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GMRES )+* FOM(Full Orthogonalization Meth-

od) )-,/.1032543687:9<;:=<>:?<@ ACB<D EGFIHKJ:L
1 MON1P<Q

Ax = b, A ∈ Rn×n, x, b ∈ Rn (1)

A/R�S<T3U3VXW-Y-R-)ZV 1 [-2-\]HX^1_-` ,Ia+bc *:dOe+f c 6hg/Vjilk mon+VZpoqlrXs�tvul2+\wH
GMRES(m) )Ox FOM(m) )hAzy+{<HX|OEG}5~-{5^�/�3� x GMRES(m) )+Vlp�qOr1s t���� m ,G����O���5�8� U�mC� �O��� , �<�+V-E/|:���<�w6 m A �� FOHG�O�O61N/)-,j6X{8^XnI|52jx5�<�+2X,K�<�h�z�� E5 wp8¡<¢�£<¤O¥X¦<V�§5B¨Azy+{ � p�q+r1s#t©�<�
A�ª<«]¬z­ �5� UXHO|IE:AC®:¯+FOH/^w°�T/x GMRES

)wV8�<�h�z� � AC�<± � FOHK²O³]E FOM )wV8�<�+´
 Ztµ�OV1¶1·X¸<¹1² �Kº#»�¼ x+|/V 2 [-AC½+¾8¿OÀ1­
TKR<) � [O{ �OÁKÂOÃ H5^

2 ÄÆÅ ÇÉÈËÊÍÌÏÎ
|/VoÐ+2O,/F<2 �GÑ L�¬K� � {jH 2 [:V8R<) � [O{�5ÂOÃ H8^

2.1 GMRES(m) Ò
GMRES(m) )-,5x3 wp8¡<¢�£<¤O¥X¦ :

Km(A, r0) = {r0, Ar0, A
2r0, . . . , A

m−1r0} (2)

Ó 2jx m MOÔOV8=<ÕO¸<¹1Ö�× :

Vm = (v1, v2, . . . , vm) (3)

A5Ø<sI�z�<Ù3Ú�Û<Ü �X���5�1Ý1Þ#¼ x5�<�¨�z� � V8�
± 2 ß-à�á�AzR�Sj|3E �w���5��âIã R�AGäOålFwH/b
)+2:\:H5^IØ<s+�z��Ù3ÚzÛ�Ü+k]m Ý]æ HKç<è�éZE ¼��
(m + 1)×m V ÓIêwë�ìIí ´/�wî�?�@ Hm }8ï mð�OH8^T�ñ ¼ x Hm V ij

Þ ¤3, hi,j E�FXH5^ Hm VG�<ò+Vo?Aðó �ðô {jT ÓIê3ë�ìIí ´1�wîz?j@¨A Hm E ¼ x<Ø�s

�z�<Ù3ÚzÛ<ÜhAð?<@<õ<�<ö+FOHwEðMjQ+} Þ�� L+[j^
AVm = Vm+1Hm

= VmHm + hm+1,mvm+1e
T
m

|/V-E8÷ â<ã R xm ,
xm = x0 + Vmym

EK6 � x ym ,K�<�h��� � V8�<± 2 ß+à5á
min
y
‖b−Axm‖2 = min

y
‖βe1 −Hmy‖2

ACR#S8|OEG2jøOU<HX|IEG}�2O÷<H5^IT<ñ ¼ x/�<�+´+ 
tv�]A rm EGFIHwEzx β = ‖r0‖2 2X\XH/^w°�T1xj¸X¹´I ¨tù�XVo�1D¨A m � �zúIû F:H:|:Ez21xK¸j¹/ü � k
kOH5a1b+ý<¦lEþd<e<ÿ��hA�����¬z­ � {<H5^
2.2 FOM ��� FOM(m) Ò

FOM )-, GMRES )ZE	��
 � =�ÕO¸<¹1Ö<×¨A5Ø<s
�z�<Ù3ÚzÛ<Ü �X���5�jÝ1Þ#¼ x
��� ��� í����

rm ⊥ Km(A, r0) (4)

Azy+{<HwE
ym = H

−1

m ‖r0‖V
T
m v1 ⇔ ym = ‖r0‖H

−1

m e1

EK6 � ym } � � ¬o�+H5^3|/VoR<) Á d<e<f c }j.+÷Sz6XH1V3A���� 1 [:V/N1)hE ¼�� GMRES(m) )ZE	�

 � ¸j¹<´O ¨tµ�<VK��D�A m � ��úOû F<H:|XE�2�pCq
r1sZt ¼ T Á Vj} FOM(m) )I2<\:HK^ FOM )3,����
��� í���� �+� pðqIr/sht ¼ T+EG÷/2 Á rm ⊥ v1 } ÞL+FOH5^

3 � ��� 2  ÊÍÌÏÎ
|<|52X,�!<Ð+2 ÂOÃ TGR<)hAzyI{ � å3Tj68R<)¨AC®
¯+FOH5^
3.1 GMRES(α ≤ m ≤ β) Ò
�#" � GMRES(m) )IV m A�$ «
% �z� U<H�|XE1A& ¾XH5^3°('oxw|<|525MwV � ÜhAzyI{<H5^
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� Ü 1 ^ ([2]) ‖b‖=1 x x0 = 0(x0 ,)"j�+* ) E ¼ T
ýjx ∀m > 0

� 9 ¼��
cos2(rG

m, v1) = ‖rG
m‖

2 =
1

1 + ‖Ĥ−T
m h‖2

TXñ ¼ rG
m , GMRES )3V m ,1W:Y:ò3V5�X�w´+  t

�<x Ĥ−T
m , Hm =

[

h
T

Ĥm

] 25õ�¬o�+H Ĥm V.-�/�0<?
@Ox h

T ∈ Rm E�FOH5^Á¨¼
cos(rG

m, v1) = 1 2+\+H:6hm�1 Km(A, r0) ≡

Km(A, v1) }]p�qIrjs t©ò �5Ý/Þ ¬o��2�3IFOH<|OE �6XH5^ ���8� xw|o� �3� �<�h�z� � }(��� ¼ 6
45��1
cos(rG

m, v1) }1.X÷3S xwp�qOr/s t ,#5wE)6+gþå ¼ {)78 A Ý °/6�S�6XHX|IE � 6XH5^:n+|o2]p�q+r1s#t ¦<2
‖r(i+1)

m ‖/‖r(i)
m ‖ ≥ 1− ε (5)

� 6 � T1ýX,1n:V�p�q+rjs t©�<�+2:,Kå ¼ {)7 8 A Ý
°56<{ Á VwEG¾�6 ¼ xwp�qOr1sZt��j�]A � � D+\:91H8^
T�ñ ¼ x ‖r(i)

m ‖ , i ,�pðqIr/sht�òIV GMRES ���:x ε

,K±�¬568=<DZEzFOH5^:nj��A<; �>= FO|IE �O�j�5� �
�+6KB�D m

� F<H8^1°1T8x�"�� pCqXr1sZt �j� α ,G_
`<±�¬1{ Á V � FOH5^ β ,Kd<ejf c Ó ú+û FOH Ó û V
p�q+rjs t©�<�+2:\XH5^
3.2 FOM(m) Ò +GMRES(m) Ò
|X|/2I, FOM(m) ) E GMRES(m) )ZA�½-¾5¿IÀ
­�T5Nj) � [I{ ��?A@ H/^ GMRES(m) )�,o�:�h�G�� }	B/«OF<H<|<EK,56<{o}	2�3XF<HK^C0 � FOM(m) )
,�2�3-, ¼ 6X{1}(B<« ¼ xXà8á �O���5� ,�D�EIFOH5^¼ k ¼ x FOM(m) )3,��F� ��� í��+� �w� x: Ipo¡
¢z£<¤O¥:¦lEð�<�+´+ Zt �X}1¸<¹XFOHjV�2

v
(i+1)
1 ⊥ Km(A, r

(i)
0 )

} Þ L ¼ x FOM(m) )�ACG1? ¼ Tzò GMRES(m) )]A
?IH1EJ�:6wS5E Á FOM(m) ):kwm GMRES(m) )�K�L�>M À � TG��"wV�p�q+rjs t 2O,K£j¤O¥X¦<}NH1°wS ÝÞ ¬��5�/� Á ���OF�Ho^ ¼ k ¼ x GMRES(m) )+,O2#3¼ 6X{)P<¿ � ,�QO�+TGR<)+2:\:HjV�2jx(2�3 ¼ 6X{�P
¿ � , GMRES(m) )hAKn<VI°�°�R-{�T<{8^<n+|82 �
Ü 1 V�§8B Á)S ° @�� GMRES(m) )+}.2�3 ¼ å ¼ {
 +pK¡�¢C£j¤X¥�¦�} Ý8Þ ¬G�:6-S�6 � T5ý � FOM(m)

)]AJGj?OF<HK^CT#UV% � , (5) Q]ACyO{ � GMRES(m)

)+k]m FOM(m) )
KOV.L MA@ AC?�H ^Xn ¼��
‖r(i)G

m ‖ > ‖r(i0)F
m ‖

� 6 � T�m�WNX GMRES(m) ) A�GO?-F+H�^+TXñ ¼ x
‖r

(i0)F
m ‖ , ‖r(i)G

m ‖ AGyw{ � FOM(m) )ZA i0 ,�G:?

¼ TzòIVG�1�<^ i0 , FOM(m) )XV-pCqXr/s¨tCA ? � T
,KD¨E�F<Ho^ ‖r(i)G

m ‖ > ‖r
(i0)F
m ‖ 2�L M�@ HzÜAY/,KxC�

"wV8D�,O, FOM(m) )wV8�<�¨�z� � }(B<«+FOH<T1U1x
�/���þ� � }5.<÷ISð6jHok3mþ2/\�Hz^ ¼ k ¼ x FOM(m)

)hA�G�? ¼ TKò3, GMRES(m) )wV	Z�[I}j�¨Sz6XH1V
2jxw|:HKFOH:|IE �O�j�8� GMRES(m) )wV	2�3¨A��
�/|IEG}<2O÷K���h�z� � Á ���+FOHo^º » F Ã ÷	\l, FOM(m) )wk GMRES(m) )wV]g] m�k<25R S8|IEKV12O÷<H1à5á3, ε

��ÁO� H1}jx
5�^
· � RZSK|XE�}12:÷Kx8k/[ GMRES(m) )]E FOM(m)

)wV-g�� �3�zÁ�_ S`Z�[IFOH�P�¿+}5~-{+E8{�H/|IEG2
\XH5^

4 acb Êedgfih
J<L 1 MON1PXQ (1)

� W<Y:)hAz¸#j:�OyXFOHwEGx âã R+}jøw°jHX°o2 � 7<` � ~#S�V1a1b+ý�¦lEðW�Y�,5D
A�k�l EGFOHO|IEG}X\XH5^Xn+|125J<LONjP<Q (1) V8B
D<?<@hA��+{1q�m+ Zt ��n<²hA Á [5?<@ � ª�o ¼�� k
m W<Y<)¨AC�OyXF:HX|IEG}<\XH5^w|/V � Ho6.p�ÜhA�!
p<ÜZE8{�{5x(q�r�!�p�ÜZE<s+r�!�p<ÜI}:\XH1}.t�,O,
s�r�!�p<Ü

AMy = b, x = My (M ≈ A−1)

A�yO{�H8^ M ,)!+pjÜj?�@hE�u�18��xGD+*+G1�I2X,)v
¶1· LU ¤<R �O���5� M A Ý1Þ FOH)w � FOH5^

5 xzy { '
|~} 2X,X|<|52 ÂOÃ T8N1)wVXØ8�N�wp�� � E<!+p<Ü
AC? � T)P<¿¨EGn~HK2<6X{�P<¿+V8D�*�G��wV.�+�hA 8� ¼ xXn:V.����² � [O{ �5ÂOÃ H5^
�������
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