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Efficient Parallel Implementation of
Classical Gram-Schmidt Orthogonalization
Using Matrix Multiplication

TAKUYA YOKOZAWA, ! DAISUKE TAKAHASHI, !
TAISUKE Boku'! and MrTsunisa Satof!

In this paper, we propose an efficient parallel implementation of classical
Gram-Schmidt (CGS) orthogonalization. It is known that the CGS orthogo-
nalization of a matrix can be altered into a matrix multiplication. We show
that the CGS orthogonalization with matrix multiplication improves perfor-
mance effectively and blocking method using square matrix multiplication im-
prove performance because of matrix’s row-column ratio affects DGEMM rou-
tine performance. We succeeded in obtaining performance of approximately
122.9 GFLOPS on a 32-node Xeon 3 GHz PC cluster.
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Fig.1 Classical Gram-Schmidt orthogonalization algorithm.
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Fig.3 Matirx muliplication performance comparison of using level 1 BLAS (DDOT), level 2 BLAS
(DGEMV) and level 3 BLAS (DGEMM) on Pentium 4 3.4 GHz (1CPU).
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Fig.4 Part of matrix vector multiplication (TRI function).
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end
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Fig.5 Part of matrix multiplication (RECT function).
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begin CBCGS(A, @, N, M, s, h)
doit=s, h, M
TRI(A, Q, N, i, M);
RECT(A, @, N, i+ M, M, N —i);
end do

end
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Fig.6 Column-wise blocking CGS algorithm.
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Fig.7 Computational space blocking of CBCGS algorithm.
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begin RBCGS(A, Q, N, M, s, h)

if (h < M) then
TRI(A, Q, N, s, h);

else
RBCGS(4, Q, N, M, s, h/2);
RECT(A4, Q, N, s+ h/2, h/2, h/2);
RBCGS(A, Q, N, M, s+ h/2, h/2);

end if

end
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Fig.8 Recurisve Blocking CGS algorithm.
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Fig.9 Computational space blocking of RBCGS algorithm.
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begin ERBCGS(A, Q, N, M, L, s, h)
if (h < M) then
TRI(A, Q, N, s, h);
else
ERBCGS(A, Q, N, M, L, s, h/2)
doj=0,h/(2L), L
doi=0, h/(2L), L
RECT(A, @, N, s+iL+ j, w, h)
end do
end do
ERBCGS(A, Q, N, M, L, s+ h/2, h/2)
end if

end
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Fig. 10 Extended Recursive Blocking CGS algorithm.
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Fig.11 Computational space blocking of ERBCGS algorithm.
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Fig. 12 Row-wise distribution.
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begin ParaTRI(A, @, N, s, h)
dlocal — Z(qlocal)Q
MPI_Allreduce(d°, ds, MPI_SUM)
qs = qs/\/d_s

dot=s+1,s+h
T
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MPI_Allreduce(w'*®! | w, MPI_.SUM)
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MPI_Allreduce(d*, d;, MPI_.SUM)
qi; = qi/ \/diz'

end do

end
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Fig. 13 Row-wise distribution CGS’s part of matrix vector multiplication (ParaTRI function).

begin ParaRECT(A, Q, N, s, w, h)
local
Q?+w,s+hAs+w,s+h

MPI_Allreduce(S'°°*!, S, MPI_SUM)
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end
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Fig.14 Row-wise distribution CGS’s part of matrix multiplication (ParaRECT function).
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begin ParaCBCGS(A, Q, N, M, s, h)
doit=s, hy M
ParaTRI(A, Q, N, i, M)
ParaRECT(A4, Q, N, i+ M, M, N — 1)
end do

end
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Fig. 15 Row-wise distribution Parallelized Column-wise Blocking CGS (ParaCBCGS) algorithm.

begin ParaRBCGS(A, Q, N, M, s, h)

if (h < M) then
ParaTRI(A, Q, N, s, h)

else
ParaRBCGS(A4, Q, N, M, s, h/2)
ParaRECT(A, Q, N, s+ h/2, h/2, h/2)
ParaRBCGS(A4, Q, N, M, s+ h/2, h/2)

end if

end
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Fig.16 Row-wise distribution Parallelized Recursive Blocking CGS (ParaRBCGS) algorithm.
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RECT comp (N, w, h) = 4ANhw (12)
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= 4N(N + 3 — 2/M)log P (18)
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Table 1 Evaluation environment.
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Fig. 17 Performance results of CGS algorithms (Number of processes vs. GFLOPS; Matrix size
N = 8000).
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Fig. 18 Performance results of CGS algorithms (Matrix size vs. GFLOPS; Number of processes
P = 32).
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Fig.19 Performance results of RBCGS algorithm.
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Fig.20 Loss of orthogonality of CGS algorithms (Number of processes P = 32).
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Fig.21 Performance comparison of DGEMM’s row-column ratio.
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