.46 453 2.6 29.8 324

RIC 0.01 2.96 874 1.8 50.7 52.5

ICAInv 0.05 1.57 | 1884 2.8 T71.1 739

RICAInv | 0.05 0.78 | 2127 1.4 622 63.5

(d) matrix ENGINE

000000 IC(tel) 000000 DO0O0D00O

000000000000000000000
RIC(tol) 00000 RIC(tol)Alnv 00D 0000
000000000 430000000000000
000 SAlnv000000000000000
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Table 4 CPU time (sec.) of the preconditioned CG
methods for four matrices (SBEAM, MODEL3,
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05 00 TUBE1-2000000000000 cGOOOO
Table 5 Performance of the preconditioned CG methods
for matrix TUBE1-2.

pre- th fill-in Itr. | pre-t CG-t tot-t | speed-

GRID_w and GRID_S). cond. (XlOG) [S] [S] [S] up
precond. | tol fill-in Itr. pre-t CG-t tot-t BRIC 1 0.071 | 6137 | 0.04 28.45 28.50 1.00
(x10%) 2 0.070 | 6193 | 0.05 14.67 14.72 1.94

IC 0.01 10.61 556 | 11.0 164.4 175.4 4 0.069 | 6275 | 0.04 7.44 7.48 3.81
RIC 0.01 9.02 | 1008 8.3 239.3 247.6 8 0.068 | 6347 | 0.04 3.90 3.94 7.23
ICAInv 0.01 14.30 814 | 48.0 221.2 269.2 16 0.067 | 6514 | 0.05 2.80 2.85| 10.00
RICAInv | 0.01 8.58 | 1282 | 32.1 267.1 299.3 SAlnv | 1 0.194 | 3363 | 0.80 20.20 21.01 1.00

(e) matrix SBEAM

precond. | tol fill-in Ttr. pre-t CG-t tot-t

(x10%)
1C max
RIC 0.01 6.57 | 2303 5.0 403.0 408.0
ICAInv — — | max — — —
RICAInv | 0.01 7.15 | 2486 20.2 418.8 439.0

(f) matrix MODEL3

precond. | tol fill-in Itr. pre-t CG-t tot-t

(x10%)
IC — — | max — — —
RIC 0.05 5.46 | 4052 3.5 994.4 997.9
ICAInv — — | max — — —

RICAInv | 0.05 2.84 | 4435 8.0 926.3 934.3

(V)

0.194 | 3555 | 0.81 10.90 11.71 1.79
4 0.194 | 3416 | 0.81 5.32 6.13 3.43
8 0.194 | 3361 | 0.82 2.80 3.62 5.81

16 0.194 | 3426 | 0.83 2.00 2.83 7.42

RIC- 1 0.056 | 7603 | 0.08 37.49 37.57 1.00
Alnv 2 0.056 | 7601 | 0.08 19.28 19.36 1.94
4 0.056 | 7601 | 0.08 9.76 9.84 3.82
8 0.056 | 7599 | 0.08 5.32 5.40 6.96
16 0.056 | 7600 | 0.08 3.41 3.49 | 10.78

06 00 NASASRBOUOOOOODOOODOO cGOOOO
Table 6 Performance of the preconditioned CG methods
for matrix NASASRB.

pre- th fill-in Itr. | pre-t CG-t tot-t | speed-
cond. (x108) [s] [s] [s] up

(g) matrix GRID_w

precond. | tol | fill-in Ttr. pre-t CG-t  tot-t

(x10%)
IC — — max — — —
RIC 0.01 16.44 | 15749 9.6 5917.1 5926.7
ICAInv max

RICAInv | 0.1 2.43 | 40348 4.1 6958.0 6962.1
(h) matrix GRID_s

4.3 0OO0OO0OO0OO

O00o0ooo OpenMPOOOOOOOOOOO 10
20408016 000000000000000O0O00OO
gooooleobObOOO0OOoOoooObOOobOOoOoooon
gooooboooooooobooboooonoooo
g3boooobooooooooobooboooboooon
000 Fortran90 0O OO0 OO0 SYSTEM_CLOCK
gobooO0o0ooob0oooooboooobooooon
00000000000 RIC(te) DODDODODOOO
OO0 BRICOOOOOO CGOOSAInvOOOOODOO
0000 SAInvOO0OOO000O CGOORIC(tol)Alnv
00000000000 RICAInvOOOOOO CG
otodoodooooooooooooorn o050
oo 2000000000000000000000
gobol0oooooooooooooooboon
gobooooooooooooobobooooooo
gooobooboooboooooooboooooooo
gooobooooooooooboooobobooooooo

BRIC 1 0.201 | 10885 0.1 186.2 186.3 1.00
2 0.201 | 10883 0.1 76.4 76.5 2.44

4 0.199 | 10940 0.1 38.8 39.0 4.78

8 0.196 | 10938 0.1 204 20.6 9.07

16 0.189 | 11066 0.1 14.1 14.3| 13.08

SAlInv 0.576 | 11401 3.0 276.7 279.7 1.00

N =

0.576 | 11410 3.1 138.4 141.5 1.98
4 0.576 | 11412 3.1 52.6 55.6 5.03
8 0.576 | 11398 3.0 25.8 28.8 9.70

16 0.576 | 11404 3.0 13.7 16.7| 16.75

RIC- 1 0.111 | 14522 0.2 253.8 254.0 1.00
Alnv 2 0.111 | 14519 0.2 115.9 116.1 2.19
4 0.111 | 14525 0.2 51.3 51.6 4.92
8 0.111 | 14521 0.2 26.0 26.2 9.68
16 0.111 | 14525 0.2 139 14.1| 17.97
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Table 7 Performance of the preconditioned CG methods
for matrix TCASE.

goooIicoooooooooooooobooooon cGo 7

09 00O SBEAMOOOOODO0ODOODODOOO CcGOOODO
Table 9 Performance of the preconditioned CG methods
for matrix SBEAM.

pre- th fill-in Itr. | pre-t CG-t tot-t | speed- pre- th fill-in Itr. | pre-t CG-t tot-t | speed-
cond. (x10%) [s] [s] [s] up cond. (x10%) [s] [s] [s] up
BRIC 1 0.845 | 5445 0.6 413.3 413.9 1.00 BRIC 1 0.604 | 2859 1.0 531.7 532.8 1.00
2 0.837 | 5482 0.6 214.0 214.6 1.93 2 0.604 | 2859 1.1 276.4 277.4 1.92
4 0.815 | 5446 0.6 88.4 89.0 4.65 4 0.601 | 3067 1.0 156.8 157.9 3.37
8 0.790 | 6945 0.6 485 49.1 8.43 8 0.594 | 3261 1.0 85.8 &86.8 6.13

16 0.731 | 7437 0.6 26.2 26.8| 15.46

16 0.581 | 3430 1.0 43.4 44.5 11.98

SAlnv | 1 2.125 | 6446 | 18.3 615.5 633.8 1.00
2 2.125 | 6449 | 18.4 323.1 341.4 1.86
4 2.125 | 6437 | 18.4 149.7 168.1 3.77
8 2.125 | 6443 | 18.4 56.8 75.2 8.42

16 2.125 | 6438 | 18.4 26.6 44.9 | 14.10

SAlnv | 1 1.304 | 1748 | 17.4 362.2 379.6 1.00
2 1.304 | 1748 | 17.5 185.6 203.0 1.87
4 1.304 | 1748 | 17.5 96.2 113.6 3.34
8 1.304 | 1746 | 17.5 50.2 67.6 5.61

16 1.304 | 1747 | 17.6 25.0 42.7 8.90

RIC- 1 0.328 | 7697 1.1 549.3 550.4 1.00
Alnv 2 0.328 | 7686 1.1 272.5 273.6 2.01
4 0.328 | 7673 1.1 104.6 105.6 5.21
8 0.328 | 7676 1.1 50.4 51.5 10.69
16 0.328 | 7677 1.1 23.6 24.7| 22.30

RIC- 1 0.410 | 4126 1.1 805.1 806.3 1.00
Alnv 2 0.410 | 4121 1.1 412.0 413.2 1.95
4 0.410 | 4116 1.1 213.0 214.2 3.76
8 0.410 | 4106 1.1 113.3 114.4 7.05
16 0.410 | 4107 1.1 521 53.2 15.14

08 U0 ENGINEOODODOOOOODDOO cGOOOO
Table 8 Performance of the preconditioned CG methods
for matrix ENGINE.

010 00 MODEL3OOOOOOOODODOOO cGOoOOoOoOd
Table 10 Performance of the preconditioned CG methods
for matrix MODELS3.

pre- th fill-in Itr. | pre-t CG-t tot-t | speed- pre- th fill-in | Itr. | pre-t CG-t tot-t | speed-
cond. (x10%) [s] [s] [s] up cond. (x108) [s] [s] [s] up
BRIC 1 0.452 | 2612 0.3 112.2 112.5 1.00 BRIC 1 0.888 | 7413 1.0 1223.0 1224.0 1.00
2 0.408 | 2915 0.3 50.8 51.0 2.20 2 0.882 | 7422 1.0 641.9 642.9 1.90
4 0.376 | 2997 0.3 24.1 24.3 4.63 4 0.875 | 7443 1.0 317.1 318.1 3.85
8 0.362 | 3042 0.2 128 13.1 8.61 8 0.860 | 7494 1.0 149.6 150.6 8.13
16 0.346 | 3074 0.2 7.9 8.2 13.78 16 0.823 | 7615 1.0 66.8 67.8| 18.06
SAlInv 1 0.736 | 1390 6.6 69.1 75.7 1.00 SAInv | 1 — | max — — — —
2 0.736 | 1390 6.6 31.9 385 1.97 2 — | max — — — —

4 0.736 | 1390 6.7 15.7 224 3.38 4 max
8 0.736 | 1390 6.8 8.4 15.2 5.00 8 — | max — — — —
16 0.736 | 1390 6.7 5.0 11.7 6.49 16 — | max — — — —
RIC- 1 0.301 | 2904 0.5 130.0 130.4 1.00 RIC- 1 0.568 | 7875 1.2 1337.9 1339.1 1.00
Alnv 2 0.301 | 2903 0.5 57.0 57.5 2.27 Alnv 2 0.568 | 7873 1.2 685.2 686.5 1.95
4 0.301 | 2903 0.5 25.3 25.8 5.06 4 0.568 | 7872 1.2 354.3 355.6 3.77
8 0.301 | 2902 0.5 15.0 154 8.45 8 0.568 | 7871 1.2 161.8 163.1 8.21
16 0.301 | 2902 0.5 9.1 9.6 13.59 16 0.568 | 7870 1.2 75.8 77.1 17.37
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Table 11 Performance of the preconditioned CG methods
for matrix GRID_w.

pre- th fill-in | Ttr. | pre-t CG-t tot-t | speed-
cond. (x10%) [s] [s] [s] up

BRIC 1 1.625 | 5457 1.9 1797.6 1799.5 1.00
2 1.620 | 5522 1.9 918.1 920.0 1.96

4 1.615 | 5553 1.9 468.9 470.9 3.82

8 1.574 | 5720 1.9 254.0 255.9 7.03

16 1.535 | 5762 1.9 161.2 163.1 | 11.03

SAlInv 3.979 | 2504 | 52.8 912.7 965.4 1.00

[V

3.979 | 2501 | 52.7 462.7 515.5 1.87
4 3.979 | 2501 | 53.7 251.4 305.2 3.16
8 3.979 | 2501 | 53.0 127.4 180.3 5.35

16 3.979 | 2501 | 53.0 69.4 122.3 7.89

RIC- 1 0.815 | 6458 2.3 2116.7 2119.0 1.00
Alnv 2 0.815 | 6455 2.3 1041.1 1043.4 2.03
4 0.815 | 6454 2.3 537.0 539.3 3.93
8 0.815 | 6454 2.3 283.5 285.7 7.42
16 0.815 | 6454 2.3 152.8 155.1| 13.67

Nov. 2006
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Table 13 Scalability of the preconditioned methods for
all tested matrices when 16 threads are used.

Matrix preconditioning
BRIC | SAInv | RICAInv
TUBE1-2 10.00 7.42 10.78
NASASRB 13.08 16.75 17.97
TCASE 15.46 14.10 22.30
ENGINE 13.78 6.49 13.59
SBEAM 11.98 8.90 15.14
MODEL3 18.06 — 17.37
GRID_w 11.03 7.89 13.67
GRID_s 12.44 12.26 14.79

014 00000000000 CGUOOODOOOOOOOOOO0
01600000000
Table 14 Preconditioning time versus CG iteration time
when 16 threads are used.

Matrix SAlInv RICAInv
012 00 GRIDsOOOOOOOOOOOO CGOOOO Srot [ OOt | tatio [ prect | OGt | ratio
Table 12 Performance of the preconditioned methods for [s] [s] [s] [s]
matrix GRID s. TUBE1-2 0.8 | 20]0.415]| 0.08| 3.41]0.023
pre- |th| fillin| Itr.|pre-t CG-t  tot-t|speed- NASASRB 3.0 | 13.7 | 0.219 0.2 | 13.9 | 0.014
cond. (x10°) [s] [s] [s] up TCASE 18.4| 26.6|0.692 | 1.1| 23.6|0.047
BRIC | 1| 3.796(35099| 1.9 9411.3 9413.2| 1.00 ENGINE 6.7 501340 | 0.5 9.1 | 0.055
2| 3.788(36218| 1.9 4651.3 4653.2| 2.02 SBEAM 176 | 25.0 | 0.704 | 1.1 | 52.1|0.021
4| 3.768(38638| 1.9 2736.9 2738.8| 3.44 MODEL3 — — — | 12| 75.8|0.016
8| 3.732|40237| 1.9 13453 1347.1| 6.99 GRID.w 53.0 | 69.4 | 0.764 | 2.3 | 152.8 | 0.015
16| 3.705|43245| 1.9 755.1 756.9| 12.44 GRID_s 70.5 | 355.8 | 0.198 | 4.0 | 692.2 | 0.006
SAInv 9.712] 14947 70.3 5155.8 5226.0| 1.00

N =

9.712 114947 | 70.7 2651.8 2722.4 1.92
9.712 (14947 | 71.6 1392.0 1463.6 3.57
8| 9.712|14947| 70.3 692.0 762.4 6.86
16| 9.712]|14946 | 70.5 355.8 426.3| 12.26
RIC- 1| 2.439[40348| 4.0 10291.7 10295.7 1.00
Alnv 2| 2.439|40345| 4.0 5166.3 5170.3 1.99
4| 2.439|40344| 4.0 2684.5 2688.6 3.83
8| 2.439|40342| 4.0 1335.0 1339.1 7.69
16 | 2.439|40341 4.0 692.2 696.3| 14.79
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