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Approximation Algorithms for
Maximum Distance-Bounded Subgraph Problems
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Abstract: A d-clique in a graph G = (V, E) is a subset S C V of vertices such that for pairs of vertices
u,v € S, the distance between u and v is at most d in G. A d-club in a graph G = (V, E) is a subset S C V
of vertices that induces a subgraph of G of diameter at most d. Given a graph G with n vertices, the goal
of Max d-CLIQUE (MAX d-CLUB, resp.) is to find a d-clique (d-club, resp.) of maximum cardinality in G.
MaX 1-CLIQUE and MAX 1-CLUB cannot be efficiently approximated within a factor of n!=¢ for any & > 0
unless P = NP since they are identical to MAX CLIQUE [5], [10]. Also, it is known [2] that it is A"P-hard to
approximate MaX d-CLUB to within a factor of n'/27¢ for any fixed d > 2 and for any & > 0. As for approx-
imability of MAX d-CLUB, there exists a polynomial-time algorithm which achieves an optimal approximation
ratio of O(n'/?) for any even d > 2 [2]. For any odd d > 3, however, there still remains a gap between
the O(nZ/S)—apprOXimabﬂity and the Q(nlm*a)—inapproximabﬂity for MAX d-CLUB [2]. In this paper, we
first strengthen the approximability result for MAX d-CLUB; we design a polynomial-time algorithm which
achieves an optimal approximation ratio of O(n'/?) for MaX d-CLUB for any odd d > 3. Then, by using the
similar ideas, we show the O(n'/?)-approximation algorithm for MAX d-CLIQUE for any d > 2. This is the
best possible in polynomial time unless P = NP, as we can prove the Q(nl/ 2=¢)_inapproximability.
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FERZ 22U, HY P OEMORKRXEE A, TRT.

S* % HIP CTHRZODREME GG 277 7L$5. M
T, S* FOREMOMBIZOWT EREEZ2S. &
U, S* WEREHAUMPEATOHARWVWRSIE, ZTOMEBIE
T+ A+ (A —1)2=(Ap)2 = Ay +2THMZASGND. 20D
i, HDREHANLEX 2D THET S D BIHMDOMH
BERLTWD. ROGEL LT, S* PHEMR w2 HAT
WA LIRET . By & Ni(w) 2@ g5 BIEEOES
5. ByOKEX|B|IEA, U FTHB. TLT, No(w)
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FDE % (Ap)? O RIEFMD By OTEAICEEEL TV
ZDZ LXK, By % No(w) HDZTD &L DS BETHKDES &
T2L, |By < (Ap)?2BHOLL TR EFWASND.
Ni(w) DFIZIEN L DDO HTERPNFET 20 E LT,
TS No(w) HORTHAFIZBEEL TS 05 LA,
Ni(w) 128 £ D HTERUICEER U TV No(w) O RTHR
&, IRNT B IZEENEILERT. % Ny(w) IZEE
NDHEM, y % No(w) IZEEN, 2D o ITBEET 5 RIH
ME93. HHTldistg(w,z) <d—12L LT3,
BERLIE, AHAEOHEMIMERZNSTHDS. T5T5
CBHELTWT, O HhTahb y KESEX dbl
TOEIZEEND BIEAMFEET S, ZOHEME 2 TR
ZD DWW, disty(w,z) <d & disty(z,y) <d—1
MBEIL L TWD DT, 3 (w,2) & (2,y) B HLIZEEH
%. 2 E Ny (w) KB DRIEFTHDDT, yld By DHE
RTHDLEFERD. DF Y, By ICHEENDHMID,
Ni(w) IZ&EENDHEMEBEREL Na(w) ’Ai#’béﬁ%ﬁ
MEUTHEIT D Z LiER v, LEDEMmICEY, S*
D BRI ORI E % max{(Ap)? — Ay + 2, \Bl\ + |Bg\} =
max{(Ap)? — Ap +2,(Ap)2 + Ay} LR TH D Z &30 »
5. Ay >1THY, (Ap)2+ Ay DAN (A2 — Ay +2
FVERIVDT, (A2 + Ay ZRIEZD ERLEEZEZD
ZENTES.
dIZHF 2 FindStar2 DI THIDET T 7%, A,
Al ED BIHM % AT . & > T FindStar2 O 1D
K& X FindStar2(HY) &, Ay LETHD. LT E
ROFHMMN D, REMDKE I Hcluby(HL2) & F 4
min{n, (Ay)2 + Ay} TH3. ZIZT H? AfRIE n+m THN
2RO, BIAROMELIE n HTHS DT, IO n Hi
RORZIIDERDO—D L RS, £oT, U A, > [n'/?]
THB456IE,
#cluby(HY,2) n n 1/2

_——— < — < <
FindStar2(H%) — A, — [n1/2] — "

ThY, KHIZ Ay < [n/?] -1 THhH 2R LI,
#cluby(H?,2) (Ap)? + Ay 1/2
< = <
FindStar2(H?) — Ay AoF1< [n —‘

ERDDZLINTED., WET & 8I1T& Y, #cluby(H?,2) >
#club(H,2d) = #club(G,d) WK 5. wBEIT,
FindStar2(H?) = ByFindStar2(G) TH 2 &L\ D FHE
IEED &
#club(G,d)
ByFindStar2(G) —
#18%. Z 2T ByFindStar2(G) 1%, AN7Z7 GIZxf
9 % ByFindStar2y DHIRDO K I I THD. O
F11 LOEHMIZIPTHTHDLEVIREDDL LT
A BT HD

d
#clubb(H ,2) - [nl/ﬂ
FindStar2(H) —
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f78>5T05. ULnULANS, BolfficEdENd () THMA
B EF (M) + Ay 1F, d PMEBOLEERAKIRTZ L
MTED. ZhIZEY, BEd I LU TE ByFindStar2y,
& [ 2]ET VT AATHDZENFRD.

4. MAaX d-CLIQUE D!

AHiTIE MaX d-CLIQUE DL EFR L FFIZDOWTHE
LNIMERERRD. 1220, TNENOIXHADT A T 7
I, EH 10 OFEHE [2] IZ& 2 TR I N MAX d-CLUB
BT BRI N RO & AR TH L D TEET L. &&fl
DOFERIE, 7))V TV AL ByFindStar2y O MaX d-CLIQUE
NG HEMEIIETZIEDTHS.

FE12 nHAT I 7 LREEINZER ITHLT,
ByFindStar2, (& MAX d-CLIQUE D% IH AR} H] fnl/ﬂ—;ﬁ
BTN T XLTHD. (FEHE)

EUTFIZOWTIRIRDFERPBE O ND.

13 FEDe>0INULT, P=NPTHRVRY,
MAX d-CLIQUE & n'/2= 50 C X 22\, (REHAME)

HEE  AWIZZIIRIEY 25330018 & 26330017 DRI % 5%
F37~-EDTH 5.
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