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GPGPU͚޲লϝϞϦ֨ྻߦ޲ࢦೲํࣜͷఏҊͱ
GMRES΁ͷద༻
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଎Խ͕੝ΜʹߦͳΘΕ͍ͯΔɽGPU͸ඇৗʹଟ͘ͷԋࢉίΞΛඋ͓͑ͯΓɼ͍ߴԋੑࢉೳΛ༗͢Δɽ·

ͨɼԋࢉ୯Ґ͋ͨΓͷԋࢉίετ͕ CPUʹൺ΂҆ՁͰ͋Δ͜ͱ͔Βɼ௿ίετͳ࿈ཱҰํ࣍ఔࣜͷٻղ

͕ՄೳͰ͋Δɽ͔͠͠ɼGPUͷϝϞϦ͸ CPUʹൺ΂গྔͰ͋Γɼ࿈ཱҰํ࣍ఔࣜͰ༻͍Δ܎਺ྻߦΛ͍

͔ʹޮ཰ྑ֨͘ೲ͢Δ͔͕ॏཁͰ͋Δɽͦ͜ͰຊߘͰ͸طଘ֨ೲํࣜͰ͋Δ ELLPACK(ELL)ͷྻ൪߸Λ

อଘ͢Δྻߦʹରͯ͠ѹॖ͢Δํ๏ΛఏҊ͍ͯ͠Δɽ͜ͷํ๏Λ༻͍Δ͜ͱͰɼྻߦ pwtkʹ͓͍ͯ࠷େ

ͷ 25%ͷϝϞϦ࢖༻ྔͷݮ࡟ʹ੒ޭ͍ͯ͠Δɽ
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Ίɼࡏݱ·Ͱʹଟ͘ͷ࿈ཱҰํ࣍ఔࣜͷߴ଎ͳٻղํ๏͕

ఏҊ͞Ε͖ͯͨɽैདྷͷγϛϡϨʔγϣϯͰ͸,Ϋϥελ,

εʔύʔίϯϐϡʔλ౳ͳେن໛ͳԋࢉ૷ஔ͕ଟ͘༻͍Β

Εͨ.͔ۙ͠͠೥, පӃɼຽؒۀا౳Ͱ΋γϛϡϨʔγϣϯ

ͷधཁ͕૿େ͓ͯ͠Γ,௿ίετͰߴ଎ͳ࿈ཱҰํ࣍ఔࣜ

ͷղ๏͕๬·Ε͍ͯΔ.

ҰํɼGradhical Processing UnitsʢGPUʣ͸ɼۙ ೥ɼ༷ ʑ

ͳ෼໺ͷγϛϡϨʔγϣϯΛߴ଎Խ͢ΔͨΊʹ༻͍ΒΕ͍ͯ

Δ [1]ɽݩʑඳըॲཧઐ༻ͷԋࢉ૷ஔͰ͋ΔGPUΛ൚༻త

ͳॲཧʹ༻͍Δٕज़ΛGeneral Proposed GPUʢGPGPU)

ΛݺͿɽGPU͸ඇৗʹଟ͘ͷԋࢉίΞΛνοϓ্ʹ༗͠

͓ͯΓɼฒྻ౓ͷ͍ߴΞϓϦέʔγϣϯʹରͯ͠ݦஶͳߴ

଎Խ཰ΛಘΔ͜ͱ͕ՄೳͰ͋Δɽ·ͨ୯Ґԋͨ͋ࢉΓͷί

ετ͕ CPUʹൺ΂ɼ҆ՁͰ͋Δ͜ͱɼলిྔͰ͋Δ͜ͱ

͕GPUͷಛ௃ͱͯ͋͛͠ΒΕΔɽͦͷͨΊɼGPUΛ༻͍

ͨGMRESͷ࣮૷Λ͜͏ߦͱͰɼ௿ίετͳ࿈ཱҰํ࣍ఔ

ࣜͷղ๏Λݕ౼͢Δɽ

ఔࣜΛํ࣍େͳ࿈ཱҰڊ GPUΛ༻͍ͯٻղ͢Δࡍͷ໰

୊ͱͯ͠ GPUϝϞϦͷ༰ྔ͕͋ΔɽGPUͰॲཧΛ͏ߦ

͸ɼCPUϝϞϦʹ͋ΔσʔλΛʹࡍ GPUϝϞϦ΁సૹ
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͠ɼԋࢉΛ͏ߦඞཁ͕͋Δɽ͔͠͠ɼGPUϝϞϦ͸ CPU

ϝϞϦʹൺ΂গྔͰ͋Δ͜ͱ͔Βɼڊେͳ࿈ཱҰํ࣍ఔࣜ

ͷٻղͰ࢖༻͢Δ͕ྻߦ GPUϝϞϦʹ৐Γ੾Βͳ͍Մೳ

ੑ͕͋Δɽͦͷ৔߹ɼෳ਺ͷ GPUΛ࢖༻͠ɼྻߦΛ෼ׂ

ͯͦ͠ΕͧΕͷ GPU্Ͱॲཧ͢Δඞཁ͕͋Δɽ͔͠͠ɼ

௿ίετԽͱ͍͏໘͔ΒݟΔͱɼ࢖༻͢Δ GPUͷ਺͕૿

͑Δ͜ͱ͸޷·͘͠ͳ͘ɼՄೳͳݶΓগͳ͍ GPUͰॲཧ

Λ͏ߦඞཁ͕͋ΔɽͦͷͨΊɼྻߦΛ͍͔ʹޮ཰ྑ֨͘ೲ

͠ɼҰͭͷ GPUͷ୲౰͢ΔॲཧΛ૿΍͢͜ͱ͕ॏཁͱͳ

Δɽ·ͨɼྻߦͷ֨ೲํࣜ͸GMRES಺ͷॲཧͰ͋Δૄߦ

ྻ-ϕΫτϧੵͷԋੑࢉೳʹେ͖͘Өͯ͘͠ڹΔɽ

ຊߘͰ͸ɼGPUʹରͯ͠దͨ֨͠ྻߦೲํࣜͱݺ͹Ε

Δ ELLPackʢELLʣܥ౷ͷ֨ྻߦೲํࣜʹରͯ͠ɼద༻Մ

ೳͳྻߦѹॖํࣜΛఏҊ͢ΔɽELLܥ౷ͷ GPU্Ͱͷߴ

͍ԋੑࢉೳΛอͭͭ࣋͠ɼϝϞϦ࢖༻ྔΛ͢ݮ࡟Δ͜ͱ͕

໨తͰ͋ΔɽఏҊྻߦѹॖํࣜͰ͸ɼELLͷྻ൪߸Λ֨ೲ

͢Δྻߦʹର͢ΔѹॖΛ͠ࢪɼলϝϞϦԽΛ࣮͍ͯ͠ݱΔɽ

ఏҊѹॖํࣜͷධՁ࣮ݧʹ͓͍ͯɼಛఆͷྻߦʹ͓͍ͯɼ

ߦΒΕΔ͕ɼଟ͘ͷݟೳͷ௿Լ͕ੑࢉଘͷख๏ʹൺ΂ԋط

ྻʹ͓͍ͯϝϞϦ࢖༻ྔͷݮ࡟ʹ੒ޭ͠ɼ࠷େͰ 25%ͷ࡟

੒ޭ͍ͯ͠Δɽʹݮ

ୈ 2 ষͰ͸ GMRES ͷΞϧΰϦζϜʹ͍ͭͯઆ໌͠ɼ

GMRES Ͱ༻͍ΒΕΔ Sparse Matrix-vector Multiplica-

tion (SpMV)ͷઆ໌Λ͏ߦɽୈ 3ষͰ͸ɼGPUΛ༻͍ͨ

GMRESͷ࣮૷ɼ֨ྻߦೲํࣜͷؔ࿈ڀݚʹ͍ͭͯड़΂Δɽ

ୈ 4ষʹͯɼఏҊྻߦѹॖํࣜΛઆ໌͠ɼୈ 5ষʹͯఏҊ

ѹॖํࣜͷੑೳධՁΛ͏ߦɽୈ 6ষͰ͸ɼෳ਺ͷ֨ྻߦೲ

ํࣜΛGMRESʹదԠ͠ɼͦͷԋੑࢉೳͷධՁΛ͏ߦɽୈ

7ষʹͯ·ͱΊΛ͏ߦɽ

2. GMRES and SpMV

2.1 GMRES

ຊߘͰɼߴ଎Խͷର৅ͱ͍ͯ͠Δ Generalized Minimal

Residual methodʢGMRESʣ͸ඇఆৗ൓෮๏ͷҰछͰ͋

Γɼڧؤͳղ๏ͱͯ͠஌ΒΕ͍ͯΔɽGMRES͸൓෮ճ਺

ʹൺྫ͠ɼԋྔࢉͱϝϞϦ࢖༻ྔ͕૿Ճ͢Δ͕ɼ൓෮͝ͱ

গ͢Δ͜ͱ͕ಛ௃Ͱ͋Δݮʹ୯७͕ࠩ࢒ʹ [2]ɽ·ͨɼ൓

෮͝ͱʹԋྔࢉͱ࢖༻ϝϞϦྔ͕૿Ճ͢Δ໰୊Λղܾ͢Δ

ͨΊʹɼ೚ҙͷ൓෮ճ਺Ͱଧͪ੾ΓɼϦελʔτ͢ΔϦε

λʔτ෇͖ GMRES͕Ұൠతʹ࢖༻͞ΕΔɽ

Algorithm1 ʹӈલॲཧ෇͖ GMRES(m) ͷΞϧΰ

ϦζϜΛࣔ͢ɽGMRES ͷΞϧΰϦζϜதͷओͳॲ

ཧͱͯ͠ɼsparse matrix-vector MultiplicationʢSpMVʣ

ʢlines1, 5ʣ, ͷ scalar-vector productsʢlines3, 11ʣɼdot

productsʢline7ʣɼEuclidean normsʢlines2, 10ʣɼAXPY

operationsʢline8ʣ͕͛ڍΒΕΔɽ

ओͳॲཧͷதͰ΋ SpMV ͸ GMRES Λ͸͡Ίͱ͢Δ

ଟ͘ͷ൓෮๏ͷ࠷΋ࢧ഑తͳॲཧͱͯ͠஌ΒΕ͍ͯΔɽ

Algorithm 1 GMRES with Right preconditioner

1: r0 = b− A x0
✿✿✿✿

2: β = ||r0||2
3: v1 = r0/β

4: for j = 1 to m do

5: Compute w := A M−1vj
✿✿✿✿✿✿✿

6: for i = 1 to j do

7: hi,j := (w, vi)

8: w := w − hi,jvi
9: end for

10: hj+1,j = ||w||2
11: vj+1 = w/hj+1,j

12: Define Vm := [v1, ..., vm], Ĥ = {hi,j}1≤i≤j+1,1≤j≤m

13: end for

14: Compute ym = argminy||βe1 − Ĥmy||2, and xm = x0 +

M−1Vmym.

15: If satisfied Stop, else set x0 := xm and GoTo 1.

Algorithm1தͷ೾ઢͰࣔ͢෦෼͕ SpMVͷॲཧͰ͋Δɽ

GMRESதͰղ͘͜ͱͱͳΔ࿈ཱҰํ࣍ఔࣜͷ܎਺ྻߦ͸

͜ͷ SpMVʹͯ࢖༻͞ΕɼSpMVͷԋੑࢉೳ͕ GMRES

ͷԋੑࢉೳʹେ͖͘Ө͢ڹΔɽ·ͨɼ͜ͷ SpMVͰ༻͍Β

ΕΔྻߦAʢAlogrithm1தͷ࢛֯Ͱғ·ΕͨAʣΛѹॖ͢

Δ͜ͱͰɼGMRESதͰ࢖༻͢ΔϝϞϦ࢖༻ྔͷ͕ݮ࡟Մ

ೳͰ͋Δɽͦ͜ͰɼຊߘͰ͸ɼྻߦʹର͢ΔѹॖํࣜΛఏ

Ҋ͠ɼলϝϞϦ͔ͭ ELL Λ༻͍ͨ৔߹ͷԋੑࢉೳ௿Լͷ

গͳ͍֨ྻߦೲํࣜΛఏҊ͢Δɽ

·ͨ൓෮๏ʹ͓͍ͯɼSpMVͱಉ༷ʹલॲཧ͕େ͖ͳϘ

τϧωοΫͱ͞Ε͍ͯΔɽຊߘͰ͸ɼ͍ߴฒྻԽ͕Մೳͩ

͕ऑ͍લॲཧͰ͋Δର֯εέʔϦϯάΛલॲཧʹ࢖༻͢Δɽ

ͷ՝୊ͱ͍ͯ͠ΔɽޙࠓͳલॲཧͷఏҊΛྗڧ଎͔ͭߴ

2.2 Sparse Matrix Vector multiplication (SpMV)

ϕΫτϧੵ-ྻߦૄ (SpMV)͸ɼ൓෮๏ʹΑΔ࿈ཱ ࣍1

ํఔࣜͷٻղɼݻ༗஋໰୊౳ͷ༷ʑͳ໰୊Ͱ࢖༻͞ΕΔॏ

ཁͳॲཧͷҰͭͰ͋Δɽૄྻߦ͸ SpMVͷࢉܭʹෆඞཁ

ͳྵཁૉ͕ଟ͘ଘ͢ࡏΔɽඇྵཁૉͷΈΛޮ཰ྑ͘औΓग़

͠ SpMVॲཧΛ͜͏ߦͱ͕ϝϞϦ࢖༻ޮ཰ɼԋੑࢉೳͷ޲

্ͷॏཁͳ՝୊Ͱ͋Δɽࣜ 1ʹຊߘͰ࢖༻͢Δ SpMVͷ

ఆٛΛ͢ࡌهΔɽ͜͜Ͱɼy, x͸ϕΫτϧɼA͸ૄྻߦΛ

ද͢ɽ

y = Ax (1)

SpMVͷԋੑࢉೳ͸ɼૄྻߦΛ֨ೲ͢ΔࣜܗʹΑΓେ͖

͘มԽ͢Δɽྻߦ΍ SpMVΛॲཧ͢Δ͕ػࢉܭҟͳΔͱ·

ೲํࣜ΋ҟͳͬͯ͘ΔɽGPUͰ͸ɼϝϞ֨ྻߦదͳૄ࠷ͨ

ϦΞΫηεͷ࠷దԽɼ෼ذॲཧͷݮ࡟౳͕ԋੑࢉೳʹେ͖

ͳӨڹΛ༩͑ɼCPUʹର͠ɼ࠷దͳ֨ྻߦೲํࣜͱ GPU

ʹରͯ͠࠷దͳ֨ྻߦೲํࣜ͸ҟͳΔɽ

ਤ 1ʹ୅දతͳ֨ྻߦೲํࣜΛࣔ͢ɽCompressed Sparse
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CSR

ELL ELL-R

圧縮前の行列

TWO THREAD WARP

各Threadが計算を 
行う部分

各Threadが待ちに 
なる部分

ਤ 1 ୅දతͳ֨ྻߦೲํࣜ

RowʢCSRʣ͸ɼݩͷྻߦͷඇྵཁૉͷΈΛ values ͷ഑

ྻʹ֨ೲ͢Δɽͦͯ͠ɼ֤஋͕֨ೲ͞Ε͍ͯͨྻ൪߸Λ

Columnͷ഑ྻʹ֨ೲ͢Δɽޙ࠷ʹ഑ྻͷԿ൪໨ͷཁૉ͔

Β࣍ͷߦͷ஋ʹͳΔ͔Λࣔ͢ϙΠϯλΛ ptrʹอ࣋͢Δɽ

CSRͷಛ௃ͱͯ͠ɼඇྵཁૉͷΈΛอ࣋͢ΔͨΊɼແବͷ

ͳ͍֨ೲํࣜͱͯ͠஌ΒΕ͍ͯΔɽ͔͠͠ɼϙΠϯλΛอ

ͷϙΠϯλߦͳΔͱʹྻߦେͳڊΔඞཁ͕͋ΔͨΊɼ࣋͢

ͷ഑ྻ΋େ͖͘ͳΔ޲܏ʹͳΔɽ·ͨɼGPUʹ͓͍ͯ͸

CSRΛ༻͍ͨ SpMVͰ͸ԋੑࢉೳͷ্͕޲ಘʹ͍͘ͱ͍

͏໰୊఺΋͋Δɽ

ਤࠨԼʹELLPACKʢELLʣͷ֨ೲํࣜΛࣔ͢ɽELL͸ɼ

Λྻߦ 2ͭͷྻߦʢ஋Λอ࣋͢Δྻߦͱྻ൪߸Λอ࣋͢Δ

ߦͷݩͷαΠζ͸ɼʢྻߦΔɽೋͭͷ࣋͢ʣΛ༻͍ͯอྻߦ

ྻͷߦ਺*ߦͷඇྵཁૉͷ࠷େ਺ʣͱͳΔɽͦͷͨΊɼܭ

࢖ෆඞཁͳཁૉ΋֨ೲ͢Δ͜ͱͱͳΔͨΊʹɼϝϞϦʹࢉ

༻ྔ͕૿Ճ͢Δɽ͔͠͠ɼ֤ߦͷཁૉ਺͕΄΅ಉ͡Ͱ͋Ε

͹ɼCSRʹൺ΂ɼߦ൪߸ͷ৘ใΛอ࣋͢Δඞཁ͕ͳ͍ͨ

ΊɼϝϞϦ࢖༻ྔ͕গͳ͘ͳΔɽ·ͨɼELL͸ GPU౳ͷ

ϕΫτϧܕϚγϯʹରͯ͠దͨ֨͠ྻߦೲํࣜͱͯ͠஌Β

Ε͍ͯΔ [3]ɽͦ͜ͰɼຊߘͰ͸ߴ଎͔ͭলϝϞϦͳ֨ྻߦ

ೲํࣜΛ໨ͨ͢ࢦΊɼELLʹର͢ΔѹॖํࣜΛݕ౼͢Δɽ

ਤӈԼʹ ELL ͷ೿ੜܥͰ͋Δ ELLPACK-RʢELL-Rʣ

ͷ֨ೲํࣜΛࣔ͢ɽELL-RͰ͸ɼ֤ߦͷඇྵཁૉ਺Λอ࣋

͢Δɽ֤ߦͷඇྵཁૉ਺Λอ࣋͢Δ͜ͱͰɼฒྻ͢ࢉܭΔ

ͷඇྵཁૉ਺෼ߦΛ୲౰͢Δϓϩηοα͸ɼ֤ߦɼ֤ʹࡍ

ͷΈϧʔϓΛճ͢͜ͱͱͳΓɼELLͱൺ΂ແବͳԋ࡟͕ࢉ

ΕΔɽୠ͠ɼਤதͷ੨͍ϒϩοΫͰࣔ͢Α͏ʹɼGPU͞ݮ

্Ͱ͸ಉ warp಺Ͱ͸ɼશͯͷ Threadͷॲཧ͕ऴྃ͢Δ

·Ͱɼ࣍ͷॲཧΛߦΘͳ͍ɽͦͷͨΊɼwarp಺ͷҰ൪ඇྵ

ཁૉ਺͕ଟ͍ߦΛ୲౰͢Δ Threadͷԋ͕ࢉऴྃ͢Δ·Ͱ

ଞͷ Thread͸଴ͨ͞ΕΔɽ

3. ؔ࿈ڀݚ

3.1 GPUΛ༻͍ͨGMRESͷ࣮૷

͍ͨ༺ͰʹɼGPUΛ·ࡏݱ GMRESΛؚΉ൓෮๏ͷߴ

଎Խ͕ଟ͘ࢼΈΒΕ͖ͯͨɽChongΒͷڀݚ [4]Ͱ͸ GPU

Ϋϥελ্ʹ͓͚Δ CG๏ͷߴ଎ԽΛఏҊ͍ͯ͠Δ.GPU

Ϋϥελ্Ͱ͸,ϊʔυؒͷσʔλసૹ͕ؒ࣌Ϙτϧωο

ΫͱͳΓ,CG๏ͷߴ଎Խͷ໰୊఺ͱͳ͍ͬͯͨ.͜ΕΛղ

ܾ͢ΔͨΊ,ྻߦͷόϯυ෯Λ͢ݮ࡟Δ͜ͱͰ,σʔλస ૹ

͕ඞཁͳσʔλྔ͕ݮগ͠,ΦʔόʔϥοϓΛ͜͏ߦͱͰ,

Ϋϥελ಺Ͱͷσʔλసૹؒ࣌Λ΄΅Ӆ΃͍͢Δ͜ͱʹ

੒ޭ͍ͯ͠Δ. ByronΒ͸ FGMRESͷϚϧνίΞ CPUɼ

GPUɼϚϧν GPUͷڥ؀ͰͷฒྻԽΛఏҊ͍ͯ͠Δ [5]ɽ

OpenMPͱ CUDAΛ༻͍ͯɼೋͭͷฒྻཻ౓ʹΑΓฒྻ

ԽΛ͍ͯͬߦΔɽૄྻߦ-ϕΫτϧੵͷ෦෼Λ LocalScope

ͱ࣮ͯ͠͠ߦɼGPU্Ͱԋ͕ࢉऴΘΔ·ͰΛ LocalScope

ͱ͍ͯ͠ΔɽGlobalscopeͰ͸ɼಉظͷඞཁͱ͠ͳ͍෦෼

Λෳ਺ͷεϨουʹ෼ׂ͠ɼฒྻԽΛ͍ͯͬߦΔɽ͜ͷ

ೋͭͷ Scope Λޮ཰ྑ͘૊Έ߹Θͤɼߴ଎Խʹ੒ޭͯ͠

͍Δɽ͔͠͠ɼByron ΒͷڀݚͰ͸ɼྻߦͷ֨ೲํࣜʹ

͸৮Ε͍ͯͳ͍ͨΊɼྻߦΛ֨ೲ͢ΔͨΊʹଟେͳϝϞ

ϦΛ࢖༻͍ͯ͠Δͱ͑ߟΒΕΔɽJacquesΒ͸ GPUΫϥ

ελ্Ͱͷ GMRESͷ࣮૷Λ͍ͯͬߦΔ [6]ɽCPU-GPU,

GPU-GPUͷσʔλసૹΛ͢ݮ࡟ΔͨΊʹɼ֤ϊʔυ͕อ

Δ࣋͢ SpMVͷԋࢉʹඞཁͱ͞ΕΔϕΫτϧͷ෼ׂํ๏

Λ޻෉͍ͯ͠Δɽ͔͠͠ɼྻߦͷอ࣋ͷํ๏ͱͯ͠طଘख

๏Ͱ͋Δ HYB֨ྻߦೲํࣜΛ࢖༻͍ͯ͠ΔɽHYBྻߦ

֨ೲํࣜ͸ ELLͱ COOΛ૊Έ߹Θͤͨ֨ೲํࣜͰ͋Δɽ

ELL୯ମͰ࢖༻͢ΔΑΓอ࣋͢Δྵཁૉ͕ݮΓɼޮ཰ͷ

Α͍֨ೲํࣜͰ͋Δɽ͔͠͠ɼྻ൪߸Λอ࣋͢ΔͨΊʹ৑

௕ͳ৘ใؚ͕·Ε͍ͯΔɽຊߘͰ͸ɼ͜ͷ৑௕ͳ৘ใΛ͞

ΒʹݮΒ͢Α͏ͳѹॖͷํࣜΛఏҊ͢ΔɽѹॖʹΑΓҰͭ

ͷ GPU͕อ࣋Ͱ͖Δྻߦͷྔ͕૿͑Δͱϊʔυؒͷσʔ
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λసૹ͕ݮΓɼΫϥελͰͷԋੑࢉೳ΋্͢޲Δͱ͑ߟΒ

ΕΔɽ

ຊߘͰ͸ɼطଘͷ ELL֨ೲํࣜʹର͢ΔѹॖํࣜΛఏ

Ҋ͠ɼϝϞϦ࢖༻ྔͷগͳ͍ ELL ֨ೲํࣜΛఏҊ͢Δɽ

1GPU͋ͨΓͷԋྔࢉΛ૿΍͢͜ͱͰɼڊେͳ࿈ཱҰํ࣍

ఔࣜΛղ͘ࡍʹඞཁͱͳΔ GPUͷ਺͕ݮগ͠ɼ௿ίετ

Խ͕ՄೳͰ͋Δͱ͑ߟΒΕΔɽ

3.2 ༷ʑͳૄ֨ྻߦೲํࣜ

3.2અͷ GMRESʹؔ͢ΔڀݚͰ͸ɼطଘͷ֨ྻߦೲํ

ࣜΛ࢖༻͍͕ͯͨ͠ɼࡏݱͰ͸ GPUʹదͨ͠ྻߦͷ֨ೲ

ํࣜʹؔ͢Δ͕ڀݚ੝ΜʹߦΘΕ͍ͯΔɽ

VzquezΒ͸ɼELLʹର͠ɼվྑΛ͠ࢪɼELLPACK-R

ʢELL-Rʣͱ͍͏֨ྻߦೲํࣜΛఏҊ͍ͯ͠Δ [7]ɽ͜ͷํ

ࣜͰ͸ɼELLͰ֨ೲ͞Ε͍ͯΔྻߦͷ֤ߦͷཁૉ਺Λอ࣋

͢Δ͜ͱͰɼແବͳԋࢉΛ͠ݮ࡟ɼԋੑࢉೳΛ্ͯͤ͞޲

͍Δɽ௨ৗ ELLͰ͸ɼԋࢉʹෆඞཁͳྵཁૉΛอ࣋͢Δͨ

Ίɼԋ͕ྔࢉଟ͘ͳͬͯ͠·͏ɽ͔͠͠ɼ֤ߦͷԋࢉʹඞ

ཁͳཁૉ਺Λอ࣋͢Δ͜ͱͰɼԋੑࢉೳΛ্ͤ͞޲Δ͜ͱ

͕ՄೳͰ͋Δɽୠ͠ɼELL-R͸ ELLͷϝϞϦ࢖༻ྔΛ࡟

ΊΔํࣜͰ͋ΔɽߴೳΛੑࢉΔ֨ೲํࣜͰ͸ͳ͘ɼԋ͢ݮ

AlexanderΒͷڀݚͰ͸ɼslicedELLͱݺ͹ΕΔ֨ೲํࣜ

ΛఏҊ͍ͯ͠Δ [8]ɽslicedELLͰ͸ɼྻߦதͷෳ਺ߦΛҰ

ͭͷϒϩοΫͱ͠ɼ֤ ϒϩοΫ͝ͱʹ ELLͷ֨ೲํࣜΛద

༻͢Δɽෳ਺ͷϒϩοΫΛ࢖༻͢Δ͜ͱͰɼ֤ϒϩοΫ͝

ͱͷҰ൪ཁૉ਺͕ଟ͍ߦʹґଘ֤ͯ͠ϒϩοΫΛ֨ೲ͢Δ

ELLͷྻߦαΠζ͕ܾఆ͞ΕΔɽΑͬͯɼ֤ߦͷཁૉ਺͕

େ͖͘ҟͳͬͯ΋ɼϒϩοΫ಺ͰͷΈແବͳྵཁૉΛอ࣋

͢Δ͚ͩͰࡁΉͷͰશମͱͯ͠ͷϝϞϦ͞ݮ࡟͕ྔ༺࢖Ε

ΔɽຊߘͰఏҊ͢Δ֨ೲํࣜ͸লϝϞϦԽʹॏ఺Λஔ͍ͯ

͍ΔɽఏҊ͢Δѹॖํࣜ͸ɼELL-R,slicedELLڞʹద༻Մ

ೳͰ͋Γɼଟ͘ͷ ELL͔Β೿ੜͨ֨͠ೲํࣜʹద༻ՄೳͰ

͋Δͱ͑ߟΒΕΔɽ͜ͷͨΊɼطଘͷ ELL-R,sclicedELL

ΑΓ΋লϝϞϦԽ͕ՄೳͰ͋ΔɽIndexesྻߦΛѹॖ͢Δ

ํ๏ͱͯ͠ɼWaiΒͷ͕͋ڀݚΔ [9]ɽWaiΒ͸σϧλΤϯ

ίʔσΟϯάΛ༻͍ͨૄྻߦͷѹॖʹΑΔϝϞϦ࢖༻ྔͷ

ͱ͕͜͏ߦదͳϝϞϦΞΫηεΛ࠷GPU͕,ͯͦ͠,ݮ࡟

Մೳͳσʔλ഑ஔΛఏҊ͍ͯ͠Δ.લޙͷྻͷࠩ෼ΛͱΔ

͜ͱͰɼྻ൪߸Λදͨ͢Ίʹඞཁͳ bit਺͕ݮΓɼ݁Ռత

ՄೳͰ͋Δɽ͜ΕʹΑΓݮ࡟ΔϝϞϦྔ͕͢༺࢖ʹ SpMV

ͷԋؒ࣌ࢉΛ,ݹయతͳख๏ʹൺ΂࠷େ 2.7ഒͷ୹ॖʹ੒

ޭ͍ͯ͠Δ.ఏҊ͢ΔѹॖํࣜͰ͸ɼ࿈ଓ͢Δྻ൪߸ͷ։

ΔͨΊɼσϧλΤϯίʔσΟϯάΛ࣋͢ͱऴྃͷΈΛอ࢝

༻͍Δख๏ʹൺ΂ɼ࿈ଓ͢Δඇྵཁૉ͕ଟ͍ྻߦͰ͸͍ߴ

ѹॖ཰ΛಘΔ͜ͱ͕ՄೳͰ͋Δͱ͑ߟΔɽ

4. ఏҊྻߦѹॖํࣜ

ຊߘͰ͸ɼELLͷྻ൪߸Λ֨ೲ͢ΔྻߦɼIndexesྻߦ

ਤ 2 ఏҊྻߦѹॖํࣜ

ʹର͢ΔѹॖํࣜΛఏҊ͢ΔɽૄྻߦͰ͸ɼ࿈ଓͨ͠ྻʹ

ඇྵཁૉ͕ଘ͢ࡏΔ͜ͱ͕͋Δɽ͜ͷ͜ͱʹ஫໨͠ɼ࿈ଓ

ͨ͠ඇྵཁૉΛѹॖͨ͠ܗͰද͢ɽ࿈ଓͨ͠ඇྵཁૉͷ

Λදͨ͢ΊʹɼbitmapΛಋೖ͢Δɽਤޙ࠷ॳͱ࠷ 2ʹఏ

Ҋѹॖํࣜͷུ֓Λࣔ͢ɽ্هͷΑ͏ʹ ELL ํࣜͰ͸ɼ

matrixΛ Valuesྻߦͱྻ൪߸ͷ Indexesͷྻߦʹ෼ׂ͠ɼ

อ࣋͢ΔɽఏҊѹॖํࣜͰ͸ɼਤࣔͨ͠Α͏ʹɼྻ൪߸͕

0͔Β 3·Ͱ࿈ଓ͍ͯ͠Δ৔߹͸ɼCompressedIndexesͷ

ʹྻߦ 0ͱ 3Λ֨ೲ͢Δɽbitmapྻߦʹ͸ɼ࿈ଓͨ͠ඇ

ྵཁૉͷ࠷ॳʹରԠ͢Δཁૉʹ 1ɼޙ࠷ʹ 0Λ֨ೲ͢Δɽ

͜ͷΑ͏ʹ͢Δ͜ͱͰɼྻ൪߸Λѹॖޙ΋ݩͷྻߦʹ෮

ཧతʹ͸ݪΔ͜ͱ͕ՄೳͰ͋Δɽbitmap͸͢ݩ 0ͱ 1ͷ

ೋ஋ͷΈ࢖༻͢ΔͨΊɼintegerܕͷྻ൪߸Λอ࣋͢ΔΑ

Γɼগͳ͍ϝϞϦ࢖༻ྔͱͳΔ͜ͱ͕ظ଴͞ΕΔɽELL

ͷ IndexesͷྻߦΛѹॖͨ͠ྻߦΛ༻͍ΔํࣜΛ ELL-C

ʢELLPACK-Compressionʣͱ͢Δɽ

Algorithm2ʹ ELLͷ IndexesྻߦΛѹॖ͢ΔΞϧΰϦ

ζϜΛ͍ࣔͯ͠Δɽ͜͜ͰɼCcI[]͸ѹॖޙͷ Indexesߦ

ྻΛද͠ɼbitmap[]͸ѹॖ͞Εͨ࿈ଓඇྵཁૉͷ࠷ॳͷཁ

ૉͱޙ࠷ͷཁૉΛදͨ͢ΊͷྻߦͰ͋ΔɽN ͸ߦ਺ɼk͸

ѹॖલͷ ELL ͷྻ਺Ͱ͋Δɽline8 Ͱཁૉ͕࿈ଓ͍ͯ͠

Δ͔൑ఆ͠ɼ࿈ଓ͍ͯ͠Δ৔߹ɼCount Λߋ৽ͤͣಉ͡

CcI[count]ʹॻ͖ଓ͚Δɽ͜ΕʹΑΓ࿈ଓ͍ͯ͠Δཁૉ͸

ͷཁૉͷΈޙ࠷ॳͱ࠷ CcI ͷྻߦʹ֨ೲ͞ΕΔɽѹॖʹ

൐͍ɼbitmapͷྻߦʹ͸ 1͔ 0ͷ஋͕֨ೲ͞ΕΔɽline12

ͰલͷϧʔϓͰಡΈࠐΜͩཁૉ͕ѹॖͨ͠ޙ࠷ͷཁૉʹ౰

ͨΔ৔߹͸ɼͦͷཁૉʹରԠ͢Δ bitmapͷ indexʹ 0Λ

֨ೲ͢ΔɽҎ֎ͷཁૉʹରԠ͢Δ indexʹ͸ 1͕֨ೲ͞Ε

ΔɽຊߘͰ͸ɼSpMVͷԋੑࢉೳΛ্ͤ͞޲ΔͨΊɼྻߦ

͸શͯྻ༏ઌͰ֨ೲ͍ͯ͠Δɽྻ༏ઌͰཁૉΛ֨ೲ͢Δ͜

ͱʹΑΓGPUͷϝϞϦΞΫηεޮ཰্͕͠޲ɼGPUͰͷ

SpMVͷԋੑࢉೳ্͕͢޲Δɽ

Algorithm3 ʹ ELL-R ʹର͠ఏҊѹॖํࣜΛదԠͨ͠

Λྻߦ ELL-RCͱ͠ɼELL-RCΛ༻͍ͨ SpMVͷΧʔω
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Algorithm 2 Method of Compress Indexes
1: for i = 0 to N do

2: count, seq = 0

3: base = indies[i+N ∗ count]
4: bitmap[i+N ∗ count] = 1

5: CcI[i+N ∗ count] = Indies[i+N ∗ count]
6: count = count+ 1

7: for j = 0 to k do

8: if Indies[i+N ∗ j]− base == 1 then

9: base++, seq ++

10: CcI[i+N ∗ count] = base

11: else

12: if seq >= 1 then

13: CcI[i+N ∗ count] = base

14: bitmap[i+N ∗ count] = 0

15: count++, seq = 0

16: end if

17: CcI[i+N ∗ count] = base = Indies[i+N ∗ j]
18: bitmap[i+N ∗ count] = 1

19: count++

20: end if

21: end for

22: end for

ϧΛࣔ͢ɽ͜͜ͰɼID ͸ࣗ਎ͷεϨου൪߸ɼst,end͸

ѹॖ͞Εͨඇ࿈ଓྵཁૉͷ։࢝ҐஔͱऴྃҐஔɼlen͸֤

ͷཁૉ਺ɼCcIߦ ͸ਤ 2ͷ CompressIndexesྻߦʹ૬౰

͠ɼbitmap͸ਤ 2ͷ bitmapྻߦʹ૬౰͢Δɽval͸ਤ 2

ͷ Valuesྻߦʹ૬౰͠ɼELLͱಉ༷ͷྻߦͰ͋Δɽ

line4Ͱ͸ELL-RΛߟࢀʹɼ֤ ͷඇྵཁૉ਺Λߦ lenʹ֨

ೲ͠ɼແବͳϧʔϓΛ͍ͯ͠ݮ࡟Δɽline6͔Β line12·Ͱ

͕ ELL-RͷΧʔωϧͱେ͖͘ҟͳΓɼѹॖ͞Εͨ Indexes

ड़͍ͯ͠Δɽst,endʹ͸ɼѹॖ͞هΛల։͢ΔॲཧΛྻߦ

Εͨඇྵཁૉͷ։࢝ҐஔͱऴྃҐஔ͕֨ೲ͞ΕΔɽ΋͠ɼ

ѹॖ͞Ε͍ͯΔ৔߹ʹ͸ɼbitmap͸ 1ͱ 0͕ฒΜͰ֨ೲ͞

ΕΔͨΊɼbitmap[j]ͱ bitmap[j+1]ΛಡΈࠐΈɼ1ͱ 0ͱ

ฒΜͰ͍Δ৔߹ɼstΛϧʔϓ͝ͱʹΠϯΫϦϝϯτ͍ͯ͠

͖ɼst == endʹͳΔ·Ͱ࣍ͷ indexΛಡΈࠐ·ͳ͍Α͏

ʹॲཧΛ͏ߦɽCcI[]ͱ bitmap[]͸ val[j]ͱ͸ҟͳΔΠϯ

σοΫεΛ࢖༻͢ΔɽcounterΛ࢖༻͠ɼѹॖ͞Ε͍ͯΔ

෦෼Λॲཧ͍ͯ͠Δؒ͸ CcI[counter],bitmap[counter]ͱ

ͯ͠ɼΠϯσοΫε͕ΠϯΫϦϝϯτ͞Εͳ͍Α͏ʹ੍ޚ

͢Δɽ·ͨɼGPUͰ͸Χʔωϧ಺ͷ෼ذॲཧ͕૿Ճ͢Δ

ͱɼԋؒ࣌ࢉ΋૿Ճ͢Δ޲܏ʹ͋ΔɽͦͷͨΊɼline7, 8, 9

ͷΑ͏ͼ bitmap͕ 0͔ 1͔͠อ࣋͠ͳ͍ಛੑΛ༻͍ͯɼ

ྗۃ if ෼Λ࢖༻ͤͣɼϧʔϓ͝ͱͷॲཧΛ੍͠ޚɼԋ࣌ࢉ

ؒͷݮ࡟ʹ౒Ί͍ͯΔɽx͸ࣜ 1ͷ xʹରԠ͢ΔϕΫτϧ

Ͱ͋Δɽ

5. SpMVੑೳධՁ࣮ݧ

ෳ਺ͷྻߦΛ univesity of Florida collectionʢUF collec-

tionʣ[10] ͔Βೖख͠ɼ֤֨ྻߦೲํࣜ͝ͱͷ SpMVͷԋ

ΛදڥΔ؀͢༺࢖ʹݧೳΛଌఆ͢Δɽ࣮ੑࢉ 1ʹɼ࢖༻͢

Algorithm 3 SpMV Code on GPU
1: counter ←0

2: ID ← Thread′sid

3: if ID < N then

4: len← ln[ID]

5: for j = 1 to len do

6: bitval = bitmap[ID +N ∗ counter]
7: st = CcI[ID+N ∗counter]∗bitval+(1−bitval)∗(st+1)

8: counter = counter + (bitval − 1)

9: end = CcI[ID + (N ∗ (counter + 1))]

10: if st == end then

11: counter = counter + 1

12: end if

13: temp = temp+ val[ID +N ∗ j] ∗ x[st]
14: counter = counter + 1

15: end for

16: y[ID] = temp

17: end if

ද 1 SpMV ධՁ࣮ڥ؀ݧ

Table 1 Enviroment.

༷࢓ Tesla K20

OS CentOS 6.2

CPU Intel Xeon E5-2687 @ 3.1GHz

GPU NVIDIA Tesla K20 @ 0.71GHz

GPU Memory 480MB

CUDA CUDA 7.5

Compiler gcc-4.4.7

ද 2 ྻߦͨ͠༺࢖ʹݧ࣮

Table 2 Information of Matrix.

༷࢓ N nnz k ck

gemat12 4,929 33,111 28 22

dw8192 8,192 41,746 8 7

mac econ 206,500 1,273,389 47 47

cop20k A 121,192 1,362,087 75 53

cant 62,451 2,034,917 40 18

mc2depi 525,825 2,100,225 4 4

rma10 46,835 2,374,001 145 40

consph 83,334 3,046,907 78 38

pwtk 217,918 11,634,424 90 18

af shell9 504,855 17,588,845 30 10

F1 343,791 26,837,113 378 150

nd24k 72,000 28,715,634 483 128

Δྻߦͷ৘ใΛද 2ʹࣔ͢ɽද 2தͷ N ͸ྻߦͷҰลͷ

௕͞Λࣔ͠ɼnnz͸ྻߦதͷඇྵཁૉ਺ɼk͸ྻߦΛ ELL

Ͱ֨ೲͨ͠৔߹ͷ Valuesྻߦͱ Indexesྻߦͷྻ਺Λࣔ

͍ͯ͠Δɽck ͸ ELLͷ IndexesྻߦʹఏҊѹॖํࣜΛద

Ԡͨ͠ޙͰ Indexesྻߦͷྻ਺Λࣔ͢ɽຊ࣮ݧͰ͸ɼ֤ߦ

ྻ֨ೲํࣜ͝ͱͷϝϞϦ࢖༻ྔɼSpMVͷॲཧؒ࣌ʢGPU

ԋؒ࣌ࢉ+CPU-GPUσʔλసૹؒ࣌ʣΛଌఆ͢Δɽࣜ̍

ʹରԠ͢ΔϕΫτϧ x͸ཚ਺Λ༻͍ͯੜ੒ͨ͠ɽ
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ਤ 3 MemoryUsage

5.1 ϝϞϦ࢖༻ྔͷධՁ

ҎԼʹ֤طଘ֨ྻߦೲํ͕ࣜඞཁͱ͢ΔϝϞϦ࢖༻ྔΛ

,ΊΔࣜΛࣔ͢ɽ͜͜ͰɼN,nnzٻ k, ck͸ද̎ͷ஋ͱରԠ

͍ͯ͠Δɽ

MemUsageCSR = 8nnz + 4nnz + 4(N + 1) (2)

MemUsageELL = 8(N ∗ k) + 4(N ∗ k) (3)

MemUsageELL−R = 8(N ∗ k) + 4(N ∗ k) + 4N (4)

ఏҊ֨ྻߦೲํࣜͷϝϞϦ࢖༻ྔΛࣜ 5 ʹࣔ͢ɽ͜͜

Ͱ ck =͸ IndexesྻߦΛఏҊѹॖํࣜͰѹॖޙͷྻ਺Λ

ද͢ɽ

MemUsageELL−RC = 8(N∗k)+4(N∗ck)+(N∗ck)+4N

(5)

ਤ 3 ϝ༺࢖Λ֨ೲͨ͠৔߹ͷྻߦೲํࣜͰ֨ྻߦ֤ʹ

ϞϦྔΛࣔ͢ɽ͜͜Ͱɼਤ 3ͷॎ࣠͸࢖༻ϝϞϦྔ (Byte)

Λࣔ͠ɼԣ࣠͸໊ྻߦͨ͠༺࢖ͱྻߦΛ֨ೲͨ͠ํ໊ࣜͰ

͋Δɽ֨ೲํࣜ͸طଘख๏ͱͯ͠ CSRɼELLɼELL-Rɼఏ

Ҋख๏ͱͯ͠ ELL-RCͰ͋ΔɽఏҊѹॖํ͕ࣜ࠷΋ѹॖʹ

੒ޭ͍ͯ͠Δྻߦ͸ pwtkͰ͋Γɼ25ˋͷݮ࡟ͱͳͬͨɽ

pwtkͰ͸ k = 90͔Β ck = 18ͱେ෯ʹྻ਺͕ݮগͨ͠ɽ

·ͨɼଞͷྻߦʹ͓͍ͯɼ0.5%͔Β 22.2%ͷϝϞϦ࢖༻ྔ

੒ޭͨ͠ɽ͔͠͠ɼmacʹݮ࡟ econɼdw8192,mc2depiͷ

3ͭͷྻߦʹ͓͍ͯ 3%͔Β 8.33%ɼϝϞϦ࢖༻ྔ͕૿Ճ͠

ͨɽ͜Ε͸ɼ࿈ଓͨ͠ඇྵཁૉ͕গͳ͘ɼޮ཰ྑ͘ѹॖͰ

͖ͳ͔ͬͨͨΊͰ͋Δɽ͜ͷ͜ͱʹΑΓɼbitmapΛ௥Ճ

ͨ͠෼ͷϝϞϦ࢖༻ྔ͕૿Ճͨ͠ɽ͔͠͠ɼશମతʹ ELL

ϝϞϦ͍ߴೲํࣜʹରͯ͠ɼఏҊѹॖํࣜͷ֨ྻߦ౷ͷܥ

ՌΛಘΔ͜ͱʹ੒ޭͨ͠ɽޮݮ࡟ͷྔ༺࢖

5.2 SpMVԋؒ࣌ࢉͷධՁ

ਤ ೲํࣜ͝ͱͷ֨ྻߦ֤ʹ4 SpMVॲཧؒ࣌Λࣔ͢ɽਤ

4ͷॎ࣠͸ CPU-GPUؒͷσʔλసૹؒ࣌ͱ GPU্Ͱͷ

ਤ 4 Total Time of SpMV

ਤ 5 Executed Time on GPU

ԋؒ࣌ࢉͱ଍ͨ͠ SpMVͷ߹ؒ࣌ܭʢmsʣͰ͋Γɼԣ࣠

͸໊ྻߦͨ͠༺࢖ͱͦͷྻߦͷ֨ೲํ໊ࣜͰ͋ΔɽCSR͸

ELLʹൺ΂ɼσʔλసૹ͕ؒ࣌୹͘ɼ1ճ͋ͨΓͷ SpMV

ॲཧؒ࣌΋࠷୹ͷ͕ྻߦଟ͍ɽ͜Ε͸ɼELL͕ແବͳ 0ཁ

ૉΛอ͍ͯ࣋͠Δ͜ͱ͕໰୊Ͱ͋ΔɽELLܥ౷ͷѹॖํࣜ

Ͱ͸ɼELL-R,ELL-RC͕ ELLʹൺ΂ॲཧ͕ؒ࣌୹͘ͳͬ

͍ͯΔɽELLܥ౷ͷѹॖํࣜͷதͰ͸ɼσʔλసૹؒ࣌͸

ELL-RC͕࠷୹ͷ͕ྻߦଟ͘ɼఏҊѹॖํࣜʹΑΔϝϞϦ

ՌతͰ͋Δ͜ͱ͕໌Β͔Ͱ͋Δɽޮ͕ݮ࡟ͷྔ༺࢖

SpMV1ճͷԋؒ࣌ࢉͰ͸ɼCSR͕࠷୹Ͱ͋Δ͕ྻߦଟ

͘ଘͨ͠ࡏɽ͔͠͠൓෮๏Ͱ͸ɼ࠷ॳʹσʔλΛసૹ͠ɼऩ

ଋ͢Δ·Ͱ GPU্ͰॲཧΛ͜͏ߦͱ͕ՄೳͳͨΊɼσʔ

λసૹؒ࣌ʹൺ΂ɼSpMVͷԋࢧ͕ؒ࣌ࢉ഑తʹͳΔɽ͜

ͷͨΊɼSpMVͷσʔλసૹ͚ͩؒ࣌Ͱͳ͘ɼ७ਮͳGPU

্Ͱͷԋؒ࣌ࢉʹ͍ͭͯ΋ॏཁͰ͋Δɽਤ 5ʹ GPU্Ͱ

ͷ SpMVͷԋؒ࣌ࢉΛࣔ͢ɽॎ࣠͸ GPU্Ͱͷ SpMV

ͷԋ࣌ࢉ ʢؒmsʣͰ͋Γɼԣ࣠͸ਤ 4ͱಉ༷Ͱ͋ΔɽSpMV

ͷԋؒ࣌ࢉͷΈͰ͸ɼCSRʹൺ΂ɼELL-R, ELL-RC͕ߴ

଎ͳ͕ྻߦଟͯ͘ݟऔΕΔɽpwtk΍ af shell9ͷྻߦͰ͸ɼ

ELL-RC͸ ELL-Rͱಉ౳΋͘͠͸ඍখͳԋؒ࣌ࢉͷ૿Ճ

ʹͱͲ·͓ͬͯΓɼELL-RC͸ϝϞϦ࢖༻ྔͷগͳ͘ɼԋࢉ

ੑೳͷ௿Լ͕গͳ͍֨ೲํࣜͱ͑ݴΔɽ͔͠͠ɼѹॖޮ཰
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ද 3 GMRES ੑೳධՁ࣮ྻߦͨ͠༺࢖ʹݧ

Table 3 Information of Matrix.

໊ྻߦ N nnz k ck

pwtk 217,918 11,634,424 90 18

af shell9 504,855 17,588,845 30 10

F1 343,791 26,837,113 378 150

nd24k 72,000 28,715,634 483 128

͕ѱ͍ྻߦʢmac econʣʹ͓͍ͯ͸ɼԋ͕ؒ࣌ࢉ ELL-RC

͕૿Ճ͕ݦஶͰ͋Δɽ·ͨɼݮ࡟཰͕͍ߴ F1ɼnd24kͷߦ

ྻʹ͍ͭͯ΋ ELL-RCͷԋ૿͕ؒ࣌ࢉՃ͍ͯ͠Δɽ͜Ε

͸ɼF1,nd24kڞʹѹॖޙ΋ෆ࿈ଓͳ஋͕ଟ͘ଘ͠ࡏɼΧʔ

ωϧ಺ͷ st, endΛ͢ࢉܭΔॲཧʹଟ͕ؒ࣌͘औΒΕɼԋ

͍͓ʹྻߦΒΕΔɽෳ਺ͷ͑ߟͱͨͬ͜ىͷ૿Ճ͕ؒ࣌ࢉ

ͯɼELL-RCͱ ELL-Rͷԋؒ࣌ࢉ͸ಉ౳Ͱ͋Γɼ࿈ଓ͠

ͨ஋͕ଟ͍ྻߦʹ͓͍ͯ͸༏Εͨ֨ྻߦೲํࣜͰ͋Δͱݴ

͑Δɽ

6. GMRESੑೳධՁ࣮ݧ

ຊߘͰ͸ɼGPU্Ͱͷ GMRES(m)ͷੑೳΛධՁ͢Δ

ͨΊʹɼCUDA Λ༻͍ͨӈલॲཧ෇͖ GMRES(m) ϓϩ

άϥϜΛ࡞੒ͨ͠ɽGMRES தͷ SpMV ʹ CSR ํࣜͰ

֨ೲͨ͠ྻߦͱ ELL-RʹఏҊѹॖํࣜΛͨ͠ࢪ ELL-RK

Ͱ֨ೲͨ͠ྻߦΛ༻͍ɼGMRES ͷॲཧؒ࣌ͷൺֱΛߦ

͏ɽͦͷଞͷ GMRESͷॲཧʹ͸ NVIDIA͕ఏ͍ͯ͠ڙ

Δ cuBLASʢDot ProductsɿcublasDdot()ɼAXPY opera-

tionsɿcublasDaxpy()ɼEuclidean normsɿcublasDnrm2()ʣ

Λ࢖༻ͨ͠ɽϦελʔταΠΫϧ mɿ150ɼ࠷େ൓෮਺ɿ

1500ͱ͠ɼࠩ࢒ ϵ͕ 10−1ʹͳΔ·Ͱ൓෮Λ͏ߦɽ࣮ڥ؀ݧ

͸ SpMVධՁ࣮ݧͰ༻͍ͨڥ؀ʢද 1ʣͱಉ͡ڥ؀Ͱ͋Δɽ

GMRESʹ༻͍Δ܎਺ྻߦΛද 3ʹࣔ͢ɽࠓճɼSpMVධ

Ձ࣮ݧͰྻߦͨ͠༺࢖ͷதͰɼGMRESΛ༻͍ͯऩଋͨ͠

ͷ͏ͪྻߦ 4ͭબ୒ͨ͠ɽ·ͨɼӈลϕΫτϧ͸ཚ਺ɼཚ

਺Λ༻͍ͯੜ੒ͨ͠ϕΫτϧͱ܎਺ྻߦΛ৐͠ࢉɼੜ੒͠

ͨɽ͜ͷ࣌ɼཚ਺Λ༻͍ͨϕΫτϧΛਅͷղͱ͢Δɽ

ਤ ͱͷ͝ྻߦ֤ʹ6 GMRESॲཧؒ࣌Λࣔ͢ɽॎ࣠ʹ

GMRES ͷ߹ܭॲཧؒ࣌ʢmsʣΛࣔ͠ɼԣ࣠ʹ࢖༻ͨ͠

Δɽਤ͍ͯ͠ࡌهͷ֨ೲํ໊ࣜΛྻߦͱɼͦͷ໊ྻߦ 6ͷ

άϥϑ͸ GMRESͷओཁͳॲཧ͝ͱͷԋؒ࣌ࢉΛࣔͯ͠

͓ΓɼSpMV ͱσʔλసૹࢧ͕ؒ࣌഑తʹͳ͍ͬͯΔ͜

ͱ͕Θ͔Δɽpwtkɼaf shell9ʹ͓͍ͯɼELL-Rͱൺ΂࠷

େͰ 5%ͱඍখͰ͸͋Δ͕ɼELL-RC ͷॲཧ͕ؒ࣌୹͍ɽ

͜Ε͸ɼELLͷԋੑࢉೳΛอͪͳ͕ΒɼྻߦͷϝϞϦ࢖

༻ྔΛݮΒ͠ɼσʔλసૹʹ͔͔Δؒ࣌ͷݮ࡟ʹ੒ޭ͠

ͨͨΊͱ͑ߟΒΕΔɽ͔͠͠ɼF1Ͱ͸ CSRɼnd24kͰ͸

ELLɼELL-Rͷॲཧ͕ؒ࣌ ELL-RCͷॲཧؒ࣌ΑΓ΋୹

͘ͳ͍ͬͯΔɽF1Ͱ͸ CSRͷσʔλసૹ͕ؒ࣌ඇৗʹ୹

͘ɼELLܥ౷ͷํ͕ࣜແବͳྵཁૉΛଟ͘อ͍ͯ࣋͠Δ͜

ਤ 6 GMRES ͷॲཧؒ࣌

ͱ͕Θ͔Δɽ͜ͷ͜ͱʹΑΓ SpMVͷԋؒ࣌ࢉ͸ CSRʹ

ൺ΂ ELL-RɼELL-RCڞʹ୹͍͕ɼσʔλసૹࢧ͕ؒ࣌഑

తͱͳͬͯ͠·͍ɼCSR͕࠷΋ߴ଎ͳ݁Ռͱͳͬͨɽn24k

Ͱ͸ ELLͱ ELL-R͕ݦஶʹߴ଎Ͱ͋Δͱ͍͏݁Ռͱͳͬ

ͨɽਤ 5ͷ SpMVͷԋؒ࣌ࢉͷ݁Ռ͔Β΋Θ͔ΔΑ͏ʹ

ELL-R͸ nd24kʹ͓͍ͯ࠷΋ߴ଎Ͱ͋ΓɼCSRɼELL-RC

͸௿଎ͳԋੑࢉೳͰ͋ͬͨɽ͜ͷͨΊɼGMRESͷ൓෮ճ

਺ʹ൐͍ SpMVͷԋࢧ͕ؒ࣌ࢉ഑తͳΓɼCSRɽELL-RC

ͷ՝୊ͱޙࠓՃͨ͠ɽͦͷͨΊɼ૿͕ؒ࣌શମͷॲཧʹڞ

ͯ͠ɼnd24k΍ F1ͷྻߦͷΑ͏ͳԋੑࢉೳͷ௿Լ͕ݟΒ

ΕΔྻߦʹରͯ͠΋ɼΦʔόϔουͷগͳ͍ ELL-RCͷ

ΧʔωϧΛݕ౼͢Δඞཁ͕͋Δɽ

7. ͓ΘΓʹ

ຊߘͰ͸ɼ֨ྻߦೲํࣜ ELLʹର͢Δྻ൪߸Λอ࣋͢

Δྻߦʹର͢ΔѹॖํࣜΛఏҊͨ͠ɽELL-RʹఏҊѹॖ

ํࣜΛదԠͨ͠ ELL-RC ͷϝϞϦ࢖༻ྔ͸ ELL-R ʹൺ

΂ɼྻߦ pwtkʹ͓͍ͯ࠷େ 25%ͷݮ࡟ʹ੒ޭ͍ͯ͠Δɽ

·ͨɼෳ਺ͷྻߦʹ͓͍ͯ SpMVͷԋؒ࣌ࢉ͸ ELL-Rͱ

ELL-RC͸େ͖͘มΘΒͣɼѹॖʹΑΔԋੑࢉೳͷ௿Լ͸

ඍখͰ͋Δ͜ͱ͕໌Β͔ʹͳͬͨɽ͔͠͠ɼѹॖํࣜʹΑ

Γѹॖ͕ࠔ೉ͳྻߦʹ͓͍ͯ͸ɼ࢖༻ϝϞϦྔͷඍྔͷ૿

Ճ͕ݟΒΕɼ͜ͷ͜ͱʹ൐͍ɼԋؒ࣌ࢉͷ૿Ճ΋ݟΒΕͨɽ

ͷ൑ผํ๏ͷఏҊɼྻߦͷ՝୊ͱͯ͠ɼѹॖ͕༗ޮͳޙࠓ

֤εϨουͷϩʔυόϥϯεͷฏ׈Խ͕͛ڍΒΕΔɽͦ͠

ͯɼࠓճྻ൪߸Λอ࣋͢ΔྻߦͷΈΛѹॖ͕ͨ͠ɼϝϞϦ

ଟ͍͕ྔ༺࢖ valuesྻߦͷѹॖํࣜͷݕ౼Λޙࠓͷ՝୊ͱ

͢Δɽ

ELL-RCΛదԠͨ͠ GMRESͷԋੑࢉೳͷධՁΛͬߦ

ͨɽ݁Ռͱͯ͠ɼೋͭͷྻߦʹ͓͍ͯఏҊख๏Ͱ͋Δ ELL-

RC͕࠷଎ͱͳ͕ͬͨɼଞͷೋͭͷྻߦʹ͓͍ͯ͸ɼCSRɼ

ELL-R͕࠷୹ͱͳͬͨɽݪҼͱͯ͠ɼఏҊѹॖํࣜΛద

༻ͨ͠৔߹ʹ ELL-RͷԋੑࢉೳΛେ෯ʹ௿Լͤ͞Δྻߦ

͕ଘ͢ࡏΔ͜ͱ͕͛ڍΒΕΔɽѹॖͨ͠ྻߦΛ෮͢ݩΔࡍ

ͷॲཧ͕ϘτϧωοΫͱͳ͍ͬͯΔͨΊɼ͜ޙࠓͷॲཧΛ
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͞Βʹޮ཰Α͑͘ߦΔΑ͏ʹΧʔωϧΛվྑ͢Δɽ·ͨɼ

CPU-GPUؒͷσʔλసૹ͕ؒ࣌ϘτϧωοΫͱͳ͍ͬͯ

Δ͜ͱ͔ΒɼGMRESͷॲཧͱσʔλసૹΛΦʔόʔϥο

ϓͤ͞ɼσʔλసૹؒ࣌ΛӅณ͢Δख๏Λݕ౼͢Δɽ
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