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Closed Curve Blending Based on Curvature Flow
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Abstract: We propose a novel closed curve-blending technique that describes continuous and gradual tran-
sitions between a pair of closed polygons in a plane. The main contribution of this study is to formulate the
closed curve-blending problem in terms of curvature flow. The curvature flow is designed to be a gradient flow
derived by an appropriate energy function with respect to an L? inner product on curvature. By designing
an appropriate energy function, we can construct linear curvature flow that travels from the source polygon
to the target polygon under linear constraints. This method achieves natural blending and contributes to a
significant reduction in computation time in comparison with related methods.
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Fig. 1 An illustration of closed curve blending by proposed method. This figure shows

blending between polygons in the shape of ‘1’ and ‘2’.
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Fig. 2 Definitions of polygon parameters.

k1(8), ko(s) D3—FT 5 72O DWET 5, RlEEE i
KWL o Ty(s) & () CERALZIEDPTEHILETH
% [22]. AFRTIE, MEZEIFEICL > THERAGDEL L
HTE LMz R —HT 5.

2.2 BEEERER

ER 2 BABAAR y(u) : [a, 0] — R? 2 HEBILS A2 L 2 & 2
5. la,b] DEEDSE 0 = {a = 00,01,...,0, = b} IIXF
LT, B 207 L)1, Wi 5 i R p = (o)
(i=0,1,....n) DEGZHL. v IHBHTH LD T,
Po=pn CHAHILIEERT AL, 22T, KoMELER? E
DK

U —0;-1 g; — U

pi—1 (i1 <u < oy)
(3)

(i=1,2,....n) %2 5. ZOXGBEEE 5 D&% K
VI EMEY, P = {po,p1,- - Pn_1} T ZDOTHNESL L
5., P EERESE Ty VLY, Z0HEE5% ETF
T, XML S b &, HEESPIZI->TE) T
YHAKERRT.

B CER L -MREIMIG 2L L) BMETH o727
O, R T LTERZEN A2 LIETE R, £2
T, BERUMRAT (7] SO W CHE R A KT 5. TH
Hop \ZBUT L EEEER &, 13, Ao RES

L { (Ips = poll + lIpo = Pu-sl)/2 (i=0)

(lpix1 — pill + llpi — pi—1l])/2  (otherwise)
(4)

0; — 0j—1

po— P

Ki = L?, (5)
E%U—Z‘)' if‘:’ LE,@:%/E}P:{pQ,p17...7pn,1} %j:#o
R T Y ORI MV E,

R = ["%Ovl%lan-a"%n—l]T (6)

EERT B,

© 2017 Information Processing Society of Japan

ZIT, KLy VORS LHFMAENY MLV ADGRD
g, K T PRERIEEZRCT—REICET A L
HEET .

2.3 BHROIRILX¥—

AR L CZ ANV T -2 EHRTHILEEZ L. N
BN A—=510X o TEREINZEM BRI y(s) : [ =
[0,L] = RZ DI ANVF—%, ZOMFEEK k(s) ZHVT

E(y) = / w(s)%ds ()

EEFRL, MR ANVF - LIER Z Ol BRI L T
BONDEY T OB AN F—1F, BERHESY bV
REHWT

n—1

Euﬁ=HMF=§:ﬁ (8)
1=0
L hb.
2.4 HER7O-—

By & Z DI AN F— B(y) IO LTER S N B IRH
GAIE =520

3= = v )
AEZ D, ZOMRE, MREERLETLEEED 185
A —FREE (Ta—) L5 (23] RIS, HERICERE
L2 lFE7O-LIER, ZOLHICLTERLE
Hik 7 o —ig, HisRe f L ¥ —0REET mi =%
AEHTHL) T O—THLEHMTEL, LiL,
BRI A F — TR IICO AR L TERSINDL L DOT
HH720, X(9) Fo VIIHBEEMS % EKS ORI &
b, TOL) BRARIE, FOZEBIZAS TWAHNFEIC
FoTEHEENDLD, EOX) NKE L APV EEL
k. 72 ZER(7) IR HE T AL F — 12 Bl
7 U —OWE, MROME v I 2 ARITIER L & 5
7%, WMEREZERETHMEL A F — E(k) 10 L THE
DL2 7 NVAICHETAHEEFRET L L, FE70—13

i = —2K (10)

b, BB EEIRCHIER 7O IRET AL
BHON TS 8. T L7270 —OfFIE ML E
ICRHHETE 2720, BRI X PORVERES 1 7 —EZH
WTEHHET A2 05T E 5.

F) T LT, ARAITEANZ BV TdH 2 B
N7 PVERHWT70—2FITFIENTESH. T4b
L, R)TYOWEIAVT— E(k) = [|&)|> 1235 2 H
70—

k=-VE(k) = -2k (11)
LY, RYVITrO727) I RECHVLNS [8].

1313



BB F =R G Vol.58 No.7 1311-1322 (July 2017)

1717112722

3 M HURAII L, PR L 7S A PR 2 S 2w

Fig. 3 Curves generated by curvature-based interpolation are not necessarily closed.
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WX LTC, ETEICL > TEREINALZR) Trofhs
HERHE RN 7 P VD — 27 ) v FEREEA R B T b D % 53
WLz, SOXHICLTERRSNAAR) T, 8T 2 b
oy 7 HEETOBER TRV EAVRENTWS [15]. 72,
B L72WR) IO 5~10 /U EoT Ly T v 7
iz H o LOERT S LT, Toand OHEIRT
&5 L HFEBMICHERR L 7.

THAME OIS L B TV v 71 v ZFRERIE, EE
1 CRBITH o725, MOEBRTIKIENILRD AR S
720, BOCHHET A 2 LR T E 2. 2, i

ORG ARy Z L, R YT A= TERBLE N2 2 DO

71(8), y2(s) IS LT, d(y1,72) = maxsepo,y 171 (s) — y2(s)]]
ELTERESNLEHTH 5.
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4 EBR1ICBILTL YT 7R (Fax] »o [5-])
Fig. 4 Blending results in Exp. 1.
o
=

Dym, Saba, 2014

T
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R NR NN
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7=0 T=1/6 T=2/6 T=3/6 T=4/6 T=5/6 r=1

5 FEB212BTLTL YT v IR (2T 25 [F47 7))
Fig. 5 Blending results in Exp. 2.

WOTHEMNESIMEN 2 ETH L7720, 2 K0P EICE DB 2 TN GTNTH L 720, EEWICEFMMT 2 2
DEITHDATNTVDE N E VST &2 LIIRHEETH 2D 0D, FEFHEIL Dym 5O Fk L g

T ENFERTHLEER OIS, —JT Saba 5D LTH#HORWEHRR 7L Y71 v FHIESER TE TV 5
FHETE, REFTEP ICEL T wn/zo, FEE3 o ZENHERRT & T2,

T=15/6 RFER 4BV TH U RO A RIER L Tw

LI EDMRTE, T, TLUTF14 Y ZTOHKRSIEIA
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Fig. 6 Blending results in Exp. 3.
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Fig. 7 Blending results in Exp. 4.

5.2 JL> T4 FIlBET 3 EEM

TVL T v TER T EmICEH 5 72912, Saba b
12X ATEE Dym SICL A2 TENREBIZ, [RF—bEKRY
Ty e T— VR T TAIMRME & v o 728 &=
A L CR7EDN SR LR ) T UL D
LWz, b EONI %2479 2 ETCH U7 L
YA TR RS A L) TR ARFET WD
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ICEHT 5. ZOMLLBIEORIC, A LLENERE
NOTEFFRA L T8N 2 E2 O EORETI T
BhE, $TRTOESICh> TCElEZEHET 22 LT
S L 7=,

O EAFERLIOTF -5y M LT o 72 b
O, M8 LEHM9 THhsb. TITRETETIE, ¥4 4
A7 v 7dt % 1072, 1073, 1074, 107° & L CENEFNE
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Time in Dym,2015 and Saba,2014

0 0.25 0.5 0.75 1
0.016 ; ; ; ;
——— [Dym, 2015]
—— [Saba,2014]
0.014 dt = 102 i
——dt = 1073
——dt = 107
0.012 ———dt = 107

0.008

0.006

0.004

Angle distortion (radian)

0.002

Time in proposed method

X8 HEMZARY) Ty LR T oh O

Fig. 8 Difference of exterior angles between realized polygons

and ideal polygons.

Time in Dym,2015 and Saba,2014

0 0.25 0.5 0.75 1
100 T T T T
—_ ——— [Dym,2015] |7
O -1 —— [Saba,20147] ]
o 10 dt = 10-2 E
s ——dt = 1073 b
o 1072 ——dt = 1074
8 ——dt = 1075
S 10-3
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Q
1074 ¥
a El
2 105 I
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Y
8 1076 I
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-
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<
H o108 |
8
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Time in proposed method

9 MW ZRA) T ERE LR T OMEDRE
Fig. 9 Difference of edge lengths between realized curves and

ideal curves.

Bpatroro. F72, MEITEAME L O RiRE, WE
LFRARAE & DMK R AR Z 5 L 72, %2 B, Saba 50
FHER Dym b OFFEE, HHEN LR T2 &I I
Lo TEHBELTWAD, EFETEIMEIO—I2L-T
ARSI NLIMBICL > TERHEL TS 20, FEICEI-T
TV T4 YT OREBMARL L2 L IEET 5.
COFERD S, FRETETIIIMADREED AT 0.2 [rad]
UTTHA2DIZxL, HEOEET A =102 DL ET
02[% T EAY, dtlZHBIL TINS5 b 2 Eh5H -
72. =T, Dym bOFETIILEZMELTHL A7
B, WAOEAEIT 0rad] TH 575, BEOEEITHKKT
20 (%] BEEL 72 B 2 L H5 o7z, $72, Saba HOFHIE
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K2 1207V 74 FHl#OAERITE L7 FIEHERH [#]
Table 2 Average computation time [s] for generating single

blending curve.

Saba, 2014 [15]
1.732s]

Dym, 2015 [10]
0.3276 [s]

Proposed
7.259 x 104 [s]

W% S B FETHLOT, BEODEAT 0.02 (%) L
TIHIZ 5N TWBDS, YMORRAITIRETIE & MR IRk
KTO02[rad] LTFOEDPELL. LaL, LE - 4o
FRAEASE B ICHFICE L Tl TIX v LA 5, BRI
BMLTHESLLT VLY T4 Y IBERTETHW LW N
WRTEL, TNEDZEND L, RETHFIIHEETE L
WL GRO 2 VWERE TV T4 Y I TEs2 L
MHERRT & 7.

53 TL2T a1 TICET SEERM

1207 V7 v 7l E T 5 DICE L 72EHEIE
WO %, BT L HBRFEEN N CTEAN L 72# R
23R 2 IRT. ZOMRPSREFER, Saba 5OFE
IZHARTH 2,400 %5, Dym 5 O T AR TH 450 558
T VLT A Y TIEAEETE, VTS A AT
VYT A v TRMRICT D FHETH D 2 L5 hb.
FAIE TR/ L) IS, REFELEEFETE T L
T4 v TR RO B TN R B 72, EERIICSE
MREZEAFT 10O 7L Y71 v V7l % BT 5 DICE
T oA R L2, HIRFETIE, ot FEIc X
WETVL YT a v T E ENENEITHT 5729, 108
DTV T4 MM EERET A5 DTHL05, fHE
FETEIOLLOREICFH LTV YT 1 v 7D
5, ROz T VLT v I AT A, KRFERETIE,
400 D7V > 71 Zli#E» S 10 DTV > 71 v 7
MR 2 i L7272, 7.259 x 1074 x 400 = 0.2904 [s] ZE L
720123 L, Saba b DOFHETIEN 1.732 x 10 = 17.32s],
Dym & OFHTIEA 0.3276 x 10 = 3.276 [s] L7z, ZD
DS, REFERIIEFEICHRTREAICEHE TR T
HhHTEDVTNA.

5.4 REFEDHIRR
REFETETL T4 v 7D CF ik % 57
% 72912 Neumann BE 5 5 (E#EREE) & HWv/z
3, PRI SR 7% 2 M e F o6, MRS H°
A LT (19) BORIRLT B LIRS BV 0,
Neumann BREGDVHEH TELWVWE W) HEATH 5.
Whitney-Graustein O5EH [21] 12 XU, #7 2 Affx
B OEN 2R E N E—ZFEL V0, bk
Cedb 1 MIIEEE (B PLVOKRESH0 L2 5R)
BIEET B2 s, CUEfEih 7Ly T4 v 7T Z
EEARETH L EEZONL. Lo L, NEHEZLT
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TR TREL-ME 7O -3, Ty VEFTL
T4 TR T—ETH 5D Isometric ZEFEZLiRT 55D
ThbD, =S LORELLZAY— MR T
YET—VR)TYORIEHEHWT T LY T Y TR
TH) T ERWETHL. ZOL) BREBEITIT 572012
&, 7Ly T IRy VRS EDORETELT 5
Lo fthod LT, ET o — LRt ER(L
AT B ES O R DRV LEL R b 720, SHOREL
L7zw,

6.

AKEgTlE, P o E OB % R 5 B 7
LyT4 v LT, IR 70— FEEREL
7oo MBI AIVF— %, BEEUENRY PLoZD 25 E L
TERLL, 20 L2 ARICHTA2HREEZ A2 LTk
D, W70 =8O, HEROAMFT LA TR
MTELIEIZERL, BENICRELET VY TA v Tk
FER L. T, METEICLoTERR T VYT v 7
MERTEDL I LA ERWICHER LI LICMAT, £k
DIEI R E L IR S8 T C ISR T, 135
PICER LM T L v 71 v SR EBT 52 LSRRI
molzlbixmLiz. ZOFEE, CGLhLopHT)T
W E A LBBEPSERENDGEICBWTOIEHT A2 &
MHTEL.

AHOMEE LTI, 70 —-0REEEIRE N
CERFIHLT, BELRTL VT4 v THBEOREEET S
£V A L ATy TRBOWICENSELZET, &5
T AEMEEMOEMETAIENHITONS. T, BE
Fzx 3ok L, MmO 7V > 71 v 7 Fik%
P T LI ELHITHNS.

BEE ARWTEIE JSPS BHUTE JP15J09491 DB & 520 F
720D THhAh.

SEH

[1]  Alexa, M., Cohen-Or, D. and Levin, D.: As-rigid-as-
possible Shape Interpolation, Proc. ACM SIGGRAPH,
pp.157-164 (2000).

[2]  Belongie, S., Malik, J. and Puzicha, J.: Shape Match-
ing and Object Recognition Using Shape Contexts,
IEEE Trans. Pattern Analysis and Machine Intelli-
gence, Vol.24, No.4, pp.509-522 (2002).

[3]  Bobenko, A.I. and Schroder, P.: Discrete Willmore Flow,
Proc. Eurographics Symposium on Geometry Process-
ing, pp.101-110 (2005).

[4]  Botsch, M., Kobbelt, L., Pauly, M., Alliez, P. and Lévy,
B.: Polygon Mesh Processing, A K Peters, Ltd. (2010).

[5] Cantarella, J.H., Demaine, E.D., Iben, H.N. and
O’Brien, J.F.: An Energy-driven Approach to Linkage

© 2017 Information Processing Society of Japan

Vol.58 No.7 1311-1322 (July 2017)

[10]

[11]

[12]

[15]

[16]

[17]

[18]

Al

Unfolding, Proc. 20th Annual Symposium on Computa-
tional Geometry, pp.134-143 (2004).

Chien, E., Chen, R. and Weber, O.: Bounded Distortion
Harmonic Shape Interpolation, ACM Trans. Graphics,
Vol.35, No.4, pp.105:1-105:15 (2016).

Crane, K., de Goes, F., Desbrun, M. and Schroder, P.:
Digital Geometry Processing with Discrete Exterior Cal-
culus, ACM SIGGRAPH 2013 Courses (2013).

Crane, K., Pinkall, U. and Schroder, P.: Robust Fairing
via Conformal Curvature Flow, ACM Trans. Graphics,
Vol.32, No.4 (2013).

Desbrun, M., Meyer, M., Schréder, P. and Barr, A.H.:
Implicit Fairing of Irregular Meshes Using Diffusion and
Curvature Flow, Proc. ACM SIGGRAPH, pp.317-324
(1999).

Dym, N., Shtengel, A. and Lipman, Y.: Homotopic Mor-
phing of Planar Curves, Computer Graphics Forum,
Vol.34, No.5, pp.239-251 (2015).

Iben, H.N., O’Brien, J.F. and Demaine, E.D.: Refolding
Planar Polygons, Discrete and Computational Geome-
try, Vol.41, No.3, pp.444-460 (2009).

Li, H., Zhang, H., Wang, Y., Cao, J., Shamir, A. and
Cohen-Or, D.: Curve Style Analysis in a Set of Shapes,
Computer Graphics Forum, Vol.32, No.6, pp.77-88
(2013).

Ling, H. and Jacobs, D.W.: Shape classification using
the inner-distance, IEEE Trans. Pattern Analysis and
Machine Intelligence, Vol.29, No.2, pp.286-299 (2007).
Mortara, M. and Spagnuolo, M.: Similarity measures
for blending polygonal shapes, Computers € Graphics,
Vol.25, No.1, pp.13-27 (2001).

Saba, M., Schneider, T., Hormann, K. and Scateni,
R.: Curvature-based Blending of Closed Planar Curves,
Graphical Models, Vol.76, No.5, pp.263-272 (2014).
Sederberg, T.W., Gao, P., Wang, G. and Mu, H.:
2-D Shape Blending: An Intrinsic Solution to the Ver-
tex Path Problem, Proc. ACM SIGGRAPH, pp.15-18
(1993).

Sederberg, T.W. and Greenwood, E.: A Physically
Based Approach to 2-D Shape Blending, Proc. ACM
SIGGRAPH, pp.25-34 (1992).

Surazhsky, T. and Elber, G.: Metamorphosis of Pla-
nar Parametric Curves Via Curvature Interpolation, In-
ternational Journal of Shape Modeling, Vol.8, No.2,
pp.201-216 (2002).

Surazhsky, T. and Surazhsky, V.. Sampling planar
curves using curvature-based shape analysis, Mathemati-
cal Methods for Curves and Surfaces, pp.339-350, Nash-
boro press (2005).

Wardetzky, M., Bergou, M., Harmon, D., Zorin, D.
and Grinspun, E.: Discrete Quadratic Curvature Ener-
gies, Computer Aided Geometric Design, Vol.24, No.8-9,
pp-499-518 (2007).

Whitney, H.: On regular closed curves in the plane,
Compositio Mathematica, Vol.4, pp.276-284 (1937).
ANPRIEE ¢ R B OB, SEEER (1977).
AASER T BRRE, ETRF M (2008)

£
HERI X IL¥ —DINREE

WERFEICLEHMETL 71 v 7B AT &
VF—DIHEEIZOVWTHERmT L. T4abb, LEO

1320



BB F =R G Vol.58 No.7 1311-1322 (July 2017)

At > 0128 LHERIERNRZ PV R(E) & T— LK) T
DERBENY MV ky DL—2 1) v B VLD 2 Ferkil
5.

REFETH 2 ME 70—

k=—2k—ky) (A1)
THHOT, MR7O—DWEN £(0) =k, DT, 2O
(COIY =+ | A

R(t) = kee 2 + (1 — e )k, (A.2)
kb, LoT, = NVRKY)VTeDL—71) v F /)L
D 2 Feld

1R(t) = Ryl|* = (ks — Ryg)?e™™ (A.3)

EB T e, BEABWICHST A LG h 5.
—HT, AFZ—=FR)T&T=)VR) ITrOEETIE
N7 MV R, kg DFIZHENIC & 0RO 7-BEHli=ER~< 2 b
WV R(T) (T €]0,1]) I,

R(T) = (1 —T)Rks + TRy (A.4)
TEZOLNAEZ NS, IT—VRKYyIT D=2 v F
VD 2 Feld

|R(T) = Ryl> = (1 = 7)%(Rs — Ry)? (A.5)

L), 2 KRBT S Z L b.
A1 IRT DI, 4 TIRL7ZFEBRIZBWT, I—

T

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
3><105

uobA1od 39b1e] 3surebe wiou ZT

0 20 40 60 80 100 120 140 160 180 200

Number of time steps

KA1 RYITreT—VRYTYED L2 )V ADOFEMEDEN
FRDOMAT Saba 512 & o TIRESNAFEICL L H 0 [15]
T, HOMPRETEICLLED
Fig. A-1 L2 norm of discrete curvature vectors between inter-
midiate polygon and target polygon. Green line and
blue line indicate convergence in L? norm by Saba’s

method and the proposed method, respectively.
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