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1. Introduction

Let Kp, nons denote the complete tripartite graph with partite sets Vi, Va, V3 of ny, ng, ng vertices
each. The complete tripartite multi-graph AKp, n,ns is the complete tripartite graph Ky nyns I
which every edge is taken A times. The bowtie (or the 2-windmill) is a graph of 2 edge-disjoint trian-
gles with a common vertex and the common vertex is called the center of the bowtie. When AKp, n; s
is decomposed into edge-disjoint sum of bowties, it is called that MK, n, ns has a bowtie decomposi-
tion. Moreover, when every vertex of AKp, n, n, appears in the same number of bowties, it is called
that MK, npns has a balanced bowtie decomposition and this number is called the replication number.

2. Balanced bowtie decomposition of AKy, nyn,
Notation. We denote a bowtie passing through v —ve—v3—v1 —vg—vs—v1 by {(v1, v2, v3), (v1,v4,v5)}.

Lemma 1. If AK,, ,,, has a balanced bowtie decomposition, then sAKp nn has a balanced bowtie
decomposition.

Lemma 2. If AK,, »,, has a balanced bowtie decomposition, then AKp snsn has a balanced bowtie
decomposition.

Theorem 1. AKy, n,ns has a balanced bowtie decomposition if and only if Any = Ang = Ang =0
(mod 6), n; > 2.

Proof. (Necessity) Suppose that AKp, n,n; has a balanced bowtie decomposition. Let b be
the number of bowties and r be the replication number. Then b = A(njng + nins + ngng)/6 and
r = 5A(ning + ning + nang)/6(n1 + ng + n3). Among r bowties having vertex v in V;, ler r;; be
the number of bowties in which the centers are in Vj. Then r11 + 7112 + 113 = 121 + 99 + 1oz =
r31 + r3g + r33 = r. Counting the number of vertices adjacent to vertex v in Vi, 2ry; +rig2 + 713 =
Ang and 2rq; + r12 + 113 = Ang. Counting the number of vertices adjacent to vertex v in Vs,
ro1 + 2109 + 193 = Ang and 791 + 2r99 + 193 = Ang. Counting the number of vertices adjacent to vertex
v in Vi, ray +r3e + 2rs3 = Ang and 731 + r32 + 2r33 = Ang. Therefore, ny = ng = ng.

Put n; = ng = n3g = n. Then b = An?/2, r = 5 \n/6, r11 = 122 = 733 = An/6 and ri2 + 713 =
ro1 4793 = 131 + 732 = 2An/3. Thus M = 0 (mod 6). Since a bowtie is a subgraph of AKy, nn, n > 2.

(Sufficiency) Case 1. n = 0 (mod 6). Put n = 6s. When s = 1, let V1 = {L1,2,..,6},
Vo ={7,8,...,12}, V5 = {13,14, ..., 18}.

Construct a balanced bowtie decomposition of Kg g 6:

By ={(1,7,13),(1,8,14)}

By ={(2,7,14),(2,8,13)}

B3 ={(3,9,15),(3,10,16)}

By = {(4,9,16), (4,10,15)}



Bs = {(5,11,17), (5,12, 18)}
Bs = {(6,11,18),(6,12,17)}
By = {(7,15,5),(7,16,6)}
B8 - {(87 157 6)7 (87 167 5)}
By = {(9,17,1),(9,18,2)}
Byo = {(10,17,2),(10,18,1)}
By = {(11,13,3), (11, 14,4)}
Bz = {(12,13,4), (12,14, 3)}
Bz = {(13,5,9), (13,6,10)}
By = {(14,5,10), (14,6,9)}
Bis = {(15,1,11), (15,2,12)}
Big = {(16,1,12), (16,2,11)}
By = {(17,3,7),(17,4,8)}
Big = {(18,3,8),(18,4,7)}

Therefore, AK,, »» has a balanced bowtie decomposition.

Case 2. n =0 (mod 3) and A = 0 (mod 2). Put n = 3s. When s = 1, let ¥} = {1,2,3},
Vo ={4,5,6}, V3 ={7,8,9}.

Construct a balanced bowtie decomposition of 2K3 3 3:

By = {(134 7) ( 578)}
By ={(2,5,8),(2,6,9)}
B3 =1{(3,6,9),(3,4,7)}
By = {(47 873)a (47 9, 1)}
Bs = {(57971)7(57 772)}
BG - {(67772)>(6>873)}
B; ={(7,3,5),(7,1,6)}
Bsg = {(87 176)7(87274)}
Bg = {(9 274)7 (97 37 5)}

Therefore, AKy, . has a balanced bowtie decomposition.

Case 3. n =0 (mod 2) and A = 0 (mod 3). Put n =2s. When s = 1, let Vi = {1,2}, V5 = {3, 4},
V3 = {5,6}.

Construct a balanced bowtie decomposition of 3K 2 o:

By ={(1,3,5),(1,4,6)}

)
By ={(2,3,6),(2,4,5)}
Bs = {(3, 5 1),(3,6,2)}
= {( 5, )a(47671)}
B5 = {(5 1 3)7 (57274)}
(

Bs = {(6,1,4),(6,2,3)}.
Therefore, AK,, »,»n has a balanced bowtie decomposition.
Case 4. n>2 and A =0 (mod 6). Let Vi = {1,2,...,n}, Vo ={1,2,..,n'}, V3 ={1",2",...,n"}.
Construct a balanced bowtie decomposition of 6Ky,  pn:
BY = {(i,7, i+ —1)"), (0 (G + 1), i+ 5)")}
2
B§j>:{(z i g =1, G+ 1"+ )}

BE = {5, +§— 1)), (", j + 1, (i +))}-
Therefore, AK,, »,n has a balanced bowtie decomposition.
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