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CPS Conversion of Imperative Language with Exception Handling
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and Its Formalization

EDIRO SuMiIl,t YUICHI ONEDAT and AKINORI YONEZAWA't

We propose a method of compiling a generic imperative language (similar to control flow
graphs) by using CPS (continuation passing style) as an intermediate representation. CPS is
a form of functional programs that puts all function calls and all conditional branches into tail
positions by generating functions to represent “the rest of the computation” (called continua-
tions). It is widely used as an intermediate representation in compilers of functional languages
such as Scheme and ML. By translating an imperative language into CPS, complicated control
flow as in function application and exception handling is clarified because activation records
and exception handlers are made explicit as continuations. As a result, many optimizations
including inline expansion and tail-call optimization can be easily implemented. We give a
simple formulation to the process of converting the imperative language into CPS and prove
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its correctness.
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int all, r, i;
LO: r = 1;
i= 0;
Li: if i = 10 then return r;
L2: r =1 * alil;
i=1i+1;
goto L1;
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fo(a, r, i) =
let r =1 in
let i = 0 in
fi(a, r, i)
fi(a, r, i) =
if i = 10 then r else
f2(a, r, i)
f2(a, r, i) =
let r = r * a[i] in
let i =1+ 1 in
fi(a, r, i)
o0 foOdf10f2 0000000 odL10L200
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int main(int a[]) {

int r, i;
r =1;
i= 0;

L1: if i = 10 then return r;
L2: r = mul(r, alil);
i=1i+1;
goto L1;
}
int mul(int x, int y) {
return x * y;
}
oooooooooooogo
main(k, a) =
let r =1 in
let i = 0 in
fi(k, a, r, i)
fi(k, a, r, i) =
if i = 10 then k(r) else
f2(k, a, r, i)
f2(k, a, r, i) =
let k’(xr) =
let i =i+ 1 in
fi(k, a, r, i) in
mul(k’, r, a[i])
mul(k, x, y) = k(x * y)
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2.3.1 ODOOOOOOO
oooOooooooloooon afol, ..., afel O

gooooobooobob oCObOODOOOCOOO
ooooooboOOoOooOoOoOobOoOoOn

int main(int al[l) {

int r, i;
try {
r =1;
i=0;

L1: if i = 10 then return r;
L2: if a[i] = O then raise;
L3: r =1 * a[il;

i=1+1;

goto L1;
} catch {
L4: return O;

}
}
00000000000 000 L20 raise0 00O
J00000ODcatch O0OO0O0O0O0O 4000000
dooboboooooooOoooooooooooag
O0D0raise 00000000 tryOOODOOO
dopboooooooboobooooooooog
00000000000 0000Oraise 00 goto
dooodooooooooooooooooooog
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main(k, a) =
let r

1 in
let i = 0 in
fi(k, a, r, i)
fi(k, a, r, i) =
if i = 10 then k(r) else
f2(k, a, r, i)
f2(k, a, r, i) =
if a[i] = O then f4(k, a, r, i) else
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£f3(k, a, r, i)
£3(k, a, r, i) =

let r = r * a[i] in

let i =i+ 1 in

fi(k, a, r, i)
f4a(k, a, r, i) = k(0)

0000 L20 raise 000000 L4 00 goto
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int main(int a[]) {

int r, i;
try {
r =1;
i=0;

Li1: if i = 10 then return r;
L2: r = mul(r, al[il);

i=1i+1;
goto L1;
} catch {
L3: return O;

}
}
int mul(int x, int y) {
if y = 0 then raise;
L4: return x * y;
}
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main(k, h, a) =
let r =1 in
let i = 0 in
f1(k, h, a, r, i)
f1(k, h, a, r, i) =
if i = 10 then k(r) else
f2(k, h, a, r, i)
f2(k, h, a, r, i) =
let k’(xr) =
let i =i+ 1 in
f1(k, h, a, r, i)
and h’() = £3(k, h, a, r, i) in
mul(k’, h’, r, alil)
£3(k, h, a, r, i) = k(0)
mul(k, h, x, y) =
if y = 0 then h() else
f4(k, h, x, y)
f4(k, h, x, y) = k(x * y)
O000O0COCOO0O0O00 main0£10 £20 £30 mulO
f40000000 xk000000O0ODOOOOO nO
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int main() {
int x;
x = 0;
try {
Lli: x = 1;

raise;
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} catch {
L2: return x;
¥

}
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main(k, h) =

let x = 0 in

let h’() = f2(k, h, x) in

f1(k, h’, x)
fi(k, h, x) =

let x = 1 in

h(Q)

£2(k, h, x) = k x
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main(k, h) =

let x = 0 in
f1(k, h, x)
fi(k, h, x) =
let x = 1 in
f2(k, h, x)
£2(k, h, x) = k x
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int main(int x) {
goto L1;
try {
L1: return sub(x);
} catch {
L2: raise;
}
}
int sub(int x) {
if x = 0 then raise;
L3: return x;
}
0oooooooooooooo cpSsoooon
goboooboooo
main(k, h, x) = fi(k, h, x)
f1(k, h, x)
let k’(xr) = k(r)
and h’() = f2(k, h, x) in
sub(k’, h’, x)
f2(k, h, x) = hQ
sub(k, h, x) =
if x = 0 then h() else k(x)
000000000000 00 f1i0f20sub OO
ooooooooo
main(k, h, x) =
let k’(xr) = k(r)
and h’() = h() in
if x = 0 then h’() else k’(x)
0000000 x O n 0O00OO0O0O0O0O0ODO
main(k, h, x) =
if x = 0 then h() else k(x)
0o0ooooooooooooood
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int main(int x) {
if x = 0 then raise;
return x;
}
000000000ooooooooOoOono sSsAOdOd
gbobobooboooooo
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goodo P =
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goooog H

|
0oooooo0 B o=

f(@){var y; Bo; L1(H1) : B1;...; Ln(Hy,) : Bn}

{D1,...,Dn}
L

1

z:=1B
z:=y; B
r:=y—2z;B
z:=f(y); B
goto L
return

if z <y then L; else Lo

raise

01 0000000000

Fig.1 Abstract syntax of source language.
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(P, f,H,(x :=14;B),o,r, F,E)

(P, f,H,(x :=y;B),o,r,F,E)

(P, f,H,(x :==y— 2;B),o,r,F,E)
(P f, L, (z:=gy); B),o,r,F,E)

(P, f, L, (x:= g(y); B),o,r, F, E)

<P7 f? H7 gOto L7 U? T’ F? E>

Ll

<P7 f? H7return ‘/E7 J’r7 (g’ H’7B?UI7TI’F7 E)7E/> -

<P7 f? H7 return :D, a-’ T7 ()7 E>

(P, f,H,if © <y then Ly else Lo,o,7, F, F)

l

l

(P, f,H,if x <y then L; else Ly,0,r, F, E) —

(P, f,L,raise,o,r, F, E)
<P7 f7 L’ raise7 0—7 T’, F7 (g’ L’ 0—,7 7‘/7 Fl’ E))

<P7 f7 J‘? raise? 0—7 r? F7 ()>

—

= 0

‘ (f7L7B7U7r7F7E)

= 0

‘ (f7L7U7T7F7E)

P, f,H,B,olx:=i],r F,E)

P, f,H,B,olx:=0o(y)],r, F, E)

P, f,H,B,o[r:=0(y) —o(z)],r, F, E)
P,g,1,Bo,[z:=0(y),T :=0],
z,(f,L,B,o,r, F,E), E)

(
(
(
(

if g(z){var 7; Bo;. .

<Pvg7J—»BO7 [E = 0(?)75 = O]7
z,(f,L,B,o,7, F,E),(f,L,o,r,F,E))

if g(z){var 7; Bo; ..

<P7f7H/7B7o-’T7F7E>

if f(@){...;L(H'): B;..

<Pvg7H/»B70—I[T = U(Z)],T’,F, E>
(P,halt o(x))
<P7f7H17B17UaT7F7E>

if o(z) <o(y) and f(Z){...; L1(H1) : By;..

<P7f7H27B27UaT7F7E>

if o(z) > o(y) and f(Z){...;L2(Hz) : Ba;..

<P7f7H7B’o-7T7F7E>

if f@){...;L(H):B;..

<P7g7 H7 B7 UI’TJ7F/7E>

ifg@{..;L(H):B;...

(P, abort)

Jeprp

Jerp

Jeprp

JEP

JEP

JEP

02 000000000000

Fig.2 Operational semantics of source language.
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wf ({F(- {3

wf ({f}, f(T){var ¥; Bo; L(H) : B})

wf (L), 1)

wf({L}, 1)

wf({z}v {E}v {z}v (1’ =1 B))

wf({f}, {z}{L}, (z == y; B))

wf ({7}, (3 (D) e =y — 2 B)

wf (7}, (21, T}, (o 2= £3): B))

wf({f},{z},{L} goto L)

wf({[} {z},{L},return x)

wf({[} {z},{L},if © <y then L] else Lj)
wf({f}, {z}, {L}, raise)

Algignwf({?}, fi ) PHA 7 distinct

/\OSiSnwf({?}, {Ev @}v {Z}a Bl) A f € {?} A
M<j<nwf({L}, Hj) AT distinct AT, 7 distinct

Le{l}

true

z € {Z} ANwf({F}, {z}{L}, B)

{z, 9} € {z} Awf({f}, {Z}, {L}. B)

{z,y,2} C {Z} Awf({F}, {z}, {L}, B)
fe{fy Mz, g} € Z A uf ({7} {23 (L}, B)
Le{L}

z € {z}

{z,y} € {z} A {L], L5} € {L}

true

03 O0oooooono

Fig.3 Well-formed programs.

wf(<P7 f7 H7 B? 0—7 r’ F7 E>)

F)ANuwf(P,E)
wf ((P,halt 1)) P)
wf (( P, abort)) P)
wf(P7 e O) = true
wf(P,r,(f,H,B,o,7",F,E)) = f(@){var ¥; Bo; L1(H1) : B1;...; L,(H,) : B,} € P A

wf(P) A f(ZT){var §; Bo; L1(H1) : B1;...; Ln(Hn) : B} € PA
wf({L}, H) A wf (dom(P),{, 7}, {L}, B) A dom (o) = {Z, 7} A
( 7
wf (
wf (

wf({L}, H) A wf(dom(P),{z,5},{L}, B) Ar € dom(o) = {Z,7} A

true

wf (P, () =
wf (P, (f,L,o,r, F, E)) =

wf (P,r', F) A wf (P, E)

f(@){var y; Bo; L1(H1) : B1;...;
L€ {L} Adom(o) = {Z,y} A wf(P,r, F) A wf(P, E)

Ln(H,): By} € PA

04 O00O0O0OOOO
Fig.4 Well-formed execution states.
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OooooooooooooOoOo0O0D00well-
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0000000000 POOOOOOOOOOOO
030000000 POOOO wf(P)00D0ODO
00000000 DOOOO wf({f},D)DOODO
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ODo0O{f}jo{L}0{z} 0000000000 DOO
O0000000000000000DOHOBODO
D000000000000000

00000400000000000000000
00000000000000000000 4000
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()

sdn}

oooog p o= {d,...
gooo d f@)=e
0 e =

letz=1%1ine
| letx=yine

| letx=y—=zine
@

| =(y)

|

| if z <y then e; else e2
| let z = Ay.e; in es

|

let = Ay.e; and z = A_.ez in e3

05 0O000000O0D0OD
Fig.5 Abstract syntax of target language.
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e JO0O0DOIOUUODOODDOOUUODDODO
Do0oo0oooooooooo z()
O0000ooooooogo20000 z,2000
0000000 let x=Ay.e1 and z = A_.ez in e3
000000000 let ¢ = Ay.e; in let z =
Aexines 0000 200 ec OODOOOOODOO
O000o0o0oo00ooooooooooo 2000
0000000000000000gooooooog

00o0O0O000O00O00en
00000000000000 600000000
00 s=(pe,p)000000000000p000
0000000000e00000000000p0
00000000000000000 v00000
000000 v00004000000 z0000
0000 ds(z,e,p) 000000000000000
cs(Le,p) 00000000000000O000O0
00000000000000000000000
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00(l)l0o0oooooooo0 1o0o0ooooo
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0000000 soooooooooog sooo
0s=7(S)000000000000008OOO
0 7(Pkr,F)00000000O0O0OD FOOODOO
T(Ph,E)0O0DO00ODOOOOO FOOOOODOO
O00OkRelt O ebort 0O0DOOOO0OOOOOOO

Y 0000000000 500000000000000000
0000 k0000000 RhOOODOOODOOODOOOOO
let k = Ar.e;j inlet h = A_.eg ineg JOOOOA DD
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(p,let x =1 in e, p) —  (p, e, plx:=1])
(p,let x =y in e, p) - (p,e,plz = p(y)])
(p,let x =y —z in e, p) = (p,e plz = p(y) — p(2)])
(b, £(@), ) ~ (e F=p@) it ((7) =) € p
(p,2(y), p) = (peplz=p(y)l) if p(x) = cls(z,e,p')
(p,2(), p) - (pe,p') if p(z) = cls(,e,p')
(p,if z <y then e; else ey, p) —  (p,e1,p) if p(z) < p(y)
(p,if © <y then e; else ea, p) —  (p,ez2,p) if p(z) > p(y)
(p,let © = Ay.e1 in eq, p) —  (p, ez, plz := cls(y,e1,p)])
(p,let x = Ay.e1 and z = A_.e2 in ez, p) — (p,es,plr = cls(y, e, p), z := cls(., ez, p)])
06 O0OO0OOOODOODOODO
Fig.6 Operational semantics of target language.
T{D1,...,Dn}) = T(D1)U...UT(Dy)
T(f(7){var 5 Bo; L(H1) : Bis. . La(Ha): Ba}) = {f(k,h7) =
let y1 =0 in
let ¥m =0 in
T(f,k,h, (z,7), L, Bo),
f-Li(k,h,T,9) = T(f,k, h,(T,79), H1, B1),
f-Ln(k, b, %, 79) =T(f,k, h, (Z,7), Hn, Bn)}
k, h fresh
T(f,k,h,V,H, (x :=1;B)) let x =4 in 7 (f,k,h,V, H, B)
T(f,k,h,V,H,(x :=y; B)) = letx=yin 7(f,k,h,V,H,B)
T(f,k,h,V,H,(z:=y — z; B)) = letx=y—zin7(f,k,h,V,H,B)
T(f,k,n,V, L, (z:=g(y);B)) let k' = Xz.7(f,k,h,V,L,B) in
g(k', h,7y) k' fresh
T(f k,h,(Z),L,(z:=g(y); B)) = let k' =Xz.T(f,k,h,V,L1 B)
and W' = A_. f.L(k,h,Z) in
g(k' h',7) k', h' fresh
T(f,k,h,(Z),H,goto L) f.-L(k,h,Z)
T(f,k,h,V,H, return x) = k()
T(f k,h,(Z),H,if x <y then L, else Lj) if x <y then f.Li(k,h,Z) else f.La(k, h,Z)
T(f k,h,V, L raise) = h()
T(f k,h,(Z), L,raise) f.L(k,h,Z)

07 00000000

Fig.7 Translation of programs.

000000000000000000000000
000000000000000000000
002 SO00000S—S8 00007(S) -
T(5")0
00 00000 O

0 3 main(z){var y;B;...} e PODO POODO
00008 = (Pmain, 1, B, [T :=4;7 := 0],7,(), ()
ooooooooooo1bo0o0 10000000
ooo
e 5 7

(Phalt i) A 00O T(S) —*
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T(<P7 f? H? B7 U? T7 F7 E>)

T((P,halt i) =

T ((P, abort)) = (P, abort(),0)

T(Pk,r () = [k:

(T(P), T(f,k h,(z,9),H,B),0c T (P k,r, F)d T(P,h, E))

(P, halt(r), [r :=1])

cls(r, halt(r), )]

T(P7 k7 r’ (f7 H7 B’ 07 TI’F7 E)) [k = CZS(T’ T(f7 k/7h’ (f’y)7H7 B)7JLﬂT(P7 k/’r/7F) LﬂT(P7 h’ E))]
if f(Z){var y;...} € P and k', h fresh

T(Ph () — (b= cis(_, abort(), )]

T(P,h,(f,L,o,r, F,E)) = [h:=cls(s, f.L(kK,Z,Y),0 T (P k,7, F) W T (P}, E))]

if f(Z){var 7;...} € P and k, h fresh
r fresh

if f(ZT){var J;...} € P and k, b’ fresh

08 OOOOOOOd
Fig.8 Translation of execution states.

(P, halt(r), [r :==1]) #

e S —* (P abort)
(P, abort(), 0) /
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S = (P, f,H,(zx := 4B),o,n,F,E) — (P,f,H,B,olzx := i,n,F;E) = & 000 S O000000O00OO
f@{var7;...} e POODODOOOOO
7(S5)

=(T(P), T(f,k,h,(z,9),H,(x:=14B)),cWT(P,k,r,F)WT(Ph,E))
= (T(P),let =14 in 7 (f,k,h,(z,y),H,B),c WT (P, k,r, F)WT(P,h, E))
— (T(P), T(f,k,h,(z,y),H,B),clx:=i|WT(Pk,r,F)dT(Ph,E))
=17(5)
S = (P, f,H,(z := y;B),o,7,F,E) — (P,f,H,B,o[lz := o(y),r, ,E) = S 000 S O0000000OOO
f@){vary;...} ePOODOOOOOOO
7(5)
={(T(P), T(f,k,h,(z,9),H,(x:=y;B)),cwT(Pk,r, F)WT (P h,E))
= (T(P),let x =y in 7(f,k,h,(z,y),H,B),c WT (P, k,r, F) YT (P,h, E))
— (T(P), T(f,k,h,(z,y),H,B),clx:=0(y)|WT(P,k,r,F') ¥ T(P,h, E))
=17(5")
S=(P f,H(x:=y—2;B),0,r,F,E) — (P, f,H,B,olz :=0(y) —o(z)],r, ,E) =5 000 SOO0O0O0O0O0OOO
f@){vary;...} e POODOOOOODOO
T(5)
=(T(P), T(f,k,h,(Z,y),H,(x:=y—2;B)),0 WT(P,k,r,F)WT(P,h,E))
= (T(P),let =y —zin 7(f,k,h,(Z,y),H,B),c WT (P, k,r,F) W T (P, h,E))
— (T (P), T(f,k,h,(Z,y),H,B),o[z:=0(y) —o(2)]WT(Pk,r, )T (P,h,E))
=17(5")
S = (P f,L,(z := g(y); B),o,r,F,E) — (P,g,1,Bo,[z = o(y),z := 0],z,(f,L1,B,o,r,F,E),E) = 5 00O
g(Z){var 7; Bo;...} e PO00O0 SOOO00O0O0O0OOf(@){vary’;...} ePOOOOOOOOO
7(5)
= (T(P),T(f,k,h,@.¥), L, (x:=g(H); B),c WT(P,k,r, F) ¥ T(P, h, E))
= (T(P),let k' = z.T(f,k,h,(,7), L,B) in g(k', h,y),c WT (P, k,r, F) W T (P, h, E))
— (T(P),g(K', n, ),
oW T(Pk,r, FYWT(P,h,E)W
[k = cls(z, T(f, k,h,(T,7),L,B),c T (Pk,r, F)WT(Ph,E))]
— (T(P),let 1 =0 in ... let =y, =0 in 7 (g,k",h’,(Z,2), L, Bo),
(k" := cls(z, T (f, k,h, (Z,7), L, B),c T (Pk,r,F)wT(P,h, E)),
W :=T(P,h,E)(h),Z = o(7)])
—*{T(P),T(g,k", W, (z,7), L, Bo),
(k" := cls(z, T (f, k,h,(T,7'),L,B),c WT(Pk,r,F)WT(Ph,E)),
b =T (P,h,E)h),z:=0c(¥),7T :=0])
= (T(P),T(g,k", 1, (%,7), L, Bo),
(k" := cls(z, T (f, k,h, (@,7), L, B),c WT (P k,r,F)wT(Ph,E))]w
T(P,h,E)y[z:=0o(y),T :=0])
= (T(P),T(g9,k",I,(%,7), L, Bo),
[z:=0(y),z:=0]W
(k" := cls(z, T (f, k,h, (T ,7), L, B),c T (P k,r,F)wT(Ph,E))]w
T(P,W,E))
= (T(P),T(g9,k" 1, (%), L, Bo),
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[Z:=0(),z:=01wT(Pk", x (f,L,B,or FE)WT(Ph,E))
= 7(8")
S =(PfL,(z :=g{y);B),o,r,FE) = (P,g,L,Bo, [z := 0(y),z := 0,2, (f, L, B,o,n, F, E), (f, L,0,7, F, E)) =
S' 00 gZ){var 7;Bo;...} e PO0ODO SOO00000DOOf(@){vary’;...} ePO0O0O0OOOOO0O
7(5)
= (T(P),T(f, k,h,(@,¥),L,(z:=9g(¥); B)),c WT(P,k,r,F)wT(Ph,E))
= (T(P),let k' = z.T(f,k,h,(@,¥'), L, B) and b’ = A_. f.L(k,h,Z’,7') in g(K', 1, 7),
oW T(Pk,r, F)WT(P,h, E))
— (T(P),g(K', 1", 7),
oW T(Pk,r,FYWT(P,h,E)W
[k = cls(z, T(f, k,h,(@,7), L, B),c T (Pk,r,F)wT(
[n = cls(., f.L(k,h,T",y), 0 WT (P, k,r, F) W T (P, h, E))])
— (T(P),let z1 =0 in ... let z, = 0 in T (g, k", h",(z,7), L, Bo
(k" = cls(z,T(f, k,h,(@,¥), L,B),c 0 T(P,k,r,F) wT(P, ,E
' = cls(-, f.L(k,h, 7, Y), 0 WT (P k,r, F)WT(P,h,E)),z:=0
—*{T(P),T(g,k",h",(z,7), L, Bo),
(k" := cls(z, T (f, k,h, (T,7'),L,B),c WT(Pk,r,F)wT(Ph,E)),
n' = cls(., f.L(k,h, 7, ¥),c W T (P, k, 7, FYWT (P, h,E)),z := o(y),7 := 0])
(T(P), T (g, K", 1", 5,7), L, Bo),
7= o), 7= 0]u
(k" = cls(z, T (f, k,h,(Z,¥'), L,B),c 0 T(Pk,r,F)wT(P,h,E))|w
[ = cls(_, f.L(k,h, T ,y"),c WT (P, k,7, F)wT(P,h, E))
(T(P), T (g, K", 1", (5,7), L, Bo),
Z:=0(®),z:=0wT(Pk" 2 (f,L,B,or F,E)WT(PR (fL,orFE)))

P, h, E))] W

= 7(5)
S = (P, f,H,goto L,o,7,F,E) — (P,f,H,B,o,r, FE) =5 00 f(z){...;L(H'):B;...} e POOO SOO0O
0000 f(x){vary;...;L(H'):B;...} e POOOOODODOO dom(o‘):{x,y} oooooo

T(5)
= (T(P), T(f,k,h,(z,y),H,goto L),c WT (P, k,r, )W T(P,h,E))
= (T(P),f.L (khm@) ErJT(P,k,r,F)LtIT(P,h,E))
—(T(P),T(f,k' W, (z,9),H', B), [k := T(Pk,r,F)(k),h/ := T(P,h, E)(h),T := 0(%),7 := o(7)])

= {(T(P), T(f, kK K, (z,79),H B) oW T (PK ,r,F)WT(P,h E))

=17(5")

S = (P, f,H,return z,0,7,(9,H',B,0o’,7",F,E),E'Y — (P,g,H,B,0o'[r :== o(z)],7,F,E)y =5 000 SO0O
000000 f@){vary;...} ePODODOO g@){vary’;...} ePODODOOODOOODO
7(5)
=(T(P),
=(T(P),
=(7(P)
— (T (P),
=T7(5)
S = (P, f,H,return z,0,7,(),E) — (P,halt o(z)) =S’ 000 SO0O000O0OOO f(z){vary;...} e POOD
goooog
7(5)
=(T(P), T(f,k,h,(z,y),H,return z),c W T (P, k,r,()) W T (P, h, E))
= (T(P),k(z),c WT (P, k,r,()WwT(P,h,E))

S

(f,k,h,(%,7), H ,return x),0c WT (P, k,7, (9, H',B,o’, v, F,E)) W T (P, h, E"))

(x),0 W T (P k,7 (g,H B,o' 7', F,E))wT(Ph,E"))

(x),0W [k :=cls(r, T (g, k', b, (& ,7),H ,B),0’ WT(Pk ,v',F)wT (P, ,E))wT(Ph,E))
(9,k', 1, (@, y),H,B),o’ wT(P,K',v',\FYwT(P,h,E)d[r:=c(z)])

I

)

»\‘1
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= (T(P),k(z),0 W [k := cls(r, halt(r),0)] W T (P, h, E))
— (T (P), halt(r), [r :== o(x)])
=7(S")

S = (P,f,H,if * < y then Ly else Lo,o,7,F,E) — (P, f,H1,B1,0,r,F,E) =S 000 o(z) < o(y) OO
f@{...;L1(Hh) : By;...} e POO0 SOO000000f@{var 3;...;L1(H1) : By;...} € POODOOODOOO
dom(o)={z,y} 000000

T(S)
T(P), T(f,k,h,(x,y),H,if © <y then Lq else L2),0 W T (P,k,r,F)WT(P,h,E))
T(P),if # <y then f.Li(k,h,Z,y) else f.La(k,h,Z,y),0 W T(P,k,r,F) W T (P, h,E))
T(P), f.Li(k,h,Z,y),c WT (P, k,7, F) Wy T (P, h, E))
T(P), T(f K, K, (z,9),H1,B1), [k :=T(Pk,r,F)(k),h :=T(P,h,E),T :=0(Z),y := o(y)])
= (T (P), T(f, k' },(z,9),H1,B1),0 T (P, K ,r,F)wT(P,h E))
=17(5")

S = (P,f,H,if * < y then Ly else Lo,o,7,F,E) — (P, f,H2,Bo,o,r,F,E) =S 000 o(z) > o(y) OO
F@){...;La(Ha) : By;...} e POOO SOO0D000D0f(@){var 3;...;La(Ha) : Ba;...} € POODOOODOODO
dom(o) ={z,y} 000000

T(S)
(P),T(f,k,h,(Z,9),H,if © <y then Lq else L2),c W T (P, k,r,F)WT(P,h,E))
T(P),if # <y then f.Li(k,h,Z,y) else f.La(k,h,Z,y),0 T (P, k,r, F) W T (P, h,E))
T(P), f.L2(k,h,Z,y),c WT (P, k,7, F) W T (P, h, E))
T(P), T(f K, K, (z,79),He, B2), [k := T(P,k,r,F)(k),h :=T(P,h,E),T := 0(Z),y := o(7)])
(T(P), T(f,K K, (z,y),H2,B2),0 0T (Pk',r,F)wT(Ph, E))
=T7(S")
S = (P, f,L,raise,o,r, F,E) — (P, f,H,B,o,r, F,E) = ' 00 f(@{...;L(H):B;..} e POO00 SO00000
0000 f@){varg;...;L(H): B;..} e POOOOODOOO
T(S)
=(T(P), T(f,k,h,(%,Y),L,raise),c WT (P, k,7, F)WT (P, h, E))
= (T(P), f.L(k,h,Z,y), 0 WT (P, k,r,F)WT(P,h, E))
(TP, T KW, (5,9), H, B), ¥ = T(P,kyr, F)(), i = T(P, b, E)(h), T = 0(2), 7 i= o(@))
= (T (P), T(f, k' },(z,9),H,B),c wT(Pk',r,F)wT (P}, E))
=T7(5")

S = (P, f, L,raise,o,r, F,(g,L, 0,7, F',E))y — (P,g,H,B,o’,v',F/'E) =8 00 g@){...;L(H) : B;...} ¢ P

000 S000000000f@){vary;...} eP 0000 g ){var7;...;L(H):B;..} € POODDOOOOO
T(S)

(T(P)
(T(P)
(T(P)
(T(P),

Ll

)

(T
(
(
(

Ll

)

= (T(P), T(f,k,h,(z,7), L, raise),c WT (P, k,7, F)WT(P,h,(g,L,0’ v, F', E)))
= (T (P),h(),c 0T (Pk,r, F)WT (P h,(g,L,o' v F E)))
= (T(P),h(),c 0T (Pk,r,F)W [h:=cls(.,g9.L(k,h,T',¥), 0’ WT (P, k,rv', F'YWT(P,kh', E))])
— (T(P),g.L(k,h, 7, %), 0’ WwT(P,k,v',F)wT(P,}K,E))
— (T(P), T(g,k',n',(®,¥),H,B), [k :=T(P,k,v,F')(k),h :==T(P,h,E)(h), 7" :=0(@),y :=0a@)])
= (T(P),T(g,k',n", (@, %), H,B),c 0T (P,k',v',F")wT (P, E))
=7(5")

S = (P, f,L,raise,o,, F,()) — (P,abort) = S’ 000 SO00000O0O0Of(z){vary;...} e POOOOODO
ood
7(5)
=(T(P), T(f,k,h,(Z,9), L, raise),c WT (P k,7, F)WT(P,h,()))
=(T(P),h(),c WT(P,k,r, F)WT (P, h,())
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= (T(P),h(),c WT (P k,r,F)W[h:= cls(-, abort(),D)])

— (T(P), abort(), D)
=T7(5")
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