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2.1 Implicitly shifted QR steps

IRA IRL implicit

QR step explicit QR step

QR step H̃
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implicit QR step μi ∈ R
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implicit QR step

μi
˜̃H
(i)
m .

˜̃H
(1)
m Hessenberg ˜̃R1 ∈ R

m×m

{ ˜̃R1}n,n = 0

˜̃H(1)
m =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∗ ∗ · · · · · · ∗
∗ ∗ · · · · · · ∗
0 ∗ . . .

...
...

. . .
. . .

...

0 · · · 0 ∗ ∗

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (9)

˜̃R1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∗ ∗ · · · · · · ∗
0 ∗ · · · · · · ∗
...

. . .
. . .

...
...

. . . ∗ ∗
0 · · · · · · 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (10)

˜̃R1
˜̃Q1 { ˜̃R1

˜̃Q1}n,n−1 = 0 { ˜̃R1
˜̃Q1}n,n = 0

Hessenberg

˜̃R1
˜̃Q1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∗ ∗ · · · · · · · · · ∗
∗ ∗ · · · · · · · · · ∗
0 ∗ . . .

...
...

. . .
. . .

. . .
...

...
. . . ∗ ∗ ∗

0 · · · · · · 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (11)

˜̃H(2)
m =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∗ ∗ · · · · · · · · · ∗
∗ ∗ · · · · · · · · · ∗
0 ∗ . . .

...
...

. . .
. . .

. . .
...

...
. . . ∗ ∗ ∗

0 · · · · · · 0 0 μ1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (12)

m ˜̃H
(m)
m

H
(1)
m

2.2 Implicit restarting
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AVm = VmHm + hm+1,mvm+1e
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Algorithm 1 IRA
1: Set m: an upper limit and set �: the number of the desired

eigenpairs

2: Input: Arnoldi decomposition AVm = VmHm +

hm+1,mvm+1e�m;

3: for i := 1, 2, · · · do

4: Compute all the eigenvalues of Hm: λ1, . . . , λm;

5: Divide eigenvalues: λ1, . . . , λ� and λ�+1, . . . , λm;

6: Implicitly shifted QR steps for Hm m − � times

(λ�+1, λ�+2, · · · , λm are shift values);

7: Q+ = Q1Q2 · · ·Qm−�;

8: V +
m = VmQ+, H+

m = (Q+)�HmQ+;

9: v+
m+1 := v+

m+1/hm+1,m;

10: V +
� := V +

m (:, 1 : �), H+
� := H+

m(1 : �, 1 : �);

11: m − � step Arnoldi algorithm starting with AV +
� =

V +
� H+

� + h�+1,�v
+
�+1e

�
� ;

12: end for

Algorithm 2
1: x̃ = Ax;

2: r = A�x̃;

Algorithm 1 IRA

IRL IRA

3. ARPACK
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x̃ = A(r)x (x̃ ∈ R
w) r = A(r)�x̃ (r ∈ R

n)

Algorithm 2

A(r)�A(r)x

( 1 ) t = A(r)(i, :)x

( 2 ) r = r+ tA(r)�(i, :)

A(r)(i, :) (i : 1 ≤ i ≤ n) ∈ R
n A(r)

i A(r)(i, :) A(r)�(:, i)

,

.
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Algorithm 3
1: r = 0;

2: #omp parallel for private(t) reduction(+:r)

3: for i = 1 to n do

4: t = 〈ai,x〉 (ai = A(r)(i, :));

5: r = r+ tai;

6: end for

7: #omp end parallel for

1

Environment (Appro 2548X), Kyoto University

CPU Intel Xeon E5-4650L @2.6GHz, 32cores (8 cores ×4)

L3 cache: 20MB × 4

RAM DDR3-1066 1.5TB, 136.4GB/sec

Compiler Intel C++/Fortran Compiler 14.0.2

Options -O3 -xHOST -ipo -no-prec-div -mcmodel=medium

-shared -intel

Software Intel Math Kernel Library 11.1.2
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