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Discretized into Floating Point Number by
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Abstract: Many papers discuss various methods to generate integer uniform random numbers on a com-
puter. On the other hand, there are a few method to generate floating point uniform random numbers (or
transform integer uniform random numbers to floating point ones). Under these circumstances, we divide
integer uniform random numbers by a constant number (e.g., rand () /232) in order to obtain floating point
uniform random numbers. However, this method can output only specific form floating point numbers and
can not generate most of representable floating point numbers. To avoid this problem, Moler proposed a
uniform random number generator that can generate all floating point numbers in [2753,1 - 2753], and
then Thoma expanded its range into (0, 1).

By experimental and theoretical inspection, however, we found that the method proposed by Thoma made
strange behavior according to floating point rounding mode. For example, generating probability of a specific
floating point number is 3 times as high/low as that of the neighbor one. Moreover, Moler did not mention a
method to change the random number generation range and Thoma did not guarantee that we can generate
all the floating point numbers in the new range.

Accordingly, this paper aims to propose a modified method without the strange behaviors appearing in
Thoma’s method, to expand the random number generation range into arbitrary one we desire, and to con-
struct a higher precision floating point uniform random numbers generator than normal IEEE754 numbers.
In order to achieve these aims, this paper will discuss what floating point uniform random number is, and
then propose one of such generator and prove its correctness, and lastly show its performance of the generator
by experiment.
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1. Introduction

1.1 Background

Whatever random numbers we want to use on a computer, uniform random number is basically required. So, uniform
random number is the most important random number on a computer. In fact, uniform random numbers have been used in
quite many situations, such as generating a random number that follows several distributions or calculating high dimension
numerical integration by Monte Carlo [24] method. The followings are examples of generating Gaussian random numbers
by using uniform random numbers. Box-Muller [4] method generates two independent Gaussian random numbers from two
independent uniform random numbers and Polar [2,14] method removes the trigonometric calculations in Box-Muller method.
Kabal [11] proposed piecewise linear approximation of the Gaussian distribution by using some triangular distributions. Zig-
gurat [21] method divides the probability density function of the Gaussian distribution into rectangles with all equal area
along the horizontal axis. On the other hand, Monty-Python [20] method divides the probability density function into several
pieces by using affine transformation and then embeds them into a rectangle whose area is 1. In addition to those meth-
ods, there are several methods, such as Acceptance-Rejection [17] method, Odd-Even [5] method, and Ratio-of-Uniform [13]
method.

Under these circumstances, many papers discuss various method to generate integer uniform random numbers on a com-
puter. Middle-Squared [32] method, Linear Congruential Generator [28], Xor-Shift [19], Mersenne Twister [23], and other
methods [3,29] are a few of such examples. On the other hand, there are few methods to generate floating point uniform
random numbers (or transform integer uniform random numbers to floating point format ones). When floating point uniform
random numbers are required, we have often divided integer uniform random number by a constant value (e.g., rand () /23?)
in order to obtain floating point uniform random numbers. However, this method can output only a very small fraction
of floating point numbers and can not generate most of representable floating point numbers. Box-Muller method is one
of examples where this property has bad influence. The method takes logarithm of a uniform random number u; and lets
a= \/m . Then the method generates another uniform random number*! uy and lets b = 27rus. At last, the method
outputs two independent Gaussian random numbers a sin (b) and a cos (b). Here, since log (u1) decides the absolute value of
a, the sparser uniform random numbers near 0 are, the smaller the absolute value of the output becomes. Therefore, we can
not reproduce each edge of the Gaussian distribution if uniform random number is sparse near 0.

To solve this problem, Moler [25,26] focused on a mantissa of floating point numbers and proposed a floating point uniform
random number generator that can output all the double precision floating point number in [2753, 1- 2753]. This method
generates a floating point uniform random number that is a integer multiples of 2722 first. Then, the algorithm generates an
additional uniform random integer and takes a bitwise-xor to the mantissa of floating point random number with the integer
random number. This means that the algorithm generates the exponent and mantissa of a floating point uniform random
number separately. In the concrete, the algorithm first prepares 32 initial random numbers(seed) that is all integer multiples
of 2753 20,21, ..., 231, and a borrow flag b. Then, the algorithm generates a floating point uniform random number by using

the following recurrence relation*2.

Zi = Zi420 — Zi+5 — b.

Here, each subscript, 7,7+ 20,4 + 5, is calculated on module 32. Besides, if the operation makes z; be negative, then add 1 to
z; and then set b = 2753, the half of the machine epsilon*3. Otherwise, set b = 0. In practical application, MATLAB version
5 has adopt the algorithm for its floating point uniform random number generator.

Subsequently, Thoma [31] proposed floating point uniform random number generator that could output all the floating
point numbers in (0,1). Thoma originally aimed to construct a Gaussian random number generator that could reproduce the
tail region of the distribution. In this research, Thoma required uniform random number generator specialized for floating
point numbers, which a Gaussian random number generator used.

Experimental and theoretical inspections, however, show that Thoma’s method contains strange behaviors in some floating
point rounding modes. For example, Thoma’s method can not output floating point numbers in the subnormal area (quite
close floating point numbers to 0) and the generation probability of a specific floating point number is 3 times as high or low
as that of its neighbors. Figure 14 in Section 5 shows the behaviors. Additionally, Thoma’s method does not guarantee that
all the floating point numbers can be generated when we apply the method to another ranges other than (0, 1). Worse, Moler
did not mention how to apply the method to another range except [2_53, 1-— 2_53].

1.2 Objective
Now, we have 2 problems. One is that Thoma’s method shows strange behaviors, and the other is that we can not apply

*1 »?another uniform random number” means a uniform random number that is independent of u;.

*2 This algorithm is based on idea by Marsaglia [18,22].
*3  That is, the half of the difference between 1 and the minimal floating point numbers that is greater than 1.
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both Moler’s method and Thoma’s method to another ranges other than its original range with guaranteeing that all the
floating point numbers can be generated. So, the aim of this paper is as follows.
(1) Modifying strange behaviors in Thoma’s method.
Remove the strange behaviors in Thoma’s method because probability is one of the most important point in random
number generation.
(2) Constructing a generator that can output all the values in arbitrary range.
Since Moler’s method and Thoma’s method are specialized for the given range, this paper will propose a generator that
can output all the floating point numbers in [a, b] for arbitrary floating point number a and b.
In order to achieve those aims, (1) this paper will define the concept of ideal uniformness and then construct a uniform
random number generator that satisfies the definition and show that the strange behaviors observed in Thoma’s method is
removed. After that, (2) this paper will propose a generator that can output all the floating point number in an arbitrary
range whose edge is a floating point number and will show its performance by experiment.
The organization of this paper is as follows.
Section 1 is the current section.
Section 2 explains IEEE754 floating point numbers as a background.
Section 3 explains Thoma’s method and its problem.
Section 4 defines floating point uniform random number generator and calculates its random number generation probabil-
ity.
Section 5 solves the problem explained in the Section 3.
Section 6 proposes a generator that can output all the floating point numbers in an arbitrary range whose both edge is a
floating point number.
Section 7 evaluates the proposed method by experiment.
Section 8 summarizes this paper and gives a future work.

1.3 Notation
After this section, the authors use the following notation if necessary.
e NneN)={keN|0<Kk<2" -1} CN.
N (n) denotes the set of n-bit unsigned integers.
e FeN>1.
F denotes the number of bits of exponent in floating point number.
e M eN>O.
M denotes the number of bits of mantissa in floating point number.
e FCR
F denotes the set of floating point numbers.
e valp: N(1) x N(E) x N(M) = F.
valp (s,e,m) denotes the value of a floating point number where
(Sign, Exponent, Mantissa) = (s, e, m).
o fl]F :R—F.
flr denotes a rounding function.
° URNGR : @ — UR.
URNGg denotes a Uniform Random Number Generator on R.
e Ur CR.
Ur denotes the set of random numbers that U RN Ggr can output.
e URNGEF : 0 — Uy.
URNGF denotes a Uniform Random Number Generator on F.
e Ur CF.
Ur denotes the set of random numbers that U RNGF can output.
e roundy : R — TF.
roundy (r € R) denotes a sound rounding function.
e Fr:F—{reR|0<r<1}
Pr (f € F) denotes the probability that U RNGF generates f € F. Of course, Py (f € F\ Ur) = 0.
¢ URNGupen: 0 > {ieN|0<i<2" —1}.
URNG,en denotes an n-bit uniform random integer generator.
e WeN.
W denotes the number of bits of unsigned integer on the computer.
e FURNG : R* x (R — F) — Us.
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FURNG (a, b, roundy) denotes a URN Gy where Ur = [a, b] and the rounding mode is rounds.
e —roundyr: R—TF.
—roundy denotes a flipped roundr horizontally. This means that

Round-to-Nearest roundy is Round-to-Nearest

Toward — oo roundy is Toward + oo
—roundp = Toward + oo roundy is Toward — oo
Toward 0 roundy is Toward 0
Toward =+ oo roundy is Toward =+ oo
Here,
roundr (r e R) = f € F < (—roundr) (—r € R)=—f €F
holds.

2. IEEET754 floating point number

This section aims to explain IEEE754 floating point numbers because the problems of Thoma’s method come from format
and rounding mode of floating point number.

2.1 Format
One floating point number consists of the bitfields shown in Figure 1.
e Sign is a 1-bit unsigned integer.
e Exponent is an E-bit unsigned integer.
e Mantissa is an M-bit unsigned integer.
The most used pair of (E, M) in IEEE754 is the followings.

(8,23) called single precision
(E,M)=1< (11,52) called double precision
(15,112) called quadruple precision

Table A-1 shows more detailed information.

2.2 Value
We define the value of a floating point number whose (sign, exponent, mantissa) is (s, e, m)**, valg (s,e,m), as follows™.
o (Case: e =0.
(—1)° x (0+m x27M) x 9l=(2"7"-1),
o Case: 1<e<2¥ -2
(—=1)° x (14+m x 27M) x 2¢=(2"7"=1),
e Case: e=2F -1, m=0.
(—1)® X oo.
e Case: e=28 —1, m#£0.
NaN(Not a Number).
The floating point numbers for each case are called subnormal number, normal number, infinity, NaN (See Table 1). Here-
after, floating point number, (F), denotes subnormal number, normal number, and infinity. In addition, we
distinguish —0 and +0.

Fig. 1 Bitfield of floating point number.
Sign Exponent Mantissa
so e [ - [em—1 | mo |- [ mm—1

Table 1 Classification of floating point numbers.

Class Exponent(e) Mantissa(m)
Subnormal numbers e=20 0<m<2M_1
Normal numbers 1<e<2F—-1[0<m<2M -1
Infinity e=2F—1 m=20
Not a Number(NaN) e=2F 1 1<m<2M —1

*4  Note: s €{0,1},0<eeN<2F —1,0<m<N<2M 1
*5  We have two types of 0, that is, +0 and —0.
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2.3 Rounding
There are several choices for rounding a real number to a floating point number. The following rounding modes are mainly
used as a rounding function fly : R — F.
e Rounding-to-Nearest
This function rounds a real number to the closest floating point numbers to the real number. In more detailed, we have
the following 3 rounding modes when there are 2 nearest floating point numbers™®.
— Ties to Even
rounds to the floating point number whose mantissa, m, is even.
— Away from +oo
rounds to the floating point number whose absolute value is less than the others.
— Away from 0
rounds to the floating point number whose absolute value is greater than the others.
e Directed-Rounding
This function rounds a real number to a floating point number located on the given side of the real number.
— Toward —oo
rounds to the largest floating point number that is not greater than the real number.
— Toward +oo
rounds to the smallest floating point number that is not less than the real number.
— Toward 0
rounds in the same way as Toward 4+o0o when the original real number is negative. Otherwise, round in the same way
as Toward —oo.
— Toward oo
rounds in the same way as Toward —oo when the original real number is negative. Otherwise, round in the same way
as +00.
Here, we define that a floating point number corresponding to real number 0 € R is +0 € F, and that if 0 < r € R then
r is closer to +0 € F than —0 € F, and that if 0 > r € R then r is closer to —0 € F than +0 € F. Additionally, we
sometimes regard oo € I as +2(2°7) € F in rounding operation.
2.4 Property
IEEE754 floating point number has the following property.

e Order B

If s,e,m,s’,e’,m’ € N satisfies

0<ss eN<1
0<ee eN<2¥ 2
0<m,m eN<2M_1

then

is satisfied.

N J

This property means that we can find the right/left adjacent floating point number valg (s’, e, m’) to valr (s, e, m) by finding
the right/left adjacent integer (—1)° x (¢’ x 2" +m/) to (=1)° x (e x 2 +m). The authors use this property in later
proofs.

3. Thoma’s method

This section aims to explain Thoma’s [31] floating point uniform random number generator and shows its problem.

3.1 Algorithm
Thoma’s algorithm is for a floating point uniform random number generator that aims to generate all the floating point

*6  That is, the real number is the center of two adjacent floating point numbers.
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numbers in (0,1). Thoma mentions that we need M + 1 < W to use the algorithm.
The main idea of Thoma’s method is to regard a uniform random real number u € R on (0,1) generated by URNGg
as an infinite precision floating point number. Now, let ui be a k-th bit after the binary point of u written in binary

notation(k = 1,2, ...), then we have

oo
u= Z Up X 27k,
k=1
Here, let ug be the first non-zero bit of u, that is, let ux be one of w1, uz, ... that satisfies

VkE < K, up =0
ug =1

Then, we can write u as the following infinite precision floating point number.

(o)
u= Z Up X 27k
k=1
oo
= Z U X 27k
k=K
o0
= Z UK +k X 27(K+k)
k=0

ZuK+k X 2k> X 27K
k=0

oo
U X 2_0 + ZUK_;,_k X 2_k> X 2_K
k=1

(o)
1+ ZUKJ,_k X Q_k) x 27K,

k=1

TN N N

The main idea by Thoma is to convert w into a floating point number on a computer by truncating the above infinite
summation.
3.1.1 Pseudocode
The pseudocode of Thoma’s algorithm is as follows.
00: Set a floating point number ¢ as the maximal value of random numbers.
c=1
10: Generate uniform random bits until the first non-zero bit is found.
do {
x=URNGw ()
c=cx2W
} while (z # 0)
20: Shift the first non-zero bit to the MSB by left-shift.
t=W
while (z <271 {
x=xx2 // Thisis equivalent to x = x << 1.
c=cx 3 // Divide ¢ by 2 to make ¢ x x be constant.
t=t—1
}
30: Add uniform random bits if necessary.
if(t<M+1){
r=x+ (URNGW () x 2_t)
}
40: Convert to a floating point number.
return (c X x)
3.1.2 Explanation for the pseudocode
The meaning of the pseudocode is as follows. Here, the authors explain only the line from 10 to 30 because the meaning
of the line 00 and 40 is obvious.
10: Generate uniform random bits until the first non-zero bit is found.
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This operation corresponds to finding ux roughly. In the concrete, the algorithm judges whether an integer = generated
by

w
T = ZUWx(nAHk x 2+t
k=1
contains ux or not in the n-th iteration.
20: Shift the first non-zero bit to the MSB by left-shift.
This operation corresponds to finding where ug is in z. In the pseudocode, ¢ denotes the number of the bits from wu left
in z. So t is decremented by 1 every 1-bit left-shift of z. At the end of the operation in this line, the lower (W — t) bits
of x is 0 as a result of left-shift.
30: Add uniform random bits if necessary.
If the number of the bits from w left in z is less than the precision of floating point number, (M + 1)*7, then the algorithm
generates an additional uniform random integer and put it on lower bit of x. Here, we can replace the operation in the
if statement with

x=x | URNGw_¢()

because x is integer.

3.2 Problem
Thoma’s algorithm has the following problems based on IEEE754 floating point number. In this section, let roundr be the
same as f l]F*8 from the perspective of fairness.
(A) The generation probability of 0 is higher than ideal probability P (0)*°
The algorithm does not output 0 mathematically because both ¢ and z is not 0. However, underflow of floating point

(ar+257)

number changes the situation. For example, if URNGw () generates 0 repeatedly [ | or more times at the line

10 in the pseudocode, then we have

M2E-1

< flg <2 (M+28- 1)

= fly (% x valy (0, 0, 1)>
=0  (If the rounding mode is not Toward + o).
- (M+42771) 5 .
So, ¢ can be 0 as a result of underflow. Here, the probability that URNGw () generates 0 repeatedly [~——=;—] times
or more is
V E—-1 E—1
9—Wx (7@”; )1 > 2—WxL(M+2 )—HJ

> g~ (M+25714w)

Therefore, the probability that the algorithm outputs 0 is at least 2~ (M+2°7'+W) O the other hand, the ideal proba-
bility, Py (0), is

—(M+2771-1) Case: Round-to-Nearest

7(M+2E_172)

Pr(0) =

Case: Toward — oo or Toward0

O NN

Case: Toward + oo or Toward & oo

So, the ratio between the random number generation probability of 0 by Thoma’s method is at least 2"V ~2

as the ideal probability Pr (0).
(B) Floating point numbers near 0 do not appear.

times as high

By the line 10 in the pseudocode, the algorithm guarantees 2W—1 < 2. Besides, since the minimal positive value of ¢
is greater than or equal to the minimal value of positive floating point number, valy (0,0,1) < ¢ holds. Therefore, the

*7
*8

741”7 in (M + 1) comes from economized form in IEEE754 floating point number.
If roundr is different from fl, a rounding function used on the computer differs from a rounding function used in the definition of
uniformity. Hence, it is not unnatural that the algorithm does not satisfies the definition of uniform.

*9  The definition of ideal is explained as ”uniform in narrow sense” in the Section 4.1.
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Table 2 Strange behaviors in Thoma’s method. (A): The generation probability of 0 is higher than ideal. (B): Floating point numbers
near 0 do not appear. (C): The random number generation probability is not uniform in some ranges.

Rounding mode (A) occurs? | (B) occurs? | (C) occurs?
Round-to-Nearest  (Ties to Even) Yes. Yes. Yes.
Round-to-Nearest ~ (Away from $00) Yes. Yes. No.
Round-to-Nearest ~ (Away from 0) Yes. Yes. No.

Directed-Rounding  (Toward —oo) Yes. Yes. No.
Directed-Rounding  (Toward +o00) No. Yes. No.
Directed-Rounding  (Toward 0) Yes. Yes. No.
Directed-Rounding  (Toward +o0) No. Yes. No.

minimal value of positive output by Thoma’s method, ¢ X z, is greater than or equal to 2" ! x valp (0,0, 1). This means

that the algorithm can not output a positive floating point number that is less than oW—1

times as large as the minimal
positive floating point number. This means that Thoma’s method does not satisfy its purpose that Thoma’s algorithm
can output all the floating point number in (0, 1).
(C) The random number generation probability is not uniform in some ranges.
Consider the case where the algorithm outputs a floating point uniform random number in <2_(W_M_1), 2_(W_M_2))
and the rounding mode is Round-to-Nearest(Ties to Even).
First, URNGw needs to generate a random integer in [ZM'H +2,2M+2 _ 2] in the first time at the line 10 in the pseu-
docode so that the algorithm outputs a floating point number in (2_(W_M_1), 2_(W_M_2)). Let X be this random

integer generated by URNGw . Since
(c,x,1) = (2M+2—2W, X x2WM=2 pry 2)

holds at the end of line 20 in the pseudocode, the algorithm skips the if statement at the line 30 in the pseudocode and
outputs

exx = flg (flg (c) x flg (2))
— flg (sz (QM“*QW) % flg (X x 2W*M*2))
= fle (15 (X) x 27
= flp (X)x 27V

at the line 40 in the pseudocode. Here, since oMAL 49 < X < oM+2 _ 2, the rounding function uses the least significant
bit of  when rounding = to a floating point number. Then, X is rounded to a floating point number whose mantissa is
even when the least significant bit of x is 1 and X is rounded to X when the bit is 0. Thus, the value of X such that the
mantissa of flg (X) is m is as follows.

e (Case: m is even.

oMHL 4 i x2 -1
X =< oM+l 4 x2
oM+l Ly w241

e Case: m is odd.
X =242

Since X (= URNGw ()) is uniform random integer, the probability that the mantissa of fly (X) is even is 3 times as
high as the probability that the mantissa is odd. Since a floating point number whose mantissa is even alternates with
a floating point number whose mantissa is odd, this means that the generation probability of a floating point number is
3 times as high or low as that of its adjacent floating point numbers. This is unnatural from the perspective of uniform
random number even if the algorithm satisfies the Formula 1 for the definition of uniformity in wide sense.
Table 2 shows which rounding mode causes each strange behavior. Figure 2 shows the probability by Thoma’s method
and the probability calculated by the Formula 1 where the rounding mode is Round-to-Nearest(Ties to Even) and
(E,M,W) = (4,3,5), and Figure 3 is enlarged view near 0. Table A-2 shows the ratio of the probability between Thoma’s
method and ideal as well. First, the Table 2 shows that all the rounding mode contains at least one problems. Next, we can
see the strange behavior (A) and (B) in the Figure 3. The Table A-2 shows that the random number generation probability
of 0 by Thoma’s method is 32 (> 2V =2 = 23 = 8) times as high as the ideal probability Pr (0). Last, the Figure 2 and Figure
?? shows the strange behavior (C).
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Fig. 2 Random number generation probability in [0, 1] by Thoma’s method where the rounding mode is Round-to-Nearest(Ties to Even)
and (E, M, W) = (4,3,5).

Round to Nearest(Ties to Even), (E, M, W) = (4, 3, 5)
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Fig. 3 Random number generation probability in [0, 2*4] by Thoma’s method where the rounding mode is Round-to-Nearest(Ties to
Even) and (E,M,W) = (4,3,5).
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4. Definition of floating point uniform random number generator

This section aims to define what a floating point number uniform random number generator is and to calculate random
number generation probability of such generator before implementing on a computer.

4.1 Definition of uniform random number generator
4.1.1 Sound rounding function

Let X be a subset of R. The authors define that a rounding function that rounds r € R to z € X, roundx : R — X, is said
to be sound if roundyx satisfies all the following conditions.

e Definition: Sound rounding function ~

Sound rounding function satisfies all the following conditions.
e Totality
For arbitrary real number r» € R, there exists a unique element = € R that satisfies

roundx (r) = x.

e Idempotence
For arbitrary z € X,

roundx () = x

holds.
e Monotonicity
For some real number p, g € R, if

roundyx (p) = roundx (q)
holds, then for arbitrary ¢ € [0,1] C R,

roundx (t x p+ (1 —t) X q) = roundx (p)

holds.

N J

4.1.2 Definition of uniformity

Floating point uniform random number generator, U RN Gy, is said to be uniform in wide sense if the following condition
is satisfied.

Definition: Uniform in wide sense

URNGF is said to be uniform random number generator in wide sense if there exists a sound rounding function
roundy : R — F that satisfies

Va € Up, Prl[URNGy () = 2] = Pr[roundyr (URNGRk () = 2] . (1)

This definition is based on the thought that when we implement a function on real number, fg, on a computer(floating point
number), the implemented function, fr, should satisfies the following condition.

[For arbitrary output of fr is the same as a rounded value of fg by a rounding function roundy. ]

Since we can say that URNGr is URN Gg implemented on a computer, we obtain

URNGF () = roundy (URNG]R ())

by substituting fr with URNGy and fg with URNGR in the above thought. Therefore, the probability that URNGp
generates x € Uy satisfies the Formula 1.

Here, we define uniform in narrow sense as the case where roundr in the definition of uniform in wide sense is one of
rounding modes introduced in the Section 2.3.
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( Definition: Uniform in narrow sense \

URNGTF is said to be uniform random number generator in narrow sense if
Va € Up, Pr{URNGy () = z] = Pr[roundr (URNGR ()) = z]

holds where roundr is one of Round-to-Nearest(Ties to Even/Away from +oo/Away from 0) or Directed-
Rounding(Toward —oo/Toward +o0o/Toward 0/Toward +00).

J

2

Hereafter, ”uniform” denotes ”uniform in narrow sense”.

4.2 Random number generation probability of uniform URN Gr
4.2.1 Idea for calculation
By letting Ug = [a, b]*1°*!!, we can transform the Formula 1 as follows.

Pr[URNGYy () = z] = Prroundr (URNGR ()) = z]

1
-/ dt
{tcUr|rounds(t)=x} b—a
sup{t € U | roundy (t) = x}  inf{t € Ur | rounds (t) = x}
b—a b—a '

Thus, we can calculate the random number generation probability of a uniform URNGy by finding the range of t € Ugr that
satisfies roundy (t) = x for each x € Uy. Hereafter, let Pr (z) denote Pr [URNGF () = z].
4.2.2 How to calculate the probability
Since x € U C |[a, b], we have the case where a < z < b and the case where z = a, b.
(1) Case:a<z<b.
We can calculate the value of Py () as follows when a < & < b. First, find the both side of adjacent floating point
numbers to x and let x; be the left one and x, be the right one. Since [z, 2] C Ugr, we can obtain the range of ¢ € Ug
that satisfies roundr (t) = « for each rounding modes and then calculate the value of Pr ().
(a) Case: roundy is Round-to-Nearest.
We have 3 cases according to roundy, that is, Ties to Even, Away from oo, and Away from 0.
(i) Case: roundy is Round-to-Nearest(Ties to Even).
The range of ¢ € Ug that satisfies roundy (t) = z is

2 2

Tite < p < 2422 (Cage: The mantissa of z is even.

tT ¢ < 2T (Cage: The mantissa of z is odd.
2 St 5

Therefore, we obtain

Ty — X

)

in all the cases.
(ii) Case: roundy is Round-to-Nearest(Away from +00).
The range of ¢ € Ur that satisfies roundr (t) = x is

zite <% Case: z < 0.

5 <
Lﬁgtg% Case: z = 0.
Z’Tﬂ<t§% Case: 0 < z.

Therefore, we obtain
Pr(z) = ———~

in all the cases.
(iii) Case: roundr is Round-to-Nearest(Away from 0).
The range of ¢t € Ur that satisfies roundy (t) = x is

*10° This paper just considers the case where a,b € F in order to simplify the problem.
*11 U can be 4 patterns, that is, Uz = [a, ] or [a,b) or (a,b] or (a,b). However, the value of the right side of the Formula 1 does not
change among these 4 cases. Therefore, we can consider only the case where Ur = [a, b].

2016 Information Processing Society of Japan 11
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Lﬁ<t§% Case: z < 0.
Lﬁ<t<% Case: = = 0.
Lﬁ§t<% Case: 0 < z.
Therefore, we obtain
Tr — X1
Pr(x)= ————
b () 2(b—a)
in all the cases.
From (i), (ii), (iii), we obtain
Ty — X
P = —
(@) =500

when roundy is Round-to-Nearest.
(b) Case: roundy is Directed-Rounding.

Vol.2016-HPC-153 No.35
2016/3/3

We have 4 cases according to roundy, that is, Toward —oo, Toward +oo, Toward 0, and Toward +oo.

(i) Case: roundy is Directed-Rounding(Toward —oo).
The range of ¢ € Ug that satisfies roundy (t) = z is

Therefore, we obtain
P (z) =

(ii) Case: roundy is Directed-Rounding(Toward +o00).
The range of t € Ur that satisfies roundy (t) = x is

Ty —T

b—a’

r <t<zx.
Therefore, we obtain
xr — Xy
Pr(x) =
¥ (2) = 5 —

(iii) Case: roundy is Directed-Rounding(Toward 0).
The range of ¢t € Ur that satisfies roundy (t) = x is

rn<t<czx
T <t<xp
xX S t < Ly
Therefore, we obtain
T—x
b—a
_ T,.—x
Pr(z) = %=t
T,.—x
b—a

(iv) Case: roundy is Directed-Rounding(Toward +o0).
The range of t € Ur that satisfies roundy (t) = x is

$§t<$r
t=x=0
<tz

Therefore, we obtain

P]F (1‘) = 0

(2) Case: z=a,b.

Next is the case where z = a and the case where = b. Here, if x = a then we have

2016 Information Processing Society of Japan

Case: © < 0.
Case: z = 0.
Case: 0 < z.

Case: z < 0.
Case: ¢ = 0.
Case: 0 < z.

Case: = < 0.
Case: z = 0.
Case: 0 < .

Case: = < 0.
Case: ¢ = 0.
Case: 0 < x.
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T <x=a=infUr
and if x = b then we have
supUpr =b=2x < zr.

Thus, we need to take the intersection of Ur and the range of ¢ € Ur that satisfies roundy (t) = x in the case where
a < x < b. The concrete way is as follows.
(a) Case: roundy is Round-to-Nearest.

{PJF(GJ) :23:(){::2)
Pr(b) =554

in each case where roundy is Round-to-Nearest(Ties to Even, Away from oo, Away from 0).
(b) Case: roundy is Directed-Rounding.

We have 4 cases according to roundp, that is, Toward —oo, Toward +oco0, Toward 0, and Toward f+oo. Hence, the
probability, Pr (a) and Pg (b) is as follows.

(i) Case: roundy is Directed-Rounding(Toward —o0).

{ Pela) =%

Pe(b) =0

(ii) Case: roundr is Directed-Rounding(Toward +00).

P]F ((l) =0
Pe(b) =4

(iii) Case: roundy is Directed-Rounding(Toward 0).

0 Case: a < 0.

Pe(a) = T=* Case: 0 < a.
b=z (Case: b< 0

Pr(b) = b—a o=
* (0) 0 Case: 0 < b.

(iv) Case: roundy is Directed-Rounding(Toward +00).

Tr.—a e
Pe(a) = 7= Case: a <0.
0 Case: a <0.

0 Case: b <0.

% Case: 0 < b.

Pr(b) =

4.2.3 Random number generation probability for [0, 2N}
Let (a,b) = (0,2N)7 that is, Ug = [0, ZN} for N € N that satisfies
1= (M+2"7 —1) <NeN< 2"

This section explains the random number generation probability by uniform URNGF in the 3 cases where roundr is Round-

to-Nearest, Directed-Rounding(Toward —o0), or Directed-Rounding(Toward 4o00)**2.

First, consider the case where
1= (M2 =) <N <1 (2570 1),

(1) Case: z =0 = valy (0,0,0)"*2.
The right adjacent floating point numbers to z = 0 is

zr = valr (0,0, 1)
- (0 +1x Q_M) x 21— (2771-1)

_ 21—(M+2E’]—1)

*12 Toward 0 is equivalent to Toward —oo and Toward oo is equivalent to Toward 400 because inf Ur = 0 > 0, that is, all the numbers
in Up = [O, oN ] is not negative. Therefore, we do not need to consider the case where roundr is Toward 0 or Toward +oo.
*13 2 =0 is the left edge of Ur = [0,2V].
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Therefore, the value of P (x) is as follows.

(2) Case: xz=2N*14,

Ty—T

2N+1

Ty—T
oN

0

Case: Round-to-Nearest
Case: Toward — oo
Case: Toward + oo

N+M+2F-1_1
(

Case: Round-to-Nearest

9-
9= (N+M+277"—2) Case: Toward — oo
0

Case: Toward + oo

Since 1 — (M—|—2E*1 — 1) <N<1- (2E71 — l), we have

0<z<?2

17(25*171)

- (1 40 x Q*M) x 91— (271 -1)

= valr (0, 1,0) .

Vol.2016-HPC-153 No.35
2016/3/3

This means that the interval of floating point numbers in [0, oN ] is valy (0,0, 1). Hence, the left adjacent floating point

number to x is

Ty =T — val]y (0, 0, 1)

—z— (0+ 1% 2‘M) x ot (2771-1)

21—(M+2E’1—1)

Therefore, the value of P (x) is as follows.

(3) Case: 0 <z <2V,

= x —_—

sv++ Case: Round-to-Nearest

0 Case: Toward — oo

Tt Case: Toward + oo

2” N+M+2871-1) Case: Round-to-Nearest
0 Case: Toward — oo
27(N+M+2E7172) Case: Toward + oo

By the same way as (2), we have the fact that the interval of floating point numbers in [O, ZN} is valy (0,0,1). Hence,

the left adjacent floating point number to x and the right adjacent one to x is

x; =2 —valp (0,0,1)

—z— (0+1x27M) x 217

— 217(M+2E’171)

zr =z + valp (0,0,1)

—a 21—(M+2E’1—1)

respectively. Therefore, the value of Pr () is as follows.

Next, consider the case where

Swsir  Case: Round-to-Nearest

Ztx®  Case: Toward — oo

vt Case: Toward + oo
91=(N+M+2°71 1) (66 Round-to-Nearest
21*(N+M+2E_1*1) Case: Toward — oo
ol=(N+M+2"71 1) (uge: Toward + 00

*14 2 = 2N is the right edge of Uz = [O,QN].
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2- (2" -1) <N <2
(1) Case: x =0 =wvaly (0,0,0)
We can consider in the same way as the case where
1= (M2 - ) <N <1 (2770 - 1).
(2) Case: z =2 =wals (0, N +277" —1,0).
The left adjacent floating point numbers to x is
2, = valg (0, N 2B~ 9 oM _ 1)
= (1+ (QM - 1) % 2*M) x oN-1
= (2-27M) x 2V

- (1 - 2*<M“>) % 2N,

Therefore, the value of P () is as follows.

v+t Case: Round-to-Nearest
Fr(r)=< 0 Case: Toward — oo

Tt Case: Toward + oo

2~ (M+2) " (Case: Round-to-Nearest
= 0 Case: Toward — oo
2~ M+ Cager Toward + 0o

(3) Case:  =wvalr (0,¢,0).
Since we have already calculated the value of Py (z) in the case where e = 0, N +2F~* — 1 in (1) and (2), we consider

only the case where 1 <e < N + 2B—-1 _ 9,
(3-1) Case: e=1.
In this case, we have

x = wvalr (0,1,0)
- (1 10 x 2—M) x 21— (2771 -1)

_ oM 2—(M+2E’1—2).

Hence, the left adjacent floating point number to x and the right adjacent one to z is
) = valy (0,0, oM _ 1)
= (04 (2" 1) x27M) x 2T
- (2M - 1) x g~ (M+2571=2)
zr = valy (0,1,1)
= (1+1x27M) X2t

- (QM n 1) x 9~ (M+2771-2)

Therefore, the value of Py () is as follows.

Zr=2%i  Case: Round-to-Nearest

2N+1
Pr(z) = e Case: Toward — oo
oF Case: Toward + oo

N+M+2571-2) Case: Round-to-Nearest

(
(N+M+2871-2) Case: Toward — oo
—(N4+M+25-1-2)

2
-
= 2=

2 Case: Toward + oo

(3-2) Case: 2<e< N+2F~1 2

15
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In this case, we have
x = wvalp (0, ¢e,0)
— e (27711
—gM+2 2@—(M+2E*1+1)_
Hence, the left adjacent floating point number to x and the right adjacent one to x is
x; = valp (O,e - 1,2M — l)
= (14 (2" 1) x27M) el
_ (2 _ 27M) % 2(871)7(2E7171)
_ (2M+2 _ 2) « 9e—(M+257141)
zr = valr (0,e,1)
= (1+1x27) X2

= (272 4 4) x (M),

S

Therefore, the value of Py () is as follows.

Zr=%t  Case: Round-to-Nearest

SONF1
Pr(r) =4 %55% Case: Toward — oo
e Case: Toward -+ oo

3 x 26_(N+M+2E71+1) Case: Round-to-Nearest
= 4 x 96— (N+M+257141) Case: Toward — oo
2 % 26_(N+M+2E71+1) Case: Toward + oo

(4) Case: x =wvalp (0,0, m).
Since we have already calculated the value of Py (z) in the case where m = 0 in (1), we consider only the case where
1<m<N+2M 1.
(4-1) Case: 1<m<2M -2

In this case, we have
x = valy (0,0, m)
= (m X 2_M> X 21_(2E71_1)

—m x 2~ (M+2571-2),

Hence, the left adjacent floating point number to x and the right adjacent one to x is
x; = valy (0,0,m — 1)
= ((m —1) x 2‘M) x 2= (277 -1)
= (m — 1) x 2~ (M+2771=2)
zr = valp (0,0,m + 1)
- ((m+ 1) x 2*M) x 2= (2771 =1)

ot 1) x - (05257 3)

Therefore, the value of Py () is as follows.

Srsir Case: Round-to-Nearest
Pr(r) =4 %5x* Case: Toward — oo
Zwt Case: Toward + oo

9= (N+M+2571=2)  (c6. Round-to-Nearest
={ o~ (N+M+2571=2) oo Toward — oo

2—(N+M+2E71_2) Case: Toward + oo

16
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(4-2) Case: m =2M — 1.
In this case, we have
x = valyp (0,072M - 1)
- (0+ (2M - 1) X 2_M) x 91— (2771 =1)

- (2M - 1) x g~ (M+2771=2)
Hence, the left adjacent floating point number to x and the right adjacent one to z is

2, = valy (0, 0,2M _ 2)
= (04 (2 =2) x27M) x 277
- (QM - 2) x g~ (M+2771=2)

@y = vals (0,1,0)
- (1 +0x 2—M) x 21— (277" -1)

_ (2M) % 2—(M+2E’1—2).

Therefore, the value of Py () is as follows.

Swsi-  Case: Round-to-Nearest
Pr(z) =4 %55%  Case: Toward — oo
e Case: Toward + oo

E—1
—(N+M42571-2) Case: Round-to-Nearest

2~ (
={ o= (N+M+2571-2) oo Toward — oo
9—(

E—1
—(N+M42571-2) Case: Toward + oo

Therefore, we obtain

Sxsir  Case: Round-to-Nearest
Pr(x) = #rx®  Case: Toward — oo
Znt Case: Toward + oo

—(N+M+2571-2) Case: Round-to-Nearest

2
={ o= (N+M+2771-2)  (ee. Toward — oo
2

—(N+M+2771—-2) Case: Toward + oo

in all the cases.
(5) Case: x = valr (0,e,m).
Since we have already calculated the value of Pp(x) in the case where e = 0 in (4), we consider only the case where
1 <e< N 2871 215 Additionally, since we have finished the case where m = 0 in (3), we consider only the case
where 1 <m < 2M 1.
(5-1) Case: 1<m <2M —2.
In this case, we have

x = valp (0,e,m)
= (1+mx27M) x2°

= (2 ) x24T )

~(@F1-1)

Hence, the left adjacent floating point number to x and the right adjacent one to z is

*15 If e = N +2F~1 _ 1, then we have m = 0 because z < sup Ur = 2V = valp (O,N +2B-1 1,0). This case is the same as (2).

17
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x; = valy (0,e,m — 1)
(1+(m—1) x2*M) % 2°
= (2 m 1) xaem (et
zr = valp (0,e,m + 1)
= (1+ (m+1) x 2_M) x 2¢7(

_ (2M +m+1) % 26—(M+2E—1_1).

~(eE)

2P-1-1)

Therefore, the value of Pr () is as follows.

Sxsir  Case: Round-to-Nearest
Pr(x) =4¢ “5x* Case: Toward — oo
“Zt Case: Toward + oo

9e—(N+M+2571-1)  (ge. Round-to-Nearest

= 26_(N+M+2E71_1) Case: Toward — oo

267(N+M+2E_171) Case: Toward + oo

(5-2) Case: m =2M — 1.
In this case, we have

T = valy (07 e, oM _ 1)
= (14 (27 = 1) x 27 e (BT
_ (2M+1 . 1) % 25—(M+2E*1—1).
Hence, the left adjacent floating point number to x and the right adjacent one to x is
= valp (0, e, oM _ 2)
= (14 (2" —2) x27 M) x 2
_ (2M+1 . 2) % 287(2E7171)

zr = valp (0,e + 1,0)

—1x 2(e+1)—(2’3*1—1)

_ (2M+1) % 26—(M+2E’1—1)

x

~

Therefore, the value of Py () is as follows.

Sxsir  Case: Round-to-Nearest
Pr(x) =4¢ %xg®  Case: Toward — oo
Znt Case: Toward + oo

287(N+M+2E7171) Case: Round-to-Nearest

E—1
e (N+M+2571-1) Case: Toward — oo

\]

267(N+M+2E7171) Case: Toward + oo

Therefore, we obtain

Typ—T
oN

Zat Case: Toward + oo

Pr(x) = Case: Toward — oo

26_(N+M+2E71_1) Case: Round-to-Nearest

26_(N+M+2E71_1) Case: Toward — oo

{ Srsrr  Case: Round-to-Nearest

267(N+M+2E7171) Case: Toward + oo

in all the cases.
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In summary, we obtain the following result.
(1) Case: = wvalr (0,0,0) = 0.
9= (N+M+2771-1) Case: Round-to-Nearest
Pr(z) = o~ (N+M+2°7'-2)  (oq0 Toward — oo
0

Case: Toward + oo
(2) Case: valr(0,0,1) <z < valr (0,2,0).

Pr(z) = 217(N+M+2E’171)'

(3) Case: valr (0,2,0) < z < valg (0, N +2571 —1,0).
In this case, we have 2 sub cases shown as follows. Here, 2 < e < N + 2F=1 _ 9 in both cases.
(3-1) Case: x = valr (0,¢,0).

Pr(z) = ax 2e7(N+M+2E*171)

where

Case: Round-to-Nearest
Case: Toward — oo

Q
I
[ NI

Case: Toward + oo
(3-2) Case: valr (0,e,1) <z < wvalg (0,e + 1,0).

P (z) = 25—(N+M+2E*1—1)'

(4) Case: z =2V,
e Case: 1 — (M—|—2E*1—1) <N<1-— (2E71_1).

(N4M+2571-1) Case: Round-to-Nearest

-
Pr(z)=<% 0 Case: Toward — oo
9= (N+M+271=2)  (age: Toward + oo

o Case: 2— (2871 —1) <N <2F 7%

2~ (M+2)  (age: Round-to-Nearest
Pr(z)=4¢ 0 Case: Toward — oo

2~ (M+1) " (Cage: Toward -+ oo

5. Modified algorithm for Thoma’s method

This section aims to modify the problems in Thoma’s algorithm, which is a floating point uniform random number gener-
ator, and prove that the modified method is uniform in narrow sense defined in the Section 4 and make some experiments in

order to show that the modified method solves the problems.

5.1 Modified algorithm
The modified algorithm is a uniform URNGyF in narrow sense for Ur = [0, 2N] *16 " The main idea of the algorithm is
as follows. Let uw € R be a uniform random real number on [0, 2N] generated by URNGR. First, find the maximal floating

point number valy (0, e, m) that satisfies
valg (0,e,m) < u < wvalp (0,e,m + 1)

*17*18 Next, simulate rounding operation based on roundy for this u, that is, simulate roundy (u).

In the concrete, the algorithm can generates e as a geometric random integer and m as a uniform random inte-
ger because u is distributed on [O,QN ] uniformly. And then, the algorithm judges whether w, which is distributed on
[valr (0,e,m) ,valg (0, e, m + 1)] uniformly, is rounded to valr (0, e, m) or rounded to valr (0,e, m + 1) according to rounds.

*16 N € N must satisfy 1 — (M +2F-1 —1) < N <2F-1,

*17 If m = 2M — 1, then replace valp (0, e, m + 1) with valp (0,e + 1,0) in the inequality.

*18 If 4 € F, then we can take 2 different floating point numbers that satisfy the inequality. However, since u is a uniform random real
number, the probability that u is equal to a specific one value is 0. Therefore, we do not need to consider such a case.
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5.1.1 Pseudocode

The pseudocode of the modified algorithm is as follows.
00: Set valr (0, €maz,0) as the maximal value of uniform random numbers.

emas = N + 28711

10: Generate a fixed point uniform random number if e,,4, < 1.

if (emax < 1) {
e=0
if (emaz < 1— M) {
m=20
} else {
m=URNG+e,,,,—1 ()
}

goto 40
}
20: Find e.
n=1

while (n < emaz) {
if URNG:1()=1){
break
} else {
n=n+1

}
€= €emaz — N
30: Find m.
m=URNG ()
40: Branch according to roundy.

e Case: roundy is Directed-Rounding(Toward —o0).

goto 41

e Case: roundy is Directed-Rounding(Toward +00).

goto 42
e Case: roundr is Directed-Rounding(Toward 0).
goto 41

e Case: roundy is Directed-Rounding(Toward +00).

goto 42
e (Case: roundyr is Round-to-Nearest.
goto 43

41: Simulate Directed-Rounding(Toward —oco and Toward 0).

goto 50

42: Simulate Directed-Rounding(Toward 400 and Toward 400).

if (m=2"—1) {
m=20
e=e+1
} else {
m=m-+1
}
goto 50
43: Simulate Round-to-Nearest.
b=URNG: ()
if (b=0){
goto 41
} else {
goto 42
}
50: Convert e and m to a floating point number.

return valg (0, e, m)
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5.1.2 Explanation for the pseudocode
The meaning of the pseudocode is as follows.
00: Set valr (0, emaz,0) as the maximal value of uniform random numbers.

2E7171), In the algorithm, ey,qz must satisfy 1—M < emaz-

Set the maximal value of uniform random numbers by 2¢7m# —(
If emax < —M, then the algorithm behaves in the same way as the case where emqe =1 — M.

10: Generate a fixed point uniform random number if eq, < 1.
The algorithm is equivalent to fixed point uniform random number generator if emar < 1.

20: Find e.
Generate a geometric random integer for e by the Bernoulli trial by using 1-bit uniform random integer. In the pseu-
docode, n denotes the number of tries until the first non-zero bit is generated.

30: Find m.
Generate an M-bit uniform random integer for m.

40: Branch according to roundg.
Judge whether u, which is distributed on [valr (0, e, m) ,valg (0, e, m + 1)] uniformly, is rounded to the left edge of the
range or the right one. Here, Toward 0 is equivalent to Toward —oo and Toward Foco is equivalent to Toward +oo
because Ugr = [0,2N],

41: Simulate Directed-Rounding(Toward —oco and Toward 0).
Since u is always rounded to the left edge in this case, select the left one.

42: Simulate Directed-Rounding(Toward +o0o and Toward $00).
Since u is always rounded to the right edge in this case, select the right one.

43: Simulate Round-to-Nearest.
In this case, the probability that a uniform random real number distributed on [valp (0,e,m),valg (0,e,m + 1)] is
rounded to the left edge valy (0,e,m) is the same as the probability that the random number is rounded to the right
edge valr (0,e,m + 1), that is, both are % Therefore, generate a 1-bit uniform random integer and then select the left
one if the bit is 0 or select the right one if the bit is 1.

5.2 Proof for correctness

This section proves that the random number generation probability of the modified algorithm satisfies the Formula 1. First,
calculate the probability that the algorithm outputs € F, P (z), for each floating point number. Next, compare P (z) with
Pr (x)*'9, which is calculated in the Section 4.2.3, and confirm that P (z) = Pg (2) holds. Here, Since toward 0 is equivalent
to Toward —oco and Toward 4oo is equivalent to Toward +oo because Ur = [(), 2V }, we need to prove only the case where
roundyp is Round-to-Nearest, Directed-Rounding(Toward —oo), or Directed-Rounding(Toward +o00). In the proof, let

Pr [”constraint of variables” in ”line number in the pseudocode”]

be the probability that the constraint is satisfied at the end of the line in the pseudocode.
First, consider the case where

1—(M+2E’1—1)SNSl—(QE’l—l).
That is,
1-M < emaz < 1.

Now, we have 3 cases according to roundy, that is, the case where roundy is Directed-Rounding (Toward —o0), the case
where roundy is Directed-Rounding(Toward +00), and the case where roundy is Round-to-Nearest.
(i) Case: roundy is Directed-Rounding(Toward —o0).

(1) Case: walr (0,0,0) < 2 < 2N,

In this case, we have

2N — 2emaa‘,7(2E_171)
Hence, we can express x by

z = valg (0,0,m")

*19 Note: Pr () is the random number generation probability of uniform URNGp in narrow sense.
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for an integer m’ that satisfies 0 < m/ < 2MFeme==1 Thus we obtain

= Pr [e—Om m’ in 50]
=Prle=0,m=m'in 41]
= Pr [e—Om m'’ in4()]
Pr[e—Om mlnl()]

21— (M+emaz)

_ 21—(N+M+2E’1—1)

Besides, we have

Pr(z) = 21—(N-5-M+2f3*1—1)

by the Section 4.2.3. Therefore, P (z) = Pr (x) holds.
(2) Case: z=2".
Consider the case where emqz = 0 and the other case, that is, the case where N =1 — (2E_1 — 1) and the case where
N<1- (2871 -1).
e Case: N=1-— (271 —-1).
In this case, we can express x as follows.
z=2N

= (1+0x27) %277
= wvaly (0,1,0).

Hence, we have

P(x)=Prle=1,m =0 in 50]
= Prle=1,m =0 in 41]
= Prle=1,m =0 in 40]
= Prle=1,m =0 in 10]

=0.
o Case: N <1— (2E,1 ).
In this case, we can express z as follows.
€T = 2N
= 267,,,,,,,;—(2E,1_1)

— 9emas—1 o 21—(23*1—1)
= <O+ gMteman =1 o 2_M> x 2= (277 =1)
— valy (0,0,21‘“%1*1) .

Hence, we have

P(z)=Pr [e =0,m= gM+emar—1 5 50}
= Pr [e =0,m = 2M*temas—1 iy 41}
= Pr [e =0,m = 2M+temas—l i 40}
= Pr |:e =0,m= oMtemaz—1 ;) 10]

Thus, we obtain
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in both cases. Besides, we have

by the Section 4.2.3. Therefore, P (z) = FPr (x) holds.
(ii) Case: roundr is Directed-Rounding(Toward +o0).
(1) Case: x =0.
In this case, we can express z by x = valy (0,0,0). Hence, we obtain
P(x)=Prle=0,m =0 in 50]
= Prle=0,m =0 in 42]
= Pr

—

e=—1,m=2" - 1in 4]
= Pr [e:fl,m:ZMflinlo}
=0.

Besides, we have

Pr(z)=0

by the Section 4.2.3. Therefore, P (x) = Fr (x) holds.
(2) Case: valy (0,0,1) < z < 2V,
In this case, we have

oN _ Qemaw—(2E’1—1)
e T L)
Hence, we can express x by
T = valy ((), O,m/)
for an integer m’ that satisfies 0 < m/ < 2M+eéme=—1 Thys, we obtain
P(z)=Prle=0,m=min 50|
=Prle=0,m=m'in 42]
=Pre=0,m=m'—1in 40]

=Prle=0,m=m'—1in10]
— 9= (MA4emas—1)

_ 21*(M+6mam)

_ 217(N+M+2E*171)

Besides, we have

P (z) = 217(N+M+2E*171)

by the Section 4.2.3. Therefore, P (x) = Fr (x) holds.
(3) Case: z =2V,
Consider the case where emqz = 0 and the other case, that is, the case where N =1 — (2E71 - 1) and the case where
N<1-(2871-1).
e Case: N=1-— (2E_1 — 1).
In this case, we can express x as follows.

x:ZN
= (1 40 x Q_M) x 21— (2771-1)

valr (0,1,0) .
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Hence, we have

Vol.2016-HPC-153 No.35

P(z) =Prle=1,m =0in 50]
=Prle=1,m =0 in 42]
- Pr [e:O,m:QM—linél()}
— Pr [ezo,mzzM—lin 10}
— 9~ (M+emao—1)
— 9l=(M+emaz)

_ 217(N+M+2E’171)

e Case: N<1-— (2E_1 — 1).
In this case, we can express x as follows.

Hence, we have

Thus, we obtain

€T = 2N
— 26"”“4:—(2E*1_1)
= gemar—l 5 91=(2771-1)
- <O+ gMeme =l x 2_M> o 91— (2571 1)
= ’UCLl]F (07072M+ema171) '
P(z)=Prle=0,m= ogMA+emaz—1 51 50}

- Pr [e —0,m = 2MFemea—l iy 42]
P [e —0,m = 2MFemea=l _ 1 iy 40}

= Pr [e =0,m =2MTemaa=l _ 1 iy 10}
— 2_(M+emaa:_1)
— ol=(M+emaz)

_ 21—(N-5-M+2E*1 -1)

P(z) = 217(N+M+2E_171)

in both cases. Besides, we have

P (z) = 21—(N-s-M-q-2E*1—1)

by the Section 4.2.3. Therefore, P () = FPr (x) holds.
(iii) Case: roundy is Round-to-Nearest.

(1) Case: x =0.

In this case, we can express x by x = valy (0,0,0). Hence, we obtain

P(x) =Prle=0,m =0 in 50]

=Prle=0,m=0in41]+ Pre=0,m =0 in 42]
=Prib=0,e=0,m=0in43] + Pr [b:1,e:—1,m:2M—1in43]

1
= ><Pr[ez(),mz()in40]+§XPr[e:fl,m:2M711n40}

xPr[e:O,mzoinlo]—I—%xPr[e —l,m:2M—lin10}

% 2*(M+€maz*1) + 1 % 0
2
x 21*(M+€maz)

« 21—(N+M+2E’1—1)

NIR NI R N~ = N
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Besides, we have

P (x) = § x 21 (NHM27 )

in the Section 4.2.3. Therefore, P (z) = Pr (x) holds.
(2) Case: valg (0,0,1) < 2 < 2V,
In this case, we have

oN _ 2e,,m—(2E*1—1)
= (0 2t 5 ) (),
Hence, we can express = by
T = valy ((), O,m/)
for an integer m’ that satisfies 0 < m/ < 2M*+¢maz=1 Thus, we obtain

P (z) = Pr[e=0,m=m'in 50]

=Prle=0,m=m'in4l] + Pre=0,m=m'in 42]
=Prb=0,e=0,m=m'in43] +Pr[b=1,e=0,m=m'—1in43]
:%xPr[ezO,m:m'inﬁlﬂ]Jr%XPr[e:(),mzm'flinZLO]
:%xPr[ezO,mzm’inlO]Jr%xPr[e:O,m:m’—linIO]
L tenn - | 1 oo

2

_ 2*(M+€maz*1)
_ 217(M+57nu.:£)

_ 217(N+M+2E’171)

Besides, we have
P (z) = 217(N+M+2E_171)
by the Section 4.2.3. Therefore, P (x) = Fr (z) holds.
(3) Case: z =2V,
Consider the case where emqz = 0 and the other case, that is, the case where N =1 — (2E_1 - 1) and the case where
N<1-—(2F71-1).
e Case: N=1-— (2E_1 —1).
In this case, we can express x as follows.

=2
= (1+0x27M) X2 BT
= wvaly (0,1,0).
Hence, we have
P(x)=Prle=1,m =0 in 50]
=Prle=1,m=0in41]+ Prje=1,m =0 in 42]
=Prib=0,e=1,m=0in 43] + Pr [b:l,e:O,m:QM—lin43}

1
xPr[ezl,m=01n40]+§XPr[ez(),m:QM*linéLO}

NI RN RN =N =N

xPr[ezl,szinlO]—F%xPr[e:O,m:QM—linl()}

x 0+ % % 2*(M+€maz*1)

% 21*(M+€maz)

% 21—(N+M+2E’1—1)
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e Case: N<1—(2F71—1).
In this case, we can express x as follows.

z=2N
_ 2e,,m—(2’5*1—1)
— 9emas—1 o 21—(2‘9*1—1)

— <O+2M+€’nl,a_7;_1 % 2—M> « 21_(2E—1_1)

— valp (0, 0, 2M+5W*1) .

Hence, we have

e=0,m = 2Mtemaa—l iy 50]

|
.
3

r [e = 0,m = 2Mtemea=l i 41} 1 Pr [e —0,m = 2Mtemea=l i 42}
[b —0,e=0,m = 2MFemas=1 i 43}

Pr [b —1e=0,m=2Mtemu=l _ 14y 43}

N N Y e e N SO e R e

Pr [e =0,m = 2MFemaz—1 iy 40]

_ _ 1
X 2 (M+emaz—1) 4 5 % 0
X 217(M+emaz)

% 217(N+M+2E’171).

Thus, we obtain

P

in both cases. Besides, we have
1 — E-1_
P, (w) % 21 (N+M+2 1 1)

by the Section 4.2.3. Therefore, P (x) = FPr (x) holds.
Next, consider the case where

92— (2E‘1 - 1) <N.

Now, we have 3 cases according to roundy, that is, the case where roundy is Directed-Rounding (Toward —oo), the case
where roundy is Directed-Rounding(Toward +00), and the case where
(i) Case: roundy is Directed-Rounding(Toward —o0).

(1) Case: valy (0,0,0) < z < valp (0,1,0).

In this case, we can express x by

T = valyp (O, O,m/)

for an integer m’ that satisfies 0 < m’ < 2™ . Hence, we obtain
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Besides, we have

by the Section 4.2.3. Therefore, P (z

Vol.2016-HPC-153 No.35
2016/3/3

Prle=0,m=m in 50

e=0,m=m in 4l

e=0,m=m in 40

= Pr e:07m:m in 30

|
)
<
®
|
o
B
o
=)
X
T
<
iy
I
o
3
3
=
w
=

6—()1n2()]><Pr[m m 1n30]

= Pr[n = emae in 20] X Pr [m =m’ in 30]

— 21—€mam X 2—M

=2

) = Fr

1—(N+M+2771—1)

P (z) = 217(N+M+2E*171)

(z) holds.

(2) Case: valr (0,€',0) <z < valr (0,¢' +1,0) where (1 <€ <N + oB-1 _ 2).

In this case, we can express x by

T = valp (O, e, m/)

for an integer m’ that satisfies 0 < m’ < 2M. Hence, we obtain

Besides, we have

by the Section 4.2.3. Therefore, P (z

I
R e e B A

Il
Do

rle=c¢ ,m = m’ in 50

<

<

<

<

]
e=¢€,m=m'in41]
e=¢ ,m = m1n40]
e—em m1n30]

e=¢€ in20] x Pre=¢,m=m'in 30]

[
[
[
[
[
[

rle=e 1n20}xPr[m:m/in30]

r[nfemaz—e 1n20] XPr[m m 1n30]

€ —€max X 27

_ 2@’—(N+M+2E’1—1)

P (z) = 2e’—(1\7+1\/1+2E*1—1)

) = Pr (z) holds.

(3) Case: x = valg (0, N +2B-1_ 1,0) — 9N
In this case, we can express x by = valg (0, €maq,0). Hence we obtain

P(z) =

Besides, we have

2016 Information Processing Society of Japan
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€= maw,m:0in 50]

= Prle= max,m:01n41]
= Pr e = emaz, m = 0 in 40]

e = maw,mzoil’l 30]

= Pr e = émaz in 20] X Prle = emaz, m = 0 in 30]

[
[
[
[
[
[
[

€ = €maz in 20] X Pr[m =0 in 30

= Pr[n=01n 20] X Pr[m =0 in 30
=0x Pr[m =0 in 30

= 0.
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by the Section 4.2.3. Therefore, P (z) = FPr (x) holds.
(ii) Case: roundy is Directed-Rounding(Toward +00).
(1) Case: z=0.

In this case, we can express x by = valy (0,0,0). Hence, we obtain

P(x)=Prle=0,m =0 in 50]

= Pre=0,m =0 in 42]
:Pr[e:fl,m:2M711n40}
:Pr[e:—l,m:2M—1in30}

:Pr[e:—lin20]xPr[e:—l,m:2M—1in30}
:Pr[e:—linQO]xPr[m:QM—lin30}
:Pr[n:emaerlinQO]xPr[m:QM—linBO}
:0xPr[m:2M—1in30}

=0.

Besides, we have

Pr(z)=0

by the Section 4.2.3. Therefore, P (z) = FPr (x) holds.

(2) Case: valy (0,0,1) < z <walp (0,1,0).

Consider the case where the mantissa of x is 0 and the case where the mantissa of x is not 0.

(a) Case: z =walr(0,1,0).
In this case, we have
P(x)=Prle=1,m =0 in 50]

= Prle=1,m =0 in 42
= Pr [e =0,m= 2M=1 iy 40]
= Pr [e =0,m= o2M=1 iy 30}
= Prle=0in20] x Pr [ezO,m:2M—1in30}
= Prle=0in20] x Pr [m:2M—1in30]

= Prn = emas in 20 x Pr [m:2M71 in30]
2176171(1.7.‘ X 2*M

_ 217(N+M+2E*171)

(b) Case: z = valg (0,0,m’) where (1 <m’ < 2M).
In this case, we have

P(z)=Prle=0,m=m'in 50]
:Pr[e:O,m:m/ in42}
:Pr[e:(),m:m/flinél()]
:Pr[e:O,m:m/—liHQBO]

=Prle=0in20] x Pre=0,m=m’—1in 30]
= Prle=01in20] x Pr [m=m' -1 in 30]
= Prn = émaaz in20]XPr[m=m/—1in30]

— 21—Ema,m X 2—M

_ 21—(N+M+2E’1—1)
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Thus, we obtain

P(z) = 217(N+M+2E’171)

in both cases. Besides, we have

P (z) = 217(N+M+2E‘171)

by the Section 4.2.3. Therefore, P () = Pr (x) holds.

(3) Case: valr (0,€’,1) <z < walr (0,¢' +1,0) where (1 <€ <N+ oF—1
Consider the case where the mantissa of x is 0 and the case where the mantissa of x is not 0.

(a) Case: = wvalp (0, 4 1,0).
In this case, we have

Pr[e—e +1, m—OmBO]
Pr[e—e +1, m—01n42]
= Pr [e oM=1in 40]
—Prle=c 2" in 30]
Pr[e in2()]xPr[e:e',m:2M—1in30}
= Prle=¢ in20] x Prm=2"~1in 30|
= Pr [e = emaz — € in 20] x Pr [m
— o€ —Cmaz o 9= M

_ 2e’—(N+M+2E’1—1)

(b) Case z =valg (0,¢,m’) where (1 <m’ < 2M).
In this case, we have

:Pr[e e,m= m1n50}

:Pr[e—em m1n42}

=Prle=¢ ,m=m'—1in40]
:Pr[e—em m—11n30]

:Pr[e /1n20]XPr[e:e,m:m'—linSO}
:Pr[e in20]><Pr[m:m/flin30}
:Pr[n—emm—emQO]XPr[m m—11n30]
R

e/ —(N+M+25-1-1)

[N}

Thus, we obtain

in both cases. Besides, we have

by the Section 4.2.3. Therefore, P (x) = Fr (z) holds.
(iii) Case: roundr is Round-to-Nearest.
(1) Case: z=0.
In this case, we can express x by x = valy (0,0,0). Hence, we obtain
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Besides, we have

P(z)=

Vol.2016-HPC-153 No.35
2016/3/3

Prle=0,m =0 in 50]
Prle=0,m=01in41] + Prle =0,m = 0 in 42]

Prib=0,e=0,m=0in43] + Pr [b:1,e:—1,m:2M—1in43]

1
%xPr[ezO,szinéIO]JriXPr[e:fl,m:2M711n40}
%xPr[e:o,m:Oin30]+%xPr[e:—Lm:QM—unso}
%XPr[e:Oin20}XPr[ezO,szinBO]

1 . M
+3 Pr[e:—11n20]xPr[e:—1,m:2 —1m3o}
% Prle=0in 20] x Pr[m =0 in 30]

1 . M .
+§><P7"[e:—11n20]><Pr[m:2 —11n30}
% X Pr[n = emaz in 20] X Pr[m =0 in 30]
+%xPr[n:emaz—f—linQO]xPr[m:ZM—lin?)O]
%le‘emx2‘M+%x0xPr[m:2M—1in3O}
% o ol—(N+M42P- 1)

Pre) =} x gt Genreas)

by the Section 4.2.3. Therefore, P (z) = Fr (x) holds.
(2) Case: valy (0,0,1) < z < walp (0,1,0).
In this case, we can express x by

T = valy (O, O,m/)

for an integer m’ that satisfies 1 < m/ < 2™, Hence, we obtain

Besides, we have

P(z) =

Pr [ezO,m:m/ in50]
Prle=0,m=m'in4l] + Pr[e=0,m=m' in 42]
Prb=0,e=0,m=m'in43] + Pr[b=1,e=0,m=m'—1in 43]

%xPr[e:O,m:m/inél()]Jr%xPr[e:O,m:m’flinALO]
%xPr[e:O,m:m’in?)O]+%><Pr[e:0,m:m/—lin30]
%xPr[e:01n20]xPr[e:O,m:m'in?)O]
+%><Pr[e:()in20]xPr[e:O,m:m/—linBO]
%xPr[e:Oin?O]xPr[m:m'in?;()]
+%xPr[e:Oin20]xPr[mzm’—linSO]
%xPr[n:emaz in 20] x Pr [m =m' in 30]
+%><Pr[n:emam in20]xPr[m:m/—lin30]

%x21_em‘” X 2_M+%>< 9t~ emas y 9= M

gl=(N+M+2871-1)

P (z) = 21—(N+M+2E*1—1)
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by the Section 4.2.3. Therefore, P (z) = FPr (x) holds.

(3) Case: valr (0,€’,1) <z < walp (0,¢' +1,0) where (1 <€ <N+ oF—-1_ 2).
In this case, we can express x by

T = valy (O, e, m/)

for an integer m’ that satisfies 1 < m’/ < 2™, Hence, we obtain

P(z)=Pr [eze’,m:m' in 50]
= Pr [e:e/,m:m/ in41] + Pr [e:e/,m:m/ in 42]

Prib=0e=¢ m=m'in43]+ Prb=1e=¢,m=m'—1in43]

xPr[e:e',m:m/in40]+%><Pr[e:e',m:m/—1in40]
XPr[e:e/,m:m'in?)O]+%><Pr[e:e/,m:m'—lin30]
Prle=¢€ in20] x Pre=e',m=m'in 30]

x Prle=e¢"in20] x Pre=¢,m=m'—1in 30]

Prle=¢" in20] x Pr[m=m'in 30

xPr[e:e'iHQO] XPr[mzm/—lin?)O]

Pr [n = emazr — e in 20] x Pr [m =m in 30]

XPr[n:emaxfe'mQO] xPr[m:mlflin?)O]

R S Y S s N Y S O

X NI= x NI~ x NI=Xx

’_ _ 1 I —
277 emer x 27N 4 o x 28 Temer w27 M

e/ —(N+M+27-1—-1)

Il
Do

Besides, we have

P (z) = 2&'7(N+M+2E_171)

by the Section 4.2.3. Therefore, P (z) = Pr (x) holds.
(4) Case: z =wvalp (O, e',O) where (2 <e <N42B-1_ 2)
In this case, we obtain
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Besides, we have

P(z)=Prle=e¢,m=0in 50]

=Prle=¢,m=0in41] + Pr[e=¢€,m=0in 42]
—Prlb=0,e=¢,m=0in 43+ Prb=1le=¢ —1,m=2" ~1in43]

1
XPT[eze/,m:Oin4O]+§xPr[e:e'fl,m:QMflinm}

X

T T

r[e:e/7m:0in30]+%><Pr[e:e'—1in30]
r[eze/iHQO} XPr[eze/,mZOin?)O]

Prle=€¢ —1in20] x Pre=¢',m =0 in 30]

X

Pr[e=¢€" in20] x Pr[m =0 in 30]

X

Prle=¢€ —1in20] x Prm =0 in 30]

Pr[n = emaz — € in 20] x Pr[m =0 in 30]

= x N= x N

X Prn=emaz — ¢ +1in 20] x Pr [m =2" ~ 1 in 30]

r_ _ 1 ‘_ _ _
X26 €max % 2 M+7 ><2€ €maz—1 % 2 M

_ 1 r_ B
M + 1 % Q€ TCmaz w9 M

% 26’—(N+M+2E’1—1).

I
X 25 €max )

I N N e Nl F S e L VI Gl e

Pe(a) = 3 o 9¢ —(N+M+2571-1)

4

by the Section 4.2.3. Therefore, P (z) = FPr (x) holds.
(5) Case: z =valy (0, N +2771 —1,0) =2".
In this case, we can express x by = valg (0, €mas,0). Hence, we obtain

P (z) = Prle = emaz,m = 0 in 50]

Besides, we have

= Prle = emaz,m = 0in 41] + Pr [e:emaz—17m:2M—1in4Q]

=Prb=0,e =emax,m =0in 43] + Pr [bzl,ezemwfl,m:ZMflinB}

1 1

25xPr[e:emaw7m:Oin4O}+§xPr[e:emaz—l,m:QM—linZlO]
:%xPr[e:emwm:om?)oH%xPr[e:emaz—1,m:2M—1in3o]
:%XPr[e:emazin20]xPr[e:emam,mZOinZ’)O]
+%><Pr[e:emw—lin%}XPr[e:emax—l,m:2M—1in3O}

1
=5 Prle = emaz in 20] X Pr[m =0 in 30]

1 . M .
—|—§xPr[e:emaz—lmﬂ)]xPr[m:Q —lln?’O}
:%XPr[ninnQO]XPr[sziHZ%O]

1 . M .
+§><Pr[n:11n20]><Pr[m:2 —1m33]
:%xOxPr[m:Oin3O}+%x2_l><2_M

—(M+2)

I
Do

Py (z) = 2~ (M+2)

by the Section 4.2.3. Therefore, P (z) = FPr (x) holds.
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Table 3 Environment

CPU Intel® CoreT™ i7-4702MQ
OS Ubuntu 12.04 LTS 64-bit
Kernel Linux 3.13.4-031304-generic
Compiler g++ 4.6.3
Source code https://goo.gl/KINAnE
Rounding mode | Round-to-Nearest(Ties to Even)

5.3 Experiment for correctness
Now, we have proved that the modified algorithm is uniform in narrow sense. This section confirms that the algorithm can
remove the strange behaviors of Thoma’s method by some experiments.
5.3.1 Target
In this experiment, the target is the following floating point uniform random number generator.
e Ratio method.
The floating point uniform random number generator that outputs
e Moler’s method.
The floating point uniform random number generator proposed by Moler [25].

URNGw ()
W -

e Thoma’s method.
The floating point uniform random number generator proposed by Thoma [31].
e Modified method.
The modified floating point uniform random number generator proposed in the Section 5.1. Let N = 0 so that Ug = [0, 1]
in the generator.
Here, the authors used Round-to-Nearest(Ties to Even) for flp and rounds*?° and used the 32/64-bit Mersenne Twister [23]
for URNGyw in each generator.
5.3.2 Environment
Table 6 shows the environment where the experiments was done.
5.3.3 Methodology
The experiment consists of the following 2 parts.
Part 1 Test for all the floating point numbers in [0, 1].
This part measures the random number generation probability for all the floating point numbers where (E, M) = (5, 4)
and then compares them with the values of Pr calculated by the Formula (1).
In the concrete, generate 23° floating point uniform random numbers and calculate the generation probability for each
floating point number. Then, calculate Py by the Formula (1) and test the null hypothesis " The random number gener-
ation probability is uniform in narrow sense” by x? test*2'*22. Here, the authors let W = 7 in this part*?3,
Part 2 Test for specific single precision floating point numbers.

This part makes the same experiment as part 1 for single precision*??

floating point numbers in
[2’8 — 2725 98 —|—2725}*25. In this part, the authors generated 2%° floating point uniform random numbers so
that about 2* numbers fell within [278 — 272 978 4 2725] and let W = 32 because 1 single precision floating point
number consisted of 32 bits.
Here, the authors used Keisan Online Calculator(http://keisan.casio.jp/exec/system/1161228834) , which is provided
by CASIO COMPUTER CO., LTD., in order to calculate percent points in the x? test.
5.3.4 Result and discussion: Part 1
Table 4 shows the result of the x? value and Figure 4, Figure 6, Figure 8, and Figure 10 shows the random number genera-
tion probability of Ratio method, Moler’s method, Thoma’s method, and the modified method in [0, 1] respectively. Besides,
Figure 5, Figure 7, Figure 9, Figure 11 shows the random number generation probability in [0, 23_(2)271_1)} = [0,27?].
First, the Figure 4 and Figure 8 shows that the probability of Ratio method and Thoma’s method waves and is different
from the ideal probability denoted by the red line for almost all random numbers. Here, the reason why the probability of

Ratio method and Thoma’s method is similar to the ideal one in (2_3, 2_2) is that we can calculate %7(:7()

URNG~()
27

without any
rounding error because can be expressed by 5 (= M + 1) bits floating point number in this region.

Next, the Figure 6 and Figure 7 shows that the probability of Moler’s method is similar to the ideal one in whole random
numbers except near 0. The reason why the probability of Moler’s method near zero is like a hill is that Moler’s method can

generate 0 in the middle of the operation and output subnormal numbers by taking xor-mask of a uniform random integer to

*20
*21

roundy is used for Py, which is ideal probability.

The degree of freedom is (2F~1 —1) x 2M 4+ 1 — 1 = 240.

Strictly speaking, the authors tested the generation number of each floating point number.

*23 The authors used (E, M, W) = (5,4,7) because more kinds of problem had been detected when E, M, W was coprime each other.
*24 That is, (E, M) = (8,23).

*25 The degree of freedom of the x?2 test is (2E_1 - 1) x 2M 4+ 1 — 1 =1065353216.

*22
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the mantissa of this 0.

Last is the modified method. The Figure 10 shows that the probability of the modified method is similar to the ideal one
in whole random numbers and the Figure 11 shows that the probability near 0 is also similar to the ideal one.

As if the Table 4 supports these, it shows that the x? value is quite greater than that of 99.9% point in each generator
except the modified method and the x? test rejects the null-hypothesis that the random number generation probability is
uniform. On the other hand, the x? value of the modified method is less than that of 95% and the test does not reject the
null-hypothesis.

5.3.5 Result and discussion: Part 2

Table 5 shows the result of the x? value and Figure 12, Figure 13, Figure 14, and Figure 15 shows the random number gener-
ation probability of Ratio method, Moler’s method, Thoma’s method, and the modified method in [2_8 —2725 978 4 2_25]
respectively.

First, the Figure 12 and Figure 14 shows that Ratio method and Thoma’s method takes quite different behavior between
the left side of 278 = 2=(W=M=1) 414 the right side, which is far away from the ideal probability denoted by the red line.
The reason of this strange behavior is explained in the Section 3.2, and the result supports the explanation. On the other
hand, the reason of the ideal behavior in the left side can be explained in the same way as the Figure 4 and Figure 8. That

. N N
is, we can calculate URTSW() URT‘S/;WO

without any rounding error because can be expressed by M + 1 bits floating point
number in 27(W7M),27(W7M71) .

Next, we can not find any problems of Moler’s method and the modified method from the Figure 13 and Figure 15. How-
ever, the Table 5 shows that the x? value is quite greater than that of 99.9% point in each generator except the modified
method and the x? test rejects the null-hypothesis that the random number generation probability is uniform. On the other
hand, the x2 value of the modified method is less than that of 95% and the test does not reject the null-hypothesis. Here,
the reason why the x? test rejects null-hypothesis of Moler’s method even if we can not find any problem from the figure is

that the generation probability of subnormal numbers is quite higher than the ideal probability.

5.4 Summary
This section has proposed the modified algorithm for Thoma’s method and proved its correctness. However, the modified

method has the following disadvantage.

(1) The random number generation range is only [07 o ]
For example, if we multiply the output of the modified method by ¢ in order to obtain uniform random numbers in
[0, t X ZN}, the algorithm does not guarantee that we can obtain all the floating point numbers in [0, t X 2N].

(2) We can not receive so much advantage on IEEE754 double precision.
For example, Moler’s method can generate almost all the floating point numbers*?® in [2_53,1 - 2_53] without any

problem*27*28

. Thus, we can receive advantages by the modified method only when the generator outputs a floating
point number in [0, 2753) U (1 — 2753, 1]. However, the probability that we obtain such a floating point number is at
most 2753 x 2 = 2732, This probability is negligible for practical use.

Therefore, the next section proposes the method to improve the former*?°.

Table 4 X2 value for the random number generation probability where (E, M, W) = (5,4, 7).

Generator x? value(x102) | P-value
Ratio method 3.4929120 x 10 <0.1%
Moler’s method 1.8232878 x 108 | < 0.1%
Thoma’s method 1.4334131 x 10° | < 0.1%
Modified method 2.2858594 n.s.

Point where P-value is 95.0%. || 2.7713765
Point where P-value is 99.0%. || 2.9388810
Point where P-value is 99.9%. | 3.1343690

6. Arbitrary range floating point random number generator

This section aims to improve the modified method in the Section 5 so that we can change the random number generation
range with another floating point number. That is, this section proposes a floating point uniform random number generator
that can output all the floating point numbers in arbitrary range whose edge is a floating point number.

*26  All the floating point numbers except its mantissa is 0.

*27 The random number generation probability is uniform in narrow sense, that is, the Formula (1) is satisfied by roundr =Round-to-
Nearest(Ties to Even).

*28 The Formula (1) is also satisfied when the mantissa is 0, but roundr is not Round-to-Nearest(Ties to Even). That is, the random
number generation probability is uniform in wide sense.

*29 The latter one is one of the future work.
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Fig. 4 Random number generation probability of Ratio method in [0, 1].
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Fig. 6 Random number generation probability of Moler’s method in [0, 1].
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Fig. 7 Random number generation probability of Moler’s method in [0, 2*12}.
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Fig. 8 Random number generation probability of Thoma’s method in [0, 1].
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Fig. 9 Random number generation probability of Thoma’s method in [0, 2*12}.
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Fig. 10 Random number generation probability of modified method in [0, 1].
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Fig. 11 Random number generation probability of modified method in [0, 2*12].
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Fig. 12 Random number generation probability of Ratio method on single precision floating point number.
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Fig. 13 Random number generation probability of Moler’s method on single precision floating point number.
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Fig. 14 Random number generation probability of Thoma’s method on single precision floating point number.
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Table 5 x2 value for the random number generation probability on single precision floating point numbers((E, M, W) = (8,23, 32)).

Generator x2 value(x10%) [ P-value
Ratio method 7.98368 x 102 < 0.1%
Moler’s method 4.30389 x 102 < 0.1%
Thoma’s method 2.49297 <0.1%
Modified method 0.339975 n.s.

Point where P-value is 95.0%. | 1.065429143
Point where P-value is 99.0%. 1.065460602
Point where P-value is 99.9%. 1.065495866

6.1 Algorithm
This section explains algorithm of FURNG (a, b, roundF)*30. Here, if a = b then we just output a (= b) with the probabil-
ity 1. Hence, we consider only the case where a < b. Beside, if a < b < 0 then we can consider FURNG (—b, —a, —roundy)
instead. Therefore, we need to consider the following 5 cases.
(1) Case: 0<a<b< 21_(2&1_1).
In this case, the interval of a floating point number in [a, b] is the same as each other. Besides, that of a floating point
number in [0, (b — a)] is also the same. Therefore, we can generate a floating point uniform random number in [0, (b — a)]
and output (z + a) in this case. Here, the authors use acceptance-rejection method [33] for generating a floating point
uniform random number in [0, (b — a)].
The following is the concrete pseudocode.
00: Initialize.
Find the minimal k € N that satisfies b — a < 2.
10: Generate a uniform random number.
Generate a floating point uniform random number z € F on [0, Qk] by using the modified algorithm in the Section 5.1.

¢ = FURNG (0, ok ,round]p) .

20: Judge Acceptance or Rejection.
Judge whether accept or reject x by the following rules.
(Reject) Case: b—a < z.
Reject  and go back to 10.
(Judge) Case: z =b—a < 2.
(i) Case: roundr is Toward —oco or Toward 0.
Reject  and go back to 10.
(ii) Case: roundr is Round-to-Nearest.
Generate a random bit by URNG1 (). If the bit is 0, then reject « and go back to 10. Otherwise, accept « and
go to 30.
(iii) Case: roundr is Toward +oo or Toward +oo.
Accept = and go to 30.
(Accept) Case: z<b—aorz=>b—a=2"
Accept x and go to 30.
30: Output the result.
Output (z + a).
(2) Case: 27! <a<b<2" where (2— (2771 —1) <neN< 2871
In this case, the interval of a floating point number in [a, b] is the same as each other. Therefore, we can generate a
floating point uniform random number in the same way as (1).

In the concrete, by letting p,q € F be

p= (a - 2n71) « 9—(n=1) o 21—(2‘5*1—1)
q= (b— 2n—1) « 9~ (n=1) 217(2"3*171)

then we have
0<p<qg<2 1),

Thus, we can generate a floating point uniform random number x € F in [p, g] by the same way as (1) and output

X 2(2’5*1—1)—1 % 9n—1 4 gn—1,

*30 This paper just considers the case where a,b € F in order to simplify the problem. Of course, a < b.
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(3) Case: a<0<b.
In this case, the sign of a is opposite to that of b. Therefore, we can output a floating point uniform random number in
[a,0] with the probability of ;=% and output a floating point uniform random number in [0, b] with the probability of
%. Here, we need to flip roundy horizontally when we generate a uniform random number in [a, 0] because a < 0. The
authors use acceptance-rejection method for generating a floating point uniform random number in [a, 0] and [0, b].
The following is the concrete pseudocode.
00: [Initialize.
Find the minimal k& € N that satisfies max (—a, b) < 2.
10: Select the range.
Generate a random bit by URNG1 (). If the bit is 0, then set I = [—2’“, O}. Otherwise, set I = [(), 2’“].
20: Generate a uniform random number.
Generate a floating point uniform random number x € F in I by using the algorithm in the Section 5.1. Here, if
I = [-2%,0], then generate a floating point uniform random number ' € F in [0, 2*] and then let z = —2’.
e Case: I =[0,2"].

z = FURNG (0, ok mound]y) ‘
e Case: I = [—Qk,O}.

@ = —FURNG (0, 9k, fround]y) .

30: Judge Acceptance or Rejection.
(Reject) Case: z <aorb<uzx.
Reject  and go back to 10.
(Judge) Case: z =a > —2F.
(i) Case: roundr is Toward 400 or Toward 0.
Reject x and go back to 10.
(ii) Case: roundy is Round-to-Nearest.
e (ase: The mantissa of a is not 0.
Generate a random bit by URNG (). If the bit is 0, then reject = and go back to 10. Otherwise, accept
z and go to 40.
e (Case: The mantissa of a is 0.
Ifa = —21_(2E71_1), then the operation is the same as the case where the mantissa of a is not 0. Other-
wise, generate 2 random bits by URNG2 (). If the bits is 00, then reject  and go back to 10. If the bits
is 01 or 10, then accept x and go to 40. If the bits is 11, then generate 2 random bits and judge again.
(iii) Case: roundr is Toward —oo or Toward +oo.
Accept z and go to 40.
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(Judge) z=0b< 2"
(i) Case: roundy is Toward —oo or Toward 0.
Reject z and go back to 10.
(ii) Case: roundr is Round-to-Nearest.
e (Case: The mantissa of b is not 0.
Generate a random bit by URNG1 (). If the bit is 0, then reject = and go back to 10. Otherwise, accept
x and go to 40.
e Case: The mantissa of b is 0.
Ifb= 217(2]5_171), then the operation is the same as the case where the mantissa of b is not 0. Otherwise,
generate 2 random bits by URNG2 (). If the bits is 00 or 01, then reject  and go back to 10. If the bits
is 10, then accept x and go to 40. If the bits is 11, then generate 2 random bits and judge again.
(iii) Case: roundr is Toward +oco or Toward +oo.
Accept x and go to 40.
(Accept) z=a=-2"ora<z<borz=0b=2"
Accept z and go to 40.
40: Output the result.
Output .
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(4) Case: 2% <a< 2" ' <b<2" where (2— (277" —1) <neN<2F ),
In this case, the interval of a floating point number in [a7 2"71] is the same as each other. Besides, the interval of a
floating point number in [2"71, b] is also the same as each other *31. Therefore, we can generate a floating point uniform
random number in [a, 2"71} and [2"71, b} in the same way as (1). Here, we need to choose [a, 2"71] with the probability
of 22 1=

5—— and choose [2"_1, b] with the probability of bsz;':l .

The following is the concrete pseudocode.
00: Initialize.
Let p,q € F be

p = (af 2n—1) « 9~ (n=2) o 217(2“171)
q = (b— 2n71) « 9~ (n=1) o 21—(25*1—1)

Since 2" ! < a < 2" 7! < b < 2™, we obtain
721—(25*1—1) <p<0<q< 21—(2E*1—1).

Next, find the minimal k € N that satisfies max (—p, q) < 2".
10: Select the range.
Generate 2 random bits by URNG2 (). If the bits is 00, then set I = [—Qk, O]. If the bits is 01 or 10, then set [ = [O, Qk].
If the bits is 11, then generate 2 random bits and judge again.
20: Generate a uniform random number.
Generate a floating point uniform random number z € F in I by using the algorithm in the Section 5.1. Here, if

I = [—2’“, O], then generate a floating point uniform random number =’ € IF in [0, 2’“] and then let z = —2’.
e Case: I = [O, 2k].

¢ = FURNG (o, 9", round]p)

e Case: I = [-2%,0].
In this case, we need to regard roundr as Toward —oo when roundy is Toward 0 and regard roundr as Toward
+o00 when roundr is Toward +oo.

r=—FURNG (0, Qk, *T’OU?’Ld{F)

30: Judge Acceptance or Rejection.
(Reject) Case: z <porq<z.
Reject  and go back to 10.
(Judge) Case: z =p > —2F
(i) Case: roundy is Toward +oo or Toward Foo.
Reject x and go back to 10.
(ii) Case: roundy is Round-to-Nearest.
Generate a random bit by URNG1 (). If the bit is 0, then reject  and go back to 10. Otherwise, accept x and
go to 30.
(iii) Case: roundr is Toward —oco or Toward 0.
Accept z and go to 30.

*31 Here, the interval of a floating point number in [2"‘1, b] is twice as wide as [a, 2"‘1}.
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(Judge) Case: z =g < 2.
(i) Case: roundy is Toward —oo or Toward 0.
Reject z and go back to 10.
(ii) Case: roundr is Round-to-Nearest.
Generate a random bit by URNG} (). If the bit is 0, then reject « and go back to 10. Otherwise, accept x and
go to 30.
(iii) Case: roundr is Toward +o0o or Toward +oo.
Accept x and go to 30.
(Accept) Case: z=p=-2"orp<z<qorz=qg=2"
Accept = and go to 40.
40: Output the result.
o Case: I = [72’“,0]
Output

2E*171)71

z x 2 % "2 4 gn—1

e Case: I =[0,2"].
Output

X 2(2E*1—1)—1 % 9"l 4 gn—1,
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(5) Case: 0<a<2"2<2" ' <b< 2" where (2— (287" —1) <neN<2F 1),
In this case, we can generate a floating point uniform random number in [a, b] by using acceptance-rejection method.
The following is the concrete pseudocode.
10: Generate a uniform random number.
Generate a floating point uniform random number = € F in [0,2"] by using the modified algorithm in the Section 5.1.

= FURNG (0,2",roundy) .

20: Judge Acceptance or Rejection.
(Reject) Case: z <aorb<uz.
Reject  and go back to 10.
(Judge) Case: x =a > 0.
(i) Case: roundy is Toward 400 or Toward £oo.
Reject  and go back to 10.
(ii) Case: roundr is Round-to-Nearest.
e (Case: The mantissa of a is not 0.
Generate a random bit by URNG1 (). If the bit is 0, then reject = and go back to 10. Otherwise, accept
z and go to 30.
e (Case: The mantissa of a is 0.
Ifa= 21_(2E71_1), then the operation is the same as the case where the mantissa of a is not 0. Otherwise,
generate 2 random bits by URNG2 (). If the bits is 00, then reject x and go back to 10. If the bits is 01
or 10, then accept = and go to 30. If the bits is 11, then generate 2 random bits and judge again.
(iii) Case: roundy is Toward —oo or Toward 0.
Accept z and go to 30.
(Judge) Case: x =b< 2",
(i) Case: roundy is Toward —oo or Toward 0.
Reject  and go back to 10.
(ii) Case: roundr is Round-to-Nearest.
Generate a random bit by URNG1 (). If the bit is 0, then reject « and go back to 10. Otherwise, accept « and
go to 30.
(iii) Case: roundr is Toward +oo or Toward +oo.
Accept z and go to 30.
(Accept) Case: z=a=0ora<z<borz=>b=2".
Accept x and go to 30.
30: Output the result.
Output x.

6.2 Acceptance ratio
This section calculates the acceptance ratio v of FURNG (a, b, roundr) in the Section 7.1 according to a, b, roundr. Of
course, we have 0 <~ < 1.
(1) Case: 0<a<b< 22_(2&1_1).
e Case: b—a =2F,
In this case, FURNG (O,Zk,roundﬂr) needs to generate a floating point uniform random number z that satisfies
0 < x < b—a at the line 10 in the pseudocode so that x is accepted. Here, since FURNG (O, 2k,roundﬂr) satis-

fies the Formula (1), we obtain
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1
_— S,
0<a<h_a ) (t€[0,2¥][rounds (1)=a} 2k -0

Z / L
{tel

k _
0<z<k 0,2F]|roundy(t)=x} 2 0

/ o
{te[0,2%]|0<rounds(t)<2k} 2% — 0

2k
1
= ———at
/0 2 -0

ok
2k

b—a
2k -

e Case: b—a < 2F.
(i) Case: roundy is Toward —oo or Toward 0.
In this case, FURNG (()7 2" round]p) needs to generate a floating point uniform random number z that satisfies
0 < x < b— a at the line 10 in the pseudocode so that = is accepted. Hence, we obtain

v

/ Lo
0<w<b—a {t€[0,2*]|roundr(t)=x} 2k —0

/ R
{te[0,2%]|0<rounds(t)<b—a} 2% — 0

b—a
1
- —dt
[ ox

b—a
2k -

(ii) Case: roundr is Round-to-Nearest.
In this case, FURNG (07 2k round]y) needs to generate a floating point uniform random number = that satisfies
0 < x < b— a at the line 10 in the pseudocode, or FURNG (0, 2k,round]y) needs to generate a floating point
uniform random number z = b — a at the line 10 in the pseudocode and URNG1 () needs to generate 1 at the line
20 in the pseudocode so that x is accepted. Hence, by letting (b — a), be the left adjacent floating point number to
(b —a) and (b— a), be the right adjacent one, we have

1 1
v = / —dt + / —dt X =
ngnga {t€[0,2%]|roundp(t)=x} 2k -0 {t€[0,2*]|roundy(t)=b—a} 2k -0 2

—/ #dt—i—/ ! dt x 1
{t€[0,2*]|0<roundr(t)<b—a} 2k —0 {t€[0,2%]|rounds(t)=b—a} 2k —0 2

(b—a);+(b—a) (b—a)+(b—a),
2

1 2 1 1
= ) 72}‘3 — Odt + /(b—u,)LJr(b—a) 2k — Odt X 5
2
_(b—a)l+(b—a) (b—a), —(b—a),
- 2k+1 2 x 2k+1

1 ((b_aH(b—a)ﬁ(b—a)r)

 ok+1 2

Here, since b — a # 2% we have

5 L =(b—a)
Thus, we obtain
1 (b—a),+(b—a)
VIW((b—a)ﬂL ) .
_2(b—a)
2k+1
_b—a
= 5

(iii) Case: roundr is Toward +oco or Toward %co.
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In this case, FURNG (0, 2k,round]g) needs to generate a floating point uniform random number z that satisfies
0 <z < b— a at the line 10 in the pseudocode so that z is accepted. Hence, we obtain

/ 1
oo (t€[0,2¥]|rounds () =2} 2k —0
1

[0,2%]|0<rounds(t)<b—a} 2% — 0

j

v = dt

dt

Therefore, we obtain

_b—a
Y= ok
in all the cases. Here, since 2° 7' < b—a < 2]“7 we have
1
—<y<1.
B RS

(2) Case: 2"7!' <a<b<2" where (2— (27" —1) <neN<2F),
In this case, we can calculate -y by substituting a with p and b with ¢ in (1). Therefore, we obtain

q9—p

7= ok

Here, since 2871 < ¢ — p < 2%, we have
1
- <~y <1
2 Y=

(3) Case: a<0<b.
First, calculate the probability that = takes each floating point number at the line 20 in the pseudocode.
e Case: +0eF <z <2k
In this case, I = [O, 2'“] is selected at the line 10 in the pseudocode. Here, since FURNG (O, 2k, TO’LL’rLd[F) satisfies the
Formula (1), we obtain the probability as

1 1 1

2" /{te[o 2¥]|rounds(t)=a} 2° Odt \/{t6[072’“]|round?(t)=z} 2k+1 — Odt
B 1
B /{te[o,zkumundy(t):z} 2k — (=2F)
B 1

B -/{te[—Zk,Z"'Hroundur(t):z} 2k — (_Qk)

dt
dt.

e Case: 28 <z < —-0€F.
In this case, I = [—Qk, O] is selected at the line 10 in the pseudocode. Here, since FURNG (O, 2k, —roundF) satisfies
the Formula (1), we obtain the probability as

1

k1 — 0
/ 1

{(t€[0,2%]| (= rounds)(t)=—a} 2% — (=2F)

I

A t€[0,2%]|(—roundr)(—t)=—x} 2k — (_Qk)

1 ></ / dt
2 J{t€[0,2%]|(—rounds)(t)=—x} 28 —0 {£€[0,2%]|(—rounds) (t)=—=}

dt

dt

dt

1

-/{ te[0,2%]|roundr(t)=x} 2k ( Qk)
! dt
- (=

{te[—2%,0]|roundy(t)=x} 2k Qk)

S o At
/{tE —2k 2K]|roundy(t)=z} 2k ( Zk)
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Therefore, the probability that x takes each floating point number at the line 20 in the pseudocode satisfies the Formula
(1).
Next, calculate the acceptance ratio v according to whether @ = —2% and whether b = 2%,
e Case: a = —2F and b = 2F.
In this case, FURNG (—Qk, 2k,round]p) needs to generate a floating point uniform random number x that satisfies
a < x < b at the line 20 in the pseudocode so that = is accepted. Hence, we obtain

2
I

/ .
{(te[=2" 2¥]|rounds () =z} 2F — (=2F)

1
/{t€[72k,2k]\raundg(t):z} 2k — (=2%)

a<z<b

,ngxSQk
/ 1
{te[—2F 2k]|— 2k <rounds(t) <2k} 2F — (—2F)

2k 1
= ———dt
/_Qk 2k — (—2F)

2k — (—2F)
2k+1

b—a

= 2k+1 :

dt

e Case: a = —2F and b < 2F.
(i) Case: roundr is Toward —oco or Toward 0.
In this case, FURNG (—Qk, ok , T’OUTLd]F) needs to generate a floating point uniform random number x that satisfies
a < x < b at the line 20 in the pseudocode so that x is accepted. Hence, we obtain

2
|

/ S —"
a<z<b {te[—2%,2%]|roundr (t)=x} 2k — (72]‘:)

/ S —;
o ttel-2r 2K lrounds (n=ry 2" — (=2")

/ S
{te[—2% 24]|— 2k <rounds(t)<b} 2F — (=2F)

b 1
= /, or— (—on) ™

b— (—2%)
= 2k+1
b—a
= ST

(ii) Case: roundr is Round-to-Nearest.
— Case: The mantissa of b is not 0.
In this case, FURNG (—2’“,2k,roundﬂ:) needs to generate a floating point uniform random number z that
satisfies a < = < b at the line 20 in the pseudocode, or FURNG (—2’“, 2 round]F) needs to generate a floating
point uniform random number x = b at the line 20 in the pseudocode and URNG1 () needs to generate 1 at
the line 30 in the pseudocode so that z is accepted. Hence, by letting b; be the left adjacent floating point
number to b and b, be the right adjacent one, we have

2016 Information Processing Society of Japan 49



IP IG Technical R Vol.2016-HPC-153 No.35
SJ SIG Technical Report 3 o3

1
_— o
Z {te[—2%,2¥][rounds (t)=a} 27 — (=2F)

a<lz<b
1 1
o !
{te[—2% 28] [rounds (t)=b} 2% — (—2F) 2
1
= ————dt
2k§I<b~/{'t€[—2’“,2k]|r0undr(t)=z} 2k — (_Qk)
1 1
o !
{te[=2%,2¥][rounds (t)=b} 2F — (—2%) 2
1
- B —
AtG[—Q’“,Z’“]|—2’“§roundw(t)<b} 2k — (_2k)
1 1
Iy !
{te[—2%,2¥][rounds (t)=b} 27 — (—2F) 2
btb ) bibe ) .
= S S S— -
e 2F (2R +/+ = (21X 3
Cbitb—2x(=2%) b
- 9k+2 2 x 2k+2
7bl+b72a by-*bl
- 9k+2 92 % 2k+2

1 bl+br

Here, since the mantissa of b is not 0, we have

bl+br _

Thus, we obtain

1 bl+br

2(b—a)
2k+2

_b—a

T 9k+1°

— Case: The mantissa of b is 0.

Since we can calculate v in the case where b = 91-(277"'-1) by the same way as the case where the mantissa
of b is not 0, we can consider only the case where b # 91=(2"7"=1) Iy this case, FURNG (—Qk, 2k, roundly)
needs to generate a floating point uniform random number x that satisfies a < = < b at the line 20 in the
pseudocode, or FURNG (—2k7 2k, round]p) needs to generate a floating point uniform random number x = b
at the line 20 in the pseudocode and URNG?2 () needs to generate 10 at the line 30 in the pseudocode so that
x is accepted. Hence, by letting b; be the left adjacent floating point number to b and b, be the right adjacent

one, we have
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1
_— o
Z {te[—2% 28] [roundys (H)=a} 2F — (—2F)

a<lz<b
1 1
- SRR
{te[—2%,2¥][roundys ()=b} 2F — (—2F) 3
1
= ——dt
2k§x<bAte[—2k,2k]|r0undu(t)=z} 2k — (_2k)
1 1
y BEET
{te[—2%,2¥][roundys (H)=b} 2F — (—2F) 3
1
= ———dt
AtG[—Q’“,Z’“]|—2’“§round0(t)<b} 2k — (_Qk)
1 1
- REEE
{te[—2%,2¥][roundy ()=b} 2F — (—2F) 3
butb L bion L 1
= — .t — — _dtx =
e 2 (o /l+ = (a3
Cbitb—2x(=2%) b
N 2k+2 3 x 2k+2
7bl+b72a b, — by
o 2k+2 3 x 2k+2
1 2bl + b,
Here, since the mantissa of b is 0, we have
2b; + b,
— =D
3
Thus, we obtain
1 2b; + by
_2(b—a)
2k+2
_b—a
- ok+1°

(iii) Case: roundr is Toward +oo or Toward +oo.
In this case, FURNG (—2’“, 2k, roundly) needs to generate a floating point uniform random number x that satisfies
a < x < b at the line 20 in the pseudocode so that z is accepted. Hence, we obtain

1
- / L
agzmgb {te[—2F 2¥] [rounds (1) =z} 27 — (—2F)

/ v
{te[—2" 2¥] [rounds (t) =z} 27 — (—2F)

1
/{t€[72"‘,2’€]|72’C§'roundlp(t)§b} 2k — (=2k)

b 1
= /_ o (2™

b— (—2")
= 2k+1
b—a
= 2k+1 :

—2k<z<b

dt

o Case: —2" < g and b = 2",
(i) Case: roundy is Toward +oo or Toward 0.
In this case, FURNG (—2’“, 2k round]p) needs to generate a floating point uniform random number = that satisfies
a < x < b at the line 20 in the pseudocode so that x is accepted. Hence, we obtain
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1
Y= / S
ag:gb {te[—2%,2%][rounds (t)=a} 27 — (=2F)

/ L
acasar J{tE[=25 28] [rounds (t)=x} 2k — (=2F)

_ / L
{te[—2*,2%]|a<rounds(t)<2+} 2F — (=2F)

ok 1
:/a o — (o0

_2k—a
T 9k+1
_b—a
72k+1'

(ii) Case: roundy is Round-to-Nearest.
— Case: The mantissa of a is not 0.
In this case, FURNG (—2’“, Zk,roundm) needs to generate a floating point uniform random number z = a
at the line 20 in the pseudocode and URNG: () needs to generate 1 at the line 30 in the pseudocode,
or FURNG (72’“ ,2k ,roundF) needs to generate a floating point uniform random number x that satisfies
a < x < b at the line 20 in the pseudocode so that = is accepted. Hence, by letting a; be the left adjacent
floating point number to a and a, be the right adjacent one, we have

1
. -
{te[—2*,2%][rounds (t)=a} 27 — (—2F)

1

! a<z<b/{te[—2k72R]|mu”dF(t)=I} mdt
/{tE[—Qk,Q"'HTound]r(t):a} mdt X %
1

" a<w<2k /{te[—2""2’“]|r0undm(t):z} mdt
/{tE[—Qk,Q"'HTound]r(t):a} mdt X %

1

+/ ————dt
{te[—2*,2F]la<roundp(t)<2F} 2k — (_2k)

a+tar

> 1 1 2* 1
- L dtx = 4t
/+ ok —(—2m "3 “L/+ 2k — (—2F)

2 2
_ar—ay 2><2k—(a+ar)
T 9 % 2k+2 2k+2
ar—ay 2b— (a+ar)

T 9 % 2k+2 + 2k+2

1 a; + ar

= ok+2 (Qb_a_ 2 )

Here, since the mantissa of a is not 0, we have

ap+ ar
2
Thus, we obtain
1 a; + ar
7T gkt (200 2 )
_2(b—a)
2k+2
_b—a
T 9k+1”
— Case: The mantissa of a is 0.
E—-1
Since we can calculate 7 in the case where a = _o1-(27-1) by the same way as the case where the mantissa

of a is not 0, we can consider only the case where a # e CH I this case, FURNG (72]“, 2k, round[p)
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needs to generate a floating point uniform random number x = a at the line 20 in the pseudocode and
URNG5 () needs to generate 10 at the line 30 in the pseudocode, or FURNG (—2k72k7round]y) needs to
generate a floating point uniform random number x that satisfies a < = < b at the line 20 in the pseudocode
so that x is accepted. Hence, by letting a; be the left adjacent floating point number to a and a, be the right

adjacent one, we have

1
- -
{te[=2" 2¥][rounds (t)=a} 2F — (=2F) 3

+

1
a<z§b/{té[—2’“,2’“]|roundp(t)—a)} 2k — (_Qk)

/ v a2
{te[=2%,2¥][rounds (t)=a} 27 — (—2F) 3

1
S
Z (te[—2F 2¥]|rounds () =2} 2F — (=2F)

a<z<2k
1 2
——dt X =
/{tG[—Q’“,Q’““roundr(t):a} 2k — (_Zk) 3
1
. o
{te[—2%,2¥]la<rounds(t)<2+} 27 — (—2F)

atar

-/ 1dtxz+/2’“ S
N axe 2k — (—2k) 3 Jatar 2k — (=2F)

2

2(ar —a;)  2x2%¥—(a+ar)

3 x 9k+2 2k+2
_ 2(ar—a;) | 2b—(a+ar)
3 x 2k+2 2k+2

1 2a; + ar

Here, since the mantissa of a is 0, we have

2a; + ar

Thus, we obtain

1 2a; + ar
1= s (-0 o)

2(b—a)
2k+2
_b—a
T 9k+1°

(iii) Case: roundr is Toward —oo or Toward +oo.

dt

In this case, FURNG (—Qk, ok , round]y) needs to generate a floating point uniform random number z that satisfies

a < x < b at the line 20 in the pseudocode so that z is accepted. Hence, we obtain

1
~/{t6[—2k,2k]\r0und]p(t):m} 2k — (_Qk)

a<z<b
/ 1
{te[—2972°]|7 ound}-(t):w} 2 ( 2 )

dt
a<x<2k

1
B /{tE[—Z"',Q’C]\aSroundF(t)SQk} 2k — (_Qk)

2k 1
L

72k—a
T 9k+1
_b—-a
_2k+1'

dt

o Case: —2% < g and b < 2F.
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(i) Case: roundy is Toward +oo.
In this case, FURNG (—2’“, 2k, round]F) needs to generate a floating point uniform random number z that satisfies
a < x < b at the line 20 in the pseudocode so that z is accepted. Hence, we obtain

v

/ L
o Saty ) (1€[-2" 2K [rounds (1)=x} 2k — (=2%)

_ / g
{te[—2%,2¥]la<rounds(t)<b} 27 — (—2F)

b 1
- | =
b—a

= ST
(ii) Case: roundr is Toward 0.
In this case, FURNG (—Qk, ok , round]F) needs to generate a floating point uniform random number z that satisfies
a < x < b at the line 20 in the pseudocode so that x is accepted. Hence, we obtain

Y / L g
{te[—2%,2¥][rounds (t) =z} 27 — (=2F)

1
n/{te[—2’“,2"']|a<round]p(t)<b} 2k — (_Qk)

b 1
==k

_b—a
T 9k+1°

a<xz<b

(iii) Case: roundr is Round-to-Nearest.
— Case: The mantissa of a is not 0 and that of b is not 0.

In this case, FURNG (72’“, Qk,roundp) needs to generate a floating point uniform random number z = a
at the line 20 in the pseudocode and URNG: () needs to generate 1 at the line 30 in the pseudocode,
or FURNG (—2k,2k ,round]y) needs to generate a floating point uniform random number x that satisfies
a < x < b at the line 20 in the pseudocode, or FURNG (—2k, 2k roundnr) needs to generate a floating point
uniform random number z = b at the line 20 in the pseudocode and URNG1 () needs to generate 1 at the line
30 in the pseudocode so that x is accepted. Hence, by letting a; be the left adjacent floating point number to
a, ar be the right adjacent one, b; be the left adjacent floating point number to b, and b, be the right adjacent
one, we have

! dt><1

. -
{te[—2*,2%][rounds (t)=a} 27 — (—2F) 2

1
Y R
{te[—2%,2F]|roundp(t)=z} 2k — (_Qk)

a<z<b
1 1
o T
{te[—2" 2k] [rounds (t)=b} 27 — (—2F) 2
1 1
= ————dt X =
/{t€[72k,2k]|round]p(t):a} 2k — (=2%) 2
1
o -
{te[—2" 2¥]la<rounds(t)<b} 27 — (=2F)
1 1
N )
{te[—2%, 28] [rounds (t)=b} 2% — (—2F) 2
atar 1 1 bkl 1
2 2

b+by
T A T
bt 2k — (—2F) 2

r— b— b —ar br —b
:CL ay + a+ 0 a n 1

2 x 2k+2 2k+2 2 x 2k+2
_ 1 bl+b7‘ a; + ar
—W<b‘“+T‘ 2 )
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Here, since the mantissa of a is not 0, we have
at+ar _
2
Besides, since the mantissa of b is not 0, we have

bl+br _

b.
2

Thus, we obtain

1 bl+br al+ar
szkﬁ(b*“* 2 2 )

2(b—a)
2k+2

_b—a

- 9k+1°

— Case: The mantissa of a is not 0 and that of b is 0.

Since we can calculate v in the case where b = 91-(27"-1) by the same way as the case where the mantissa
of b is not 0, we can consider only the case where b # 217(2E7171). In this case, FURNG (—2k, 2k, round[p)
needs to generate a floating point uniform random number z = a at the line 20 in the pseudocode and
URNG1 () needs to generate 1 at the line 30 in the pseudocode, or FURNG (72’“, 2k, roundm) needs to gen-
erate a floating point uniform random number x that satisfies a < x < b at the line 20 in the pseudocode, or
FURNG (—2’“, Qk, round]p) needs to generate a floating point uniform random number z = b at the line 20 in
the pseudocode and URNG?2 () needs to generate 10 at the line 30 in the pseudocode so that x is accepted.
Hence, by letting a; be the left adjacent floating point number to a, a, be the right adjacent one, b; be the left

adjacent floating point number to b, and b, be the right adjacent one, we have

=/ S
{te[—2%,2%]|roundr(t)=a} 2k — (_2k) 2

1
+ / ————dt
Z {te[—2%,2F]|roundp(t)=x} 2k — (72]c

~—

a<z<b
1 1
+/ BT
{te[—2" 2¥] [rounds (t)=b} 27 — (=2F) 3
1 1
= ————dt X =
/{t€[72’“,2k]|7‘ound]p(t):a} 2k — (_2k) 2
1
o I
{te[—2" 2K]la<rounds(t)<b} 27 — (=2F)
1 1
N !
{te[—2*,2F][rounds (t)=b} 2% — (—2F) 3
atar 1 1 bitb 1
= —dt x = ——dt
/al;a ok —(—2m) @ Xt wtar 2% — (—2F)
bibe
L gyl

bt 2k — (—2F) 3

ar — ag b—a+b —ar b — b

2 x 2k+2 2k+2 3 x 2k+2
1 2bp +b-  a;+ar

Here, since the mantissa of a is not 0, we have

a; + ar —a
—5 =
Besides, since the mantissa of b is 0, we have
2bl + br‘
——— =b.
3

Thus, we obtain
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1 2b; +b,  a;+ ar
1T okt2 <b B T
_2(-a)
2k+2
_b—-a
- ok+1°
— Case: The mantissa of a is 0 and that of b is not 0.
E—-1
Since we can calculate 7 in the case where a = _91=(2771-1) by the same way as the case where the mantissa
E—-1

of a is not 0, we can consider only the case where a # —217(2 71). In this case, FURNG (—2k, 2k, roundm)
needs to generate a floating point uniform random number x = a at the line 20 in the pseudocode and

URNG: () needs to generate 01 or 10 at the line 30 in the pseudocode, or FURNG (72]“, 2" round]F) needs to
generate a floating point uniform random number x that satisfies a < z < b at the line 20 in the pseudocode,
or FURNG (—Qk, Qk, roundly) needs to generate a floating point uniform random number x = b at the line 20
in the pseudocode and URNG1 () needs to generate 1 at the line 30 in the pseudocode so that x is accepted.
Hence, by letting a; be the left adjacent floating point number to a, a, be the right adjacent one, b; be the left
adjacent floating point number to b, and b, be the right adjacent one, we have

cl7t><2

1
. .
{te[—2%,2%]|roundr (t)=a} 2k — (_Qk) 3

1
Sy -
{te[=2" 2¥] [rounds (t) =z} 27 — (=2F

~—

a<lz<b
1 1
+ / SR
{te[—2*,2%][rounds (t)=b} 2% — (—2F) 2
1 2
- — _dtx:
~/{'t€[—2"',2’°]|round]p(t)=a} 2k — (_2k) 3
1
+/ —————dt
{te[—2%,2*]|a<roundg(t)<b} 2k — (_Qk)
1 1
+/ ——dt X =
{(te[—2" 2¢] [rounds (t)=b} 2% — (—2F) 2
atar 1 9 byt 1
2 2
= —_dt x = ——dt
/al;a (23T Jure 2 (2F)

b+by

+/ T al
ntv 2k — (—2F) 2

2

_2(ar—a1)  b—a+b —ar br — b

3 x 2k+2 2k+2 2 x 2k+2
o 1 bl + br 2a/l + ar

Here, since the mantissa of a is 0, we have
2a; + ar _
2
Besides, since the mantissa of b is not 0, we have

bl+br _

b.
2
Thus, we obtain
1 2b; + b, 2a;+ ar
Y= ok+2 (b —a+ 3 - 3 )

_2(b—a)

2k+2
_b—a
- 2k+1"

— Case: The mantissa of a is 0 and that of b is 0.

257-1) by the same way as the case where the mantissa
(257121

Since we can calculate 7 in the case where a = —91(

of @ is not 0, we can consider only the case where a # —2'~ . Besides, since we can calculate v in the
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-1) by the same way as the case where the mantissa of b is not 0, we can consider only

the case where b # 91=(2°7"=1) In this case, FURNG (72]“, 2k roundg) needs to generate a floating point
uniform random number x = a at the line 20 in the pseudocode and URNG3 () needs to generate 01 or 10 at
the line 30 in the pseudocode, or FURNG (—2’“7 2k , round]F) needs to generate a floating point uniform random
number x that satisfies a < x < b at the line 20 in the pseudocode, or FURNG (—2k, 2k, round]p) needs to
generate a floating point uniform random number & = b at the line 20 in the pseudocode and U RNG2 () needs
to generate 10 at the line 30 in the pseudocode so that x is accepted. Hence, by letting a; be the left adjacent
floating point number to a, a, be the right adjacent one, b; be the left adjacent floating point number to b, and
br be the right adjacent one, we have

v = / __ dt x 2
{te[—2*,2%][rounds (t)=a} 27 — (=2F) 3

1
oy B
ot a2 24 rounds (=2} 2F — (=2F)
1 1
+/ ——dtx =
{te[—2%,2F]|roundp(t)=b} 2k — (_Qk) 3
1 2
= ———dt X =
/{te[—Zk,T"H'roundF(t):a} 2k — (_Qk) 3
1
+/ ———dt
{te[—2*,2F]|a<roundy(t)<b} 2k — (72]6)
1 1
o RIS
{te[—2" 2¢] [rounds (t)=b} 27 — (—2F) 3
atar 1 9 bitb 1
2 2
————dt X = ——dt
are 28— (—2F) "3 +/+ 2k — (=2%)

btby

N ——
e 2k — (2R3

2

Here, since the mantissa of a is 0, we have

Besides, since the mantissa of b is 0, we have

Thus, we obtain

(iv) Case: roundr is Toward —oo.

_Q(GT—CLL) b—a+b —ar b — b
T3 x 2k+2 2k+2 3 x 2k+2
1 2b; + b, 2a; + ar
W(bﬂ” 3 3 )
2al+ar_
=
2b; + by
—— =b.

3
. 1 2bl+b7~ 2a; + ar
V_W(b_‘” 3 3 )
_2(b—a)
2k+2
_b—a
T 9k+1°

In this case, FURNG (72’C L2k roundF) needs to generate a floating point uniform random number x that satisfies
a < x < b at the line 20 in the pseudocode so that z is accepted. Hence, we obtain
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’y:

1

———dt
/[t€[72k,2k]\roundu.~(t):z} 2k — (=2%)

a<lz<b

/ S —
{te[—2F,2F]|a<roundr(t)<b} 2k — (_2k)

b 1
- | w—om

b—a
2k+1'
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(v) Case: roundr is Toward +oo.
In this case, FURNG (—2’“, 2k, round]F) needs to generate a floating point uniform random number z that satisfies
a < x < b at the line 20 in the pseudocode so that z is accepted. Hence, we obtain

2
Il

1
———dt
x/{te[—Zk,Zk]\roundur(t)zcv} 2k — (_Qk)
/ 1
{te[—2F,2k]|a<roundr(t)<b} 2k — (_2k)

b 1
:/a gr— (—on)

_b—a
T 9k+1”

a<lz<b

dt

Therefore, we obtain

_b—a
772k+1

in all the cases. Here, since 2°7! < max (—a, b) < 2¥ and a < 0 < b, we have

281 < max (—a, b)
<b+(—-a)=b—a
< max (—a, b) + max (—a, b)
< okt

Therefore, we obtain
1
- <~y <1
1 s

(4) Case: 2% <a< 2" ' <b<2" where (2— (277" —1) <neN<2F ),
In this case, we can calculate -y by the similar way as (3). Then, we obtain

L —p 2 4
3 2k+3 2k
_24-p
3 x 2k

Here, since 28 =1 < max (—p, q) < 2¥ and p < 0 < g, we have

2" < max (—p, q)
< ¢ +max (—p,q)
<g+(g+(-p)=2¢-p
< 2 x max (—p, q) + max (—p, q)
< 3x 2k

Therefore, we obtain

1
- <v<1
6 RS

(5) Case: 0<a<2"2<2" 1 <b<2" where (2— (2871 —1) <neN<2F 1),
e Case: a =0 and b=2".
In this case, FURNG (0,2",roundr) needs to generate a floating point uniform random number z that satisfies

a < x < b at the line 10 in the pseudocode so that = is accepted. Hence, we have
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1

dt
a<x<b/{\t€[0 27 |roundy(t)=x} 2n -0

’Y:

1
/ dt
0<z<2n {t€[0,2"]|roundy(t)=x} 2" =0

/ 1
= -
{t€[0,27]|0<rounds(t)<2n} 2" — 0

on
1
= dt
=

2" —0
2n
_b—a
=5

e Case: a =0and b < 2".
(i) Case: roundy is Toward —oo or Toward 0.
In this case, FURNG (0,2",roundy) needs to generate a floating point uniform random number x that satisfies
a < x < b at the line 10 in the pseudocode so that z is accepted. Hence, we have

1
v = / — dt
aSZKb {tel0,2"]|roundp(t)=x} 2n =0

[ 0,
05mep {4€10,2]|rounds )=z} 2n =0

1
= / dt
{t€[0,2"]]0<roundg(t)<b} 2" —0

/ Lt

21’L
b—a
on -’

(ii) Case: roundr is Round-to-Nearest.
In this case, FURNG (0,2",roundy) needs to generate a floating point uniform random number z that satisfies
a < z < b at the line 10 in the pseudocode, or FURNG (0, 2", roundy) needs to generate a floating point uniform
random number z = b at the line 10 in the pseudocode and URNG1 () needs to generate 1 at the line 20 in the
pseudocode so that x is accepted. Hence, by letting b; be the left adjacent floating point number to b and b, be the
right adjacent one, we have
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1
oy 0,
a§<b {t€[0,2"]|roundy(t)=x} 27 -0

/ 1 1
+ - dt X =
1t€[0,27]|rounds(t)=b} 2™ — 0 2

-y e
05aey {tel0,2mIrounds () =z} 2" — 0

+/ nl dt x

{t[0,27]|rounds (t)=b} 2" — 0

Ny 0,
{t€[0,27]|0<rounds(t)<b} 2" — 0

1
+/ dt x
{t€[0,2"]|roundys(t)=b} 2n -0

b +b btby

2 1 2 1 1
- _at dt x -
/0 om0 +/n+» an 0% 2

2

7bl+b—0 br — by

N | —

N —

on+1 2 x 2k+1
. by+b—a b — by
- ontl 2 x 2k+1

1 bl+br
= Jnt (b—a+ 5 )

Here, since the mantissa of b is not 0, we have

bl +br
2

=b.

Thus, we obtain

1 bl+br
VZW(”“”T)

2(b—a)
2n+1

b—a
on

(iii) Case: roundr is Toward +oo or Toward +oo.
In this case, FURNG (0,2",roundy) needs to generate a floating point uniform random number z that satisfies
a < x < b at the line 10 in the pseudocode so that x is accepted. Hence, we have

2
I

1
[ 1,
eSaty J(tel0. 27 rounds ()=o) 2" — 0

1
[ 0,
05asy {t€l0,27rounds (t)=2} 2" — 0

1
:/ — dt
(t€[0,27]|0<rounds(t)<b} 2" — 0

b
[ La
0 2
b—-0

Qn
b—a
on

e Case: 0 < aand b=2".
(i) Case: roundy is Toward —oo or Toward 0.
In this case, FURNG (0,2",roundy) needs to generate a floating point uniform random number x that satisfies

a < x < b at the line 10 in the pseudocode so that z is accepted. Hence, we have
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=y =t
a<z<b {te[0,2"]|roundr(t)=x} 27 =0
1
Sy 0,
a<z<2n {t€[0,2"]|roundy(t)=x} 2m -0
1
y a1,
{te[0,27]|a<roundg(t)<2m} 2n =0
on
1
o 2
2" —a
=
_b—a
= 5
(ii) Case: roundy is Round-to-Nearest.
— Case: The mantissa of a is not 0.
In this case, FURNG (0,2",roundy) needs to generate a floating point uniform random number z = a

at the line 10 in the pseudocode and URNG1 () needs to generate 1 at the line 20 in the pseudocode, or
FURNG (0,2", roundy) needs to generate a floating point uniform random number z that satisfies a <z <b
at the line 10 in the pseudocode so that x is accepted. Hence, by letting a; be the left adjacent floating point
number to a and a, be the right adjacent one, we have

¥ —/ L dt x 1
{t€[0,27]|roundg(t)=a} 2" — 0 2

1
+ / dt
a;xs,) {t€[0,27]|rounds(t)=c} 2" — 0

1 1
{t€[0,2"]|rounds (t)=a} 2" — 0 2
1

dt

+ / :
a<xZ§2n 1t€[0,2"]|rounds )=z} 2™ — 0

*/ 1 dt x 1
t€[0,27]|rounds (t)=a} 2" — 0 2

/ 1
+ "
{t€[0,27]|a<rounds(t)<2n} 2" — 0

atar

2 1 1 2" 1
dt x = dt
/w 7m0 X2+/wr2n—o

2 2
_ar —ay 2x2" —(a+ar)
T 9 x 9n+1 on+1
ar —a 2b— (a+ar)

T 9 x 9n+l on+1

1 a; + ar

= ont1 (2b—a— 5 )

Here, since the mantissa of a is not 0, we have
ap + Qr _
2

Thus, we obtain

1 a; + ar
7= g (B o= )

_2(b—a)
2n+1

b—a
g

— Case: The mantissa of a is 0.

Since we can calculate v in the case where a = o1-(277"-1) by the same way as the case where the mantissa of
E—-1
a is not 0, we can consider only the case where a # 91=(2"7"=1) 1y this case, FURNG (0,2", roundy) needs

to generate a floating point uniform random number z = a at the line 10 in the pseudocode and URNG3 ()

2016 Information Processing Society of Japan 61



IP IG Technical R Vol.2016-HPC-153 No.35
SJ SIG Technical Report 3 o3

needs to generate 01 or 10 at the line 20 in the pseudocode, or FURNG (0,2", roundr) needs to generate a
floating point uniform random number z that satisfies a < < b at the line 10 in the pseudocode so that x
is accepted. Hence, by letting a; be the left adjacent floating point number to a and a, be the right adjacent
one, we have

v = / nl dt x 2
{t€[0,2"]|roundr(t)=a} 2n -0 3

1
+ / dt
a<zz:§b {t€[0,2"]|roundr (t)==} 2 -0

1 2

:/ - dt x =
{t€[0,27]|rounds(t)=a} 2" — 0 3

1

dt

vy -
alazan J{t€l0,27]frounds (t)=x} 2" — 0

{t€[0,2"]|rounds (t)=a} 2" — 0 3

1
o S
{te€[0,2"”]|a<roundy(t)<2n} 2n =0

! 2
= dt x = dt
/ﬂz;a 27 —0 3+/1+2a7‘2n0
_ 2(ar—ar) | 2x2" —(a+ay)
T3 x ontl on+1
~2(ar—a;) | 2b—(a+ay)
T 3 x ontl on+1
1 2a; + ar
Here, since the mantissa of a is 0, we have
2a; +ar
— =

Thus, we obtain

1 2a; + ar

2(b—a)
2n+1

b—a
TR

(iii) Case: roundr is Toward +oo or Toward *oo.
In this case, FURNG (0,2",roundy) needs to generate a floating point uniform random number z that satisfies
a < x < b at the line 10 in the pseudocode so that = is accepted. Hence, we have

dt

1
=3 -
a<z<b {te€[0,2"]|roundr (t)=x} 2 -0

1
[ 3,
acazon J {t€(0,27][rounds (t)=a} 2" =0

1
[ .
{te€[0,2”]|a<roundg(t)<2m} 27 =0

on
1
[ La
2" —a
2n
b—a

n

e Case: 0 < aandb< 2.
(i) Case: roundy is Toward —oo or Toward 0.
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In this case, FURNG (0,2", roundy) needs to generate a floating point uniform random number z that satisfies

a < x < b at the line 10 in the pseudocode so that = is accepted. Hence, we have

—_— :
2 {te[0,27]jrounds(t)=z} 2" — 0

a<lxz<b

B ~/{t€[0,2"]\agroundup(t)<b} 2 =0

b
1
[
7b7

1

dt

1

dt

a
=
(ii) Case: roundr is Round-to-Nearest.
— Case: The mantissa of a is not 0.
In this case, FURNG (0,2",roundy) needs to generate a floating point uniform random number z = a

at the line 10 in the pseudocode and URNG1 () needs to generate 1 at the line 20 in the pseudocode, or
FURNG (0,2", roundr) needs to generate a floating point uniform random number z that satisfies a < x < b
at the line 10 in the pseudocode, or FURNG (0,2", roundy) needs to generate a floating point uniform ran-
dom number x = b at the line 10 in the pseudocode and URNG1 () needs to generate 1 at the line 20 in the
pseudocode so that = is accepted. Hence, by letting a; be the left adjacent floating point number to a, a, be

the right adjacent one, b; be the left adjacent floating point number to b, and b, be the right adjacent one, we

have

1 dt><1

= .
{t€[0,2"]|roundr(t)=a} 2 =0 2

N Z /{te[o,w]

a<z<b

g/
{t€[0,27]|rounds (t)=b} 2" — 0

1

|roundy(t)=x} 2n =0
1 1
dt x =
“3

! dt><1

n/{tE[O,Q"H'r‘ound]p(t):a} 2 =0 2

+)
{t€[0,27]|a<rounds(t)<b} 2" — 0

1
dt

dt

+/ ! dt x 1
{t€[0,27]|rounds(t)=b} 2" — 0 2
e 1
2 2
= dt x = dt
/i 270" 27" Jura 2720
2 2
B 1
2
+ /ﬂ omn — Odt *3
2
_ar—aq b—a+b —ar b — b
© 2 x 2ntl gn+1 2 x 2+l
1 bi+b, a;+ar
Here, since the mantissa of a not is 0, we have
at+ar _
5 =
Besides, since the mantissa of b is not 0, we have
M'+br
— =b.
2
Thus, we obtain
1 bi+br a;+ar
V= et (b At T T
~2(b—a)
- 2n+1
_b—a
= 5
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— Case: The mantissa of a is 0.

Since we can calculate «y in the case where a = 91— (27711 by the same way as the case where the mantissa of
a is not 0, we can consider only the case where a # 21=(2"7'=1) 1y this case, FURNG (0,2", roundy) needs
to generate a floating point uniform random number z = a at the line 10 in the pseudocode and URNG3 ()
needs to generate 01 or 10 at the line 20 in the pseudocode, or FURNG (0,2", roundy) needs to generate
a floating point uniform random number z that satisfies a < & < b at the line 10 in the pseudocode, or
FURNG (0,2", roundr) needs to generate a floating point uniform random number x = b at the line 10 in
the pseudocode and URNG () needs to generate 1 at the line 20 in the pseudocode so that z is accepted.
Hence, by letting a; be the left adjacent floating point number to a, a, be the right adjacent one, b; be the left

adjacent floating point number to b, and b, be the right adjacent one, we have

Y :/ nl dt x 2
{t€[0,2"]|rounds(t)=a} 2" — 0 3

1
+ E / — dt
a<z<b {t€[0,2"]|roundr(t)=x} 2

0
1 1

+/ — dt x —
{te[0,27]jrounds(t)=b} 2" — 0 2

1 2
:/ p dt X =
{t€[0,2"]|rounds(t)=a} 2" — 0 3

1
iy E
{tef0,27]|a<rounds(t)<b}y 2" — 0

/ 1 1
+ — dt X =
{t€[0,27]|rounds(t)=b) 2" — 0 2

atar by +b

2 1 2 2 1
7/L 2"—0dt><§+/“ ar 2"—0dt

2 2

btby

+/ ’ ;dtxl
btb 27— () 2

2

2(ar —a;)  b—a+b —ar

3 x on+1 on+1
br — by
2 x 2ntl
_ bl + br 20,[ + ar
= gni1 (b —a+ 5 3 ) .

Here, since the mantissa of a is 0, we have

2a; + ar B
— =

Besides, since the mantissa of b is not 0, we have

bl + br _
72 =

b.

Thus, we obtain

1 by + by 2a; + ar
”—W(b‘“ SRE )

2(b—a)
ont1

b—a
TR

(iii) Case: roundr is Toward +o0o or Toward +oo.
In this case, FURNG (0,2",roundy) needs to generate a floating point uniform random number x that satisfies
a < x < b at the line 10 in the pseudocode so that z is accepted. Hence, we have
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1
v = E / —~ dt
a<z<b {t€[0,2™]|roundp(t)=x} 2m —0

/ 1
- gt
{t€[0,27]|a<rounds(t)<b}y 2" — 0

b
1
:A 27dt
b—a
on

Therefore, we obtain

b—a
2"’L

v =
in all the cases. Here, since 0 < a < 2772 < 2771 < b < 2™, we have
"t 2" P p—a < 2" 0.
Therefore, we obtain
i <~v<1

In summary, we obtain the following result.
(1) Case: 0<a<b< 92-(2°71-1),

for the minimal k¥ € N that satisfies b — a < 2F.
(2) Case: 2" ' <a<b<2" where (2— (2°71 —1) <neN<2871)

for the minimal k € N that satisfies ¢ — p < 2 where
p= (a — 2"71) x 9~ (n=1) o 91 =(277" 1)

g=(a—2"") x 27 =BT,

(3) Case: a<0<b.

1 b—a

for the minimal k € N that satisfies max (—a, b) < 2¥.
(4) Case: 2" 2 <a<2" ' <b<2" where (2— (2771 —1) <neN<2F 1)

2q—p
<1
3 x 2k —

<=

| =

for the minimal k € N that satisfies ¢ — p < 2 where
p= (a — 2"_1) % 9~ (n=2) o 91-(2771-1)

q= (b - 2”*1) w 9~ (n=1) 91 =(2571-1)

(5) Case: 0<a<2"?<2" ' <b<2" where (2— (2°7'—1) <neN<287 1)
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This section proves that the random number generation probability of the proposed algorithm in the Section 7.1 satisfies
the Formula 1. First, calculate the probability that the algorithm outputs f € F, P (f), for each floating point number. Next,

compare P (f) with

Pr (f) = Prlroundr (URNGR ()) = f]

-/ Lo,
{te[a.b]|rounds(t)=F} b — @
which is calculated by the Formula (1), and confirm that P (f) = Pr (f) holds. In the proof, let

Pr [’ constraint of variables” in ”line number in the pseudocode”]

be the probability that the constraint is satisfied at the end of the line in the pseudocode.
(1) Case: 0<a<bd< 91 =(2"71-1),

(i) Case: f<aorb<f.

Since f —a<0orb—a< f—a, we have

P(f)=Priz=f—ain 30|
=Prz=f—ain 20]
=0.
Next, we have

{t € [a,b] |roundF (t) = f} =0

because f < a or b < f. Hence, we obtain

1
)= [ dt
{t€lab)[rounds(t)=f} O — @

1
= t
/@bfad
=0.

Therefore, P (f) = Py (f) holds.
(i) Case: a < f <b.
In this case, since f —a € F<b—a < 2% we have

{t € [0,2’“] |roundy (t) = f — a}
={t€[0,b—a]|roundr (t) = f —a}.

Besides, since a, f — a, b is a subnormal number, we have

sup {t € [0,b — a] [roundr (t) = f —a} — inf {t € [0,b — a] |roundy (t) =
=sup {t € [a,b] |roundr (t) = f} — inf {t € [a, b] |roundy (t) = f} .

Hence, we obtain
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P(f)=Prlz=f—ain 30]
=Priz=f—ain 20]

-\ / o
z:o {(t€[0,2%]|rounds(t)=f—a} 2F — 0
_1 #dt
¥ Jite(,24] rounds(ty=f—a} 2 — 0
k
- / gt
b—a Jite[0,25)rounds(t)=f—a} 2% =0

ldt

t€[0,2%]|roundr(t)=f—a} b—a

1
dt
{t€la,b]|roundp(t)=1} b—

(f)-

J
1
Y y
{t€[0,b—a]|roundr(t)=f—a} b—
= Py (

Therefore, P (f) = Pr (f) holds.
(iii) Case: f=0.
o Case: b—a=2"

In this case, we have

P(f) =P
=Prjxr=>b—ain 30]

- Pr [m =2k in 30}

- Pr [x —2%in 20}
— 1
= ——dt
Z \/{tE[O,Q’CHroundT(t):Qk} 2k —0
_1 ;dt
Y J{teo,24] | rounds (t)=2+} 2F — 0
2 1
= P
{t€[0,2¥]|rounds (t)=2F} 2% — 0

1
/ i
0,2%]|roundy(t)=2%} b—
/ a—
[0,b—a]|roundp(t)=b—a} b—

/ "
[a,b]|roundy(t)=b} b—

= Py (b)
=P (f).

Therefore, P (f) = Pr (f) holds.
e Case: b—a < 2F.
— Case: roundy is Toward —oo or Toward 0.
In this case, we have

P(f)=P(b)
=Prz=>b—ain 30]
=Prjzr=>b—ain 20]
=0.

Besides, we have
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Pr (f) = Pr (b)

Therefore, P (f) = Pr (f) holds.

— Case: roundy is Round-to-Nearest.
Let (b — a); be the left adjacent floating point number to (b — a) and (b — a),. be the right adjacent one. Since
(b — a) is a subnormal number, we have

(b—a)=(b—-a)=(0b-a),—(-a).
Here, (b — a), < 2* because (b — a) < 2*. Hence, we have

sup {t S [0, 2’“} |roundr (t) = b — a} — inf {t S [O, Zk} |roundr (t) = b — a}
(b—a),+(b—a) (b—a)+(b—a),

2 2
(b—a),—(b—a) (b—a)—(b—a)
- 2 + 2 l
b0,
2
(- btz

= (sup {t € [0,b — a] [roundr (t) = b — a}
—inf {t € [0,b — a] |roundr (t) = b—a}) x 2.

Thus, we obtain

P(f)=P(b)
=Priz=>0—ain 30]

:Pr[:n:bfaiHQO]X%

s 1,
2 {te[0,2%]

=0 |roundy(t)=b—a} 2k —0

1 1
= S

2y Jire(0.2%) [rounds(t)=b—ay 2% — 0

_ 2 / o
2 (b - CL) {t€[0,2*]|roundr(t)=b—a} 2k —0

1 / 1
- dt
2 {t€[0,2*]|roundr(t)=b—a} b—a

1
- / dt
{t€[0,b—a]|rounds(t)=b—a} 0 — @

1
- / dt
{t€lab]|rounds(t)=b} D — @
= Pr (b)
=Pr(f).

Therefore, P (f) = Pr (f) holds.
— Case: roundy is Toward +oo or Toward Foo.
In this case, we have
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P(f)=P(b)
=Pr[z=0b—ain 30]
=Przr=>b—ain 20]

S g
{t€[0,2*]|roundr(t)=b—a} 2k -0

=0
Y J{te[0,2*]|rounds(t)=b—a} 2k —0
ok 1

b— /{te[0,2k]|mundw(t):bw} 2k —0

dt

1
/ dt
{t€[0,2*]|roundy(t)=b—a} b—a

1dt

{te[0,b—a]|rounds(t)=b—a} b—a

/ L
t€[a bl|roundr(t)=b} b—a
= Fr(

=Fr

(f)

Therefore, P (f) = Pr (f) holds.
Therefore, P (f) = Pr (f) holds in all the cases.
(2) Case: 2" ' <a<b<2" where (2— (271 —1) <neN<2°71)

In this case, since f = x X (277 =1)=1  gn—1 + 2771 we have

P(f) =P (wx 2 70 ot pon )

1
_ / Lo
{telp,qllrounds(t)=2} 4 — P

1 1
dt x

/{tE[nq]IroundF(t):w} b—a = 27(n=1) x 21-(2F7-D)

Here, since all the floating point numbers in [p, g] is a subnormal number, the interval between each floating point number

is the same. Besides, the interval of floating point numbers in
[p « 2(2E*1—1)—1 « o1 Jr2n—17q % 2(2’5*1—1)—1 % on—t 4 2n—1:|

1

is also the same as each other and is ——g—4————
o(2 ~1)~1yon-1

times as wide as [p, g]. Hence, by letting oo = 9(2771-1)-1 on—1,

we have

dt = dt

/ ; /
{telp,q]|lrounds(t)=x} A J{telpxa+2n—1,gxa+2"~1]|rounds(t)=z X a+27—1}

1 / dt.
& J{tela,b]|rounds(t)=f}

Thus, we obtain

1 1
P(f) = / dt x _
{telp.allrounds ()=o) O — @ 27 (71 x 2125711
*/ 1 dt x l X 1
{t€lab]rounds(t)=F} 0 — @ " 27(n=1) e 21=(2F71 1)
= 1 dt
{t€lab]rounds(t)=f} D — @
=Pr(f).

Therefore, P (f) = Py (f) holds.
(3) Case: a<0<b.
(i) Case: f<aorb<f.
In this case, we have
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P(f)=Prlz = f in 40]
= Prz = f in 30
=0.

Next, we have

{t € [a,b] |roundy (t) = f} =0

because f < a or b < f. Hence, we obtain

1
P (f) = / dt
{t€la,b]|rounds(t)=f} b — @

1
_/@bfadt
=0.

Therefore, P (f) = Pr (f) holds.
(ii) Case: a < f <b.
In this case, we obtain

P(f)=Pr[z = fin 40]
= Prfz = f in 30]
= 1
_ 1—~ l/ ————dt
g( ) {(te[—2" 2¥][rounds ()=} 27 — (—2F)
1

1
v Jpre[oor 28 rounds (1= £} 2F — (—2F)
ok +1 1

b-a \/{te[—Q’“,T"]\roundp(t):f} 2k — (=2F)

dt

dt

_ / LI
{te[—2%,2F]|roundr(t)=1} b—a

_ / L
{t€la,b]|rounds(t)=5} b — @
= Fr(f)-

Therefore, P (f) = Py (f) holds.
(iii) Case: f = a.
e Case: a = —2F.
In this case, we obtain
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P(f)=P(a)
= Prz = a in 40]

- Pr [m = 2Fin 40}

= Pr [m =—2%in 30}

o0

1
= (1- 'y)l / ————dt
; {(te[—2F 2t]|rounds (t)=—2r} 2F — (=2F)
1 / 1
== ——dt
Y J{tel—2% 2¥]rounds (t)=—2¢} 2F — (—2F)
k41
- 2 / ; 1 _dt
{te[—2%,2F]|roundy(t)=—2%} 2 ( 2 )
/ -
{te[—2%,2¢]|rounds(t)=—2k} O —
/ "
{t€la,2F]|roundy(t)=a} b—
/ e
{t€la,b]|roundp(t)=a} b—
= Pr (a)
=P (f).
Therefore, P (f) = Pr (f) holds.
e Case: —2F < a.
— Case: roundy is Toward +oo or Toward 0.
In this case, we have
P(f)=P(a)
= Prz = a in 40
= Pr [z = ain 30]
=0.

Besides, we have

Pr (f) = Pr(a)
=0.

Therefore, P (f) = Pr (f) holds.
— Case: roundy is Round-to-Nearest.
* Case: The mantissa of a is not 0.
In this case, by letting a; be the left adjacent floating point number to a and a, be the right one, we have

a—a;=ar—a.
Here, —2F < g, because —2F < a. Hence, we have

sup {t S [—2k, 2k] |roundy (t) = a} —inf {t € [—Qk, Qk} |roundg (t) = a}
ar +a o a+ap

2 2
_gr—a_ e—a
2 2

ar —a
= 2

5 X

. (ar +a
N2

= (sup {t € [a, b] |roundr (t) = a} — inf {t € [a, b] |roundr (t) = a}) x 2.

—a)x2

Thus, we obtain
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P(f)=P(a)
= Pr [z = a in 40]

= Pr [z = a in 30] x%
- i (1= / g
-0 2 {te[—2%,2F]|roundp(t)=a} 2k — (_2k)
1
- - at
2y {te[—2F,2%]|roundys(t)=a} 2k — (_Qk)

- 2k+1 1

2 (b - a) /{tE[—Q’“,TG]\ToundH:(t):a} 2k — (_2k)

1 / 1
=z dt
2 J{te]—2%,2¥]|rounds (t)=a} 0 — @

_ / L
{telab]rounds(t)=a} 0 — @

= Pr (a)

=P (f).

Therefore, P (f) = Pr (f) holds.

* Case: The mantissa of a is 0.
E—1

(2571-1) by the same way as the case where the mantissa
E—1

2771-1) 1n this case, by letting a; be the left

adjacent floating point number to a and a, be the right one, we have

Since we can prove in the case where @ = —21~
of a is not 0, we can consider only the case where a # —ot=(

ar —a

2

a—a =

Here, —ok < a; because -2k < q. Hence, we have

sup {t € [—Qk, Qk} |roundy (t) = a} — inf {t € [—Qk, Qk} |roundr (t) = a}

ar+a_a+al
2 2
_ar—a a— ap
=73 T3
ar—a 3
= X —
2 2

()

= (sup {t € [a, b] |roundy (t) = a} — inf {t € [a, b] |roundr (t) = a}) x

[N\

Thus, we obtain

= Pr [z = a in 40]
= Prizr=ain 30] x

209 1
=y A /{ dt

=0 te[—2F,2k]|roundy(t)=a} 2k — (72k)

[V )

-2  —

37 J{tei—2% 2] rounds (t)=a} 28 — (—2%)

_2x 2kt / L
3(b—a) Jire—2r 28] jrounds (t)=a} 27 — (—2F)

2 / 1
3 dt
3 {te[—2* 2¥]|rounds(t)=a} b—a

_ / L o
{t€[a,b]|rounds(t)=a} 0 — @

= Py (a)

=Pr(f).
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Therefore, P (f) =

P (f) holds.

— Case: roundy is Toward —oo or Toward +oo.

In this case, we obtain

Therefore, P (f) =

(iv) Case: f=b.
o Case: b=2"

In this case, we obtain

Therefore, P (f) =

o Case: b < 2F.

P(f)

= P(a)

= Pr [z = a in 40]

= Prlx = a in 30]

1
————dt

; ~/{t€[72’“,2k]\roundk~(t):a} 2k — (72k)
1

== —

{te[—2F,2k]|roundr(t)=a} 2k — (_Qk)

2k+1

_ / L
{te[—2F,2%]|rounds(t)=a} 0 — @

_ / L o
{t€[ab]|rounds(t)=a} 0 — @

:P[F(a)
=Pr(f).

Pr (f) holds.

P(f)

P (f) holds.

Il
- 1M

P (b)
Prlz =bin 40]
Pr [m =2%in 40}

Pr [:p =2"in 30}

1

Y J{ter—2% 2K rounds (t)=2+} 2F — (=2F)

2k+1

/{te[ ok 2K] [rounds (t) =2k} 2% —
1

/te[ 2k 2F]|roundy(t)=2kF} b—a

dt

1

dt
{te[— 2% b]|rounds(t)=b} 0 — @

/ L gt
{te[a b]|rounds(t)=b} 0 — @

P
=Py (f)

— Case: roundy is Toward —oo or Toward 0.

In this case, we have
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P(f)=P(b)

= Prz = b in 40
= Prz =bin 30]

= 0.

b—a /{t€[72k,2k]|roundf(t):a} 2k — (=2F)

/{te[—Qk,Z"'Hroundm(t):Qk} 2k — (_Zk)

(—2%)

1

! dt

dt
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Besides, we have

Therefore, P (f) = Pr (f) holds.
— Case: roundy is Round-to-Nearest.
x Case: The mantissa of b is not 0.
In this case, by letting b; be the left adjacent floating point number to b and b, be the right one, we have

b—b=b-—b
Here, b, < 2F because b < 2F. Hence, we have

sup {t € [—Qk, 2’1 |roundy (t) = b} — inf {t € [—Zk, Qk} |roundg (t) = b}

_be+b bta
T2 2
br—b b—ay
7 T3
_b=b o,
2

_ b+ b
7<b 5 >><2

= (sup {t € [a, b] |roundy (t) = b} — inf {t € [a, b] |roundy (t) = b}) x 2.

Thus, we obtain

P(f)=P(b)
= Pr [z = b in 40]

:Pr[x:bin?)()]x%

oo

2(1 —~)! 1
:2(27)/{ dt

=0 te[—2%,2k]|roundr(t)=b} 2k — (_Qk)
1 1

- L
27 J{te[—2% 2¥]|rounds(t)=b} 27 — (—2F)

ok+1 1

_— ——dt
2(b—a) At€[72k,2k]\roundﬁ«(t):b} 2k — (=2%)

1 / 1
_1 dt
2 J{te[—2% 2¥]rounds(t)=b} D — @

/ Lo
{t€la,b]|rounds(t)=b} 0 — @
= Pr (b)

=P (f).

Therefore, P (f) = Pr (f) holds.
* Case: The mantissa of b is 0.
(2771 -1) by the same way as the case where the mantissa
("7 1 this case, by letting b; be the left

adjacent floating point number to b and b, be the right one, we have

Since we can prove in the case where b = 21~
of b is not 0, we can consider only the case where b # 2~

b —b

b— b= >

Here, b, < 2F because b < 2*. Hence, we have
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sup {t S [—2k, 2’1 |roundr (t) = b} —inf {t € [—Qk, 2’1 |roundg (t) = b}

brtb bty
2 2
br—b  b—b
2 T2

:¥X3

= (b—b—;bl> X 3

= (sup {t € [a, b] |roundy (t) = b} — inf {t € [a, b] |roundr (t) = b}) x 3.

Thus, we obtain
P(f) = P(b)
= Prz = b in 40

:Pr[:n:biHBO]X%

> (1—7) 1
_ Z ( ’Y) / - - dt
— 3 {te[—2" 2¥]|rounds (t)=b} 2¥ — (—2F)
1
= B —
37 J{te[—25 2¥]|rounds (t)=b} 27 — (=2F)
k41
= 27/ et
3(b - CL) {te[—2%,2F]|roundy(t)=b} 2% — (_2 )
1 1
-1 / dt
3 J{te[=2 2*]|rounds ()=b} O — @
1
.y "
{t€[a,b]|rounds(t)=b} 0 — @
= P (b)
=Fr(f).
Therefore, P (f) = Pr (f) holds.
— Case: roundy is Toward —oo or Toward +oo.
In this case, we obtain
P(f)=P(a)
= Pr [z = a in 40]
= Prlx = a in 30]
o0
1
=Y 77)1/ —_dt
; {te[—2%,2%]|roundr (t)=a} 2k — (_2k)
1 / 1
== it
Y J{te[-2% 2] rounds(t)=a} 2F — (—2F)

B 2k+1 1

b-a /{te[ka,Q’“]|7"oundy(t):a} 2k — (=2%)

dt

_ / Lo
{te[—2%,2¥]|rounds (t)=a} O — @

-/ L
{t€la,b]|rounds(t)=a} 0 — @
= P (a)
= Fe(f).
Therefore, P (f) = Pr (f) holds.
Therefore, P (f) = Pr (f) holds in all the cases.
(4) Case: 272 < g < 2" < b < 2" where (2 — (2E_1 - 1) <neNK< 2E_1).
(i) Case: f <a.
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In this case, since f = x X 9(2771 1) =1 gn—2 4 gn—1

, we have
=p.
Hence, we obtain
P(f)=Prle=(f-2""") x 2702 2170 iy g
< Prlz < pin 30]
=0.

Next, we have
{t € [a,b] |[roundr (t) = f} =0

because f < a. Hence, we obtain

1
Pr(f) = / di
{t€la,b]|rounds(t)=f} b — @

1
_/waadt

Therefore, P (f) = Pr (f) holds.
(ii) Case: f =a.
E—1
In this case, since f = x x 92 -1) 1 gn—2 | 2"~ 1 we have

x = (a — 2”71) w272 91=(271 1)

= p_
Now, consider the case where p = —2* and the case where —2F < p.
o Case: p = —2F.
In this case, we obtain
P(f)=P(a)
= Pr [z = p in 40]
= Pr [z = p in 30

= Pr [x =—2%in 30]
(=)' / ot
2 {(te[—2¥ 0] [roundy (t)=—2t} 0 — (—=2F)
_ 1
37 Jise—or 0] rounds (ty=—2r1 0 — (—2F)
2’“ / 1
{te[—2",0)rounds(t)=—2r} 0 — (=2F)
1

dt
1=0

dt

dt

dt
—2F 0]|roundr (t)=—2F} 2q—p

1dt

€[p,0]|roundy(t)=p} 2(] -

/ L
€[p,2q]|roundy(t)=p} 2(] p
PJF

Fr

1

[a,b]|roundy(t)=a} b—a

dt

(
(f)-
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Therefore, P (f) = FPr (f) holds.
o (Case: —2F < p.
— Case: roundy is Toward +oo or Toward Foo.
In this case, we have

P(f)=P(a)
= Pr [z = p in 40]
= Prz = p in 30
=0.

Besides, we have
Py (f) = Pr (b)
=0.

Therefore, P (f) = FPr (f) holds.

— Case: roundy is Round-to-Nearest.
Let p; be the left adjacent floating point number to p and p, be the right one. Since p is a subnormal number,
we have

P—Pt=DPr—P.
Here, —2% < p; because —2* < p. Hence, we have

sup {t € [—2’6,0} |roundr (t) = p} — inf {t € [—2’6,0} |roundy (t) = p}

_Prtp_ptm
2 2

_ (pr;-P - p) « 9
= (sup {t € [p, 0] |roundr (t) = p} — inf {¢ € [p, 0] |roundr (t) = p}) x 2.
Thus, we obtain
P(f)=P(a)
= Prlz = p in 40]

= Prlz =pin 30] x %
S =" / B
=0 6 {te[—2%,0]|roundr(t)=p} 0— (_2k)
1
67 J{tei—2% 0] rounds(t)=p} 0 — (—2F)

2k 1

= — ——dt
2 (2(] - p) /{t€[72k,0]|round]ﬁ«(t):p} 0-— (72]‘:)

1 / 1
S dt
2 Jite[—2+,0]rounds(t)=p} 24 — P

/ 1
dt

{t€[p,0][rounds(t)=p} 24 =D

1

_ / dt
{t€lp.2q)|rounds(H)=p} 24 — P

_ / Lo
{telab]rounds(t)—=a} 0 — @

= Py (a)

=Fr(f).
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Therefore, P (f) = FPr (f) holds.
— Case: roundy is Toward —oo or Toward 0.
In this case, we obtain
P(f)=P(a)
= Prz = p in 40]
= Pr [z = p in 30
oo l
= Z M/ %dt
— 3 {te[—2",0]rounds(t)=p} 0 — (—2F)
1 1
= _— —dt
37 J{ter—2% o) rounds () =p} 0 — (—=2F)
2k 1
= / =g
2q — {te[—2%,0]|roundr(t)=p} O_( 2 )
1
- / dt
—2k.0]|roundr(t)=p} 2q—p
/ L
€[p,0]|roundy(t)=p} 2(] -p
/ Lt
€[p,2q]|roundy(t)=p} 2(] -Pp
/ L g
{t€la,b]|roundy(t)=a} b—a
= Pr (a)
=Fe(f).
Therefore, P (f) = Pr (f) holds.
(iii) Case: a < f <2771,
. . _ (2F-t—1)—1 n—2 n—1
In this case, since f =z x 2 X 2 +2 , we have
P(f)=Pr [ac = (f - 2”‘1> w2 (n=2) o o1 (2771 =1) 4y 40]
= Prle=(f—2771) x 277 w2t iy )
B S i} / 71 it
= {€1-2% 0] lrounds(t)=(f —2n—1) x2-(n=2 x 21~ (¥ 71 -1} 0—(—2%)
1
_ 7/ ot
3y {t€[72k Ol rounds (£)=(f—2n—1)x2~ (=2 x21-(F71-) 1 0 — (—2%)
1
_ / =) dt
2q p {te[ 2k 0]|rounds(t)=(f—2n—1)x2—(n—2) x 21— (2F 7" 1)} 0—(=2%)
- / L
{te[72’f,O]\roundg(t):(ff2"*1)><2*("*2>><21’(2E71’1)} 2q—p
_ / L
{te[—2’“,2"’]\roundp(t)z(f—Q"*l)><2*("*2)><21’(2E71’1)} 2q—p
1
- / dt
{telp.allrounds (1) =(f —2n-1)x2-(n-2) x21= ("1} 2 = p
_ / Ly
{t€lp.2q]Irounds(t)=(f—2n 1) x2-(n=2 x21 =Pt} 2¢ — p
- / Lt
{t€lab]|rounds(t)=F} 0 — @
=P (f).
Therefore, P (f) = Py (f) holds.
(iv) Case: f=2"""1
In this case, since f =z X (2771 =1)=1  gn—2 +2" lor f=xx (2771 =1)=1 y gn-1 + 2771 we have z = —0, +0.
Hence, we obtain
78
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P (f) = Prlz=—0in40] + Pr[z = 40 in 40]
= Prlz =—01n 30] + Pr [z = 40 in 30]

o~ (1 —7)/ 1
— 3 {te[—2*,0]|rounds (t)=—0} 0 — (—2F)

+221_ / kl_()dt

dt

= ££€[0,2%] [rounds (£)=+0} 2
1 1
= 2o ———dt
37 Jpier-25 0l rounds(t)=—0y 0 — (=2")
3 ! dt

37 {t€[0,2%]|roundy(t)=+0} m

2k 1
= - (—am
2q — p J{re[—2% 0] |rounds (t)=—0} 0 — (—2F)
2k+1 1

—dt
/{tE[O 2F]|roundg (t)= +0} 2k -0

/ dt + 2 / L
{te[—2% 0] |roundy(t)=—0} 2!1 P {t€[0,2*]|rounds (t)=+0} 24 — P

dt

/ dt + 2/ L dt
{t€[p,0]|round(t)=—0} 2q—p {t€0,q]|roundg(t)=+0} 2¢q—p

1
/ dt+/
{t€la,2"~]|roundg(t)=2""1} b—a {te[27~1,b]|roundr(t)=2""1} b—a

dt

1
/ dt
{t€[a,b]|rounds(t)=2""1} b—a
=P (27
=Pr(f)-

Therefore, P (f) = FPr (f) holds.
(v) Case: 2" ' < f<b.
In this case, since f = x x (2771 =1)=1 y gn-1 + 2" 1 we have

P(f)=Prle=(f-2""") x 270 2= 1 n g

—pr [a: = (f - 2”‘1) w27 (=) 1= (2771 -1) 30}

_ i 2(1—7) / 1
Pt 3 {tel0,2%]Irounds (t)=(f—2n~1) x2- (1= x 21~ (2F 71 -1 2k —0
1
_ / et
Y {tE[O,Qk]\roundlp(t):(f—2"_1)><2—("—1)><217(2E7171)} 28 =0
k1 1
- / ;"
2¢q—p {te[O,Q"‘]|roundp(t)=(f—2”*1)><2*("*1)><21’(2E71*1)} 28 -0
1
= 2/ dt
{tE[0,2’“]|roundf(t):(f72”*1)><2*("*1)><21_(2E71_1)} 2q—p
1
_ 9 /
{te[72"‘,2’“]\roundu:(t):(f72"*1)><2*("*1)><21’(2E_1’1)} 2g—p
_9 / 1
{te[ a]lrounds(t)=(f—2n-1)x2-(n-1 x21- (¥ 1=} 20 —p

1

_ —
/{te[’z”q]lroundur(t)(f2"1)x2<"”x21"(2E1_1)} q-3

_ / L
{t€la,b]|rounds(t)=F} 0 — @
=Pr(f).

Therefore, P (f) = Pr (f) holds.
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(vi) Case: f=0.
B
In this case, since f = x X (2771 =1) =1 gn-1 + 271 we have
o= (b _ Qn—l) w9~ (n=1) o 21—(23*1—1)

Now, consider the case where ¢ = 2¥ and the case where g < 2.
e Case: g =2F.
In this case, we obtain

P(f) =P
= Pr [z = ¢ in 40]
= Prz = ¢ in 30]

= Pr [:p =2"in 30}

:wiﬂl_”)l/ L
P 3 {t€[0,2*]|roundr(t)=2%} 2k —0

2 1
-2 1 g

37 J{teio,24] | rounds (t)=2+} 28 — 0

gk+1 1

—dt
2q—p AtE[O,Qk]|Toundy(t):2k} 2k —0

—9 / L
{te[0,2F]|roundy(t)=2%} 29 —p

I
S

/ 1
dt
{t€[0,q]|roundy(t)=q} q I

—9 / L4
{telp.allrounds(t)=q} 24 =P
= ! 5 dt
{tG[%,q“round]}*(t}:q} q—3
- / L g
{t€(a,b]|roundy(t)=b} b—a
= Pr (b)
=P (f)-
Therefore, P (f) = Py (f) holds.
o Case: g < 2F.
— Case: roundy is Toward —oo or Toward 0.
In this case, we have
P(f)=P(b)
= Pr [z = ¢ in 40]
= Prz = ¢ in 30
=0.

Besides, we have

Therefore, P (f) = Py (f) holds.
— Case: roundy is Round-to-Nearest.
Let ¢; be the left adjacent floating point number to ¢ and ¢, be the right one. Since ¢ is a subnormal number,

we have

9= a=q —q
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Here, g, < 2 because ¢ < 2*. Hence, we have

sup {t € [O, Qk] |roundr (t) = q} — inf {t € [07 Qk] |roundg (t) = q}
_ @ tq _gta
2 2
9r —q  9—4q

T3 T

q—a
=——Xx2
5 X

q+m)
= (q—L1T9) » 2
(q 2 )~

= (sup {t € [0, q] |roundy (t) = q} — inf {t € [0, ] |roundF (t) = q}) x 2.
Thus, we obtain

P(f)=r(b)
= Prz = ¢ in 40

1
:Pr[:c:qin3()}><§

% !
=S (1—1) / k1 0
= 3 (t€[0,2%]|rounds (t)=q} 2" — 0

1 1

= — ——dt
37 Jite(0,25) | rounds (t)=q} 2% — 0

ok 1
= / ox o
29 = P J{te[0,24]|rounds (t)=q} 2" — 0

1
- / it
{t€[0,2¢]|rounds(t)=q} 24 — P

1
= 2/ dt
{t€[0,q]|rounds(t)=q} 24 =P

—2 / L
{te[g,q}lround}«(t):q} 2¢—p

1
- / dt
te[2,q]|rounds(t)=q} 4~ 2

- / L
{t€la,b]|rounds(t)=b} b—a

= Fr (b)

=Fe(f).

Therefore, P (f) = Pr (f) holds.
— Case: roundy is Toward +oo or Toward Foo.

In this case, we obtain
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P(f)=P(b)

= Pr |z =g in 40]

= Pr [z = g in 30]
0o !

2(1— 1

_ (1= / L
=0 3 {t€[0,2%]|roundr(t)=q} 28 -0
2 1
37 {t€[0,2*]|roundr(t)=q} 2k —0
2kt! 1

- L
29 —p /{tE[O,ZkH'roundF(t):q} 2k —0

s / Lo
££€[0,2%] [rounds (t)=q} 24 — P

_ 2/ 1
{te[g,thoundy(t):q} 2(] - P

1
-/ i
te[2.a)lrounds(h=a} 4~ 5

- / L g
{t€[a,b]|rounds(t)=b} 0 — @

= Pr (b)

=Pr(f).

Therefore, P (f) = Pr (f) holds.
(vii) Case: b < f.
In this case, since f = x X 9(2771 1) =1 gn—1 271 we have

x> (b - 2”’1) x 2= (=1 5 o1=(2771-1)
=q.
Hence, we obtain
P(f)=Prle=(f-2""") x2 00 527120 iy g

< Prz > ¢ in 30]
=0.

Next, we have
{t € [a,b] |roundy (t) = f} =0

because b < f. Hence, we obtain

1
)= [ dt
{t€]a,b]|rounds(t)=f} 0 — @

1
— [yt
@b—(}b

Therefore, P (f) = FPr (f) holds.
Therefore, P (f) = Pr (f) holds in all the cases.
(5) Case: 0<a<2"?2<2" 1 <b<2" where (2— (2871 —1) <neN<2F 1),
(i) Case: f<aorb< f.
In this case, we have
P(f)=Prlz = fin 30]
= Pr[z = f in 20]
=0.

Next, we have
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{t € [a,b] |roundy (t) = f} =0

because f < a or b < f. Hence, we obtain

1
rein = | L
{tela,b]|roundp(t)=Ff} Y a

[yt
@b—a

=0.

Therefore, P (f) = Pr (f) holds.
(i) Case: a < f <b.
In this case, we obtain
P(f)=Prlz=fin 30]
= Pr [x = f in 20]

M

1
ey 1,
l:O {t€[0,2"]|rounds (t)=f} -0

1 / 1
== dt
oy {t [0,27][rounds(t)=f} 2" — 0

_ / LI
b —a Jieepo,2n]|rounds (=53 2" — 0

/ 1
= dt
{t€[0,27]|rounds ()=} 0 — @

_ / L
{telab]rounds(H)=f} 0 — @

=Fe(f).
Therefore, P (f) = FPr (f) holds.
(iii) Case: f = a.
e Case: a =0.
In this case, we obtain
P(f)=P(a)
= Prlz = ain 30]
= Prz =0 in 30
= Prz =0 in 20
- - gt
= {t€[0,27]|roundg(t)=0} 2™ — 0

l 1
Y J{te[0,2"]|rounds(t)=0} 27 -0

dt

2m / 1
- ;"
b—a J{te[0,27]|rounds ()0} 2" — 0

1
/ dt
{t€[0,27]|rounds (t)=0} b — @

/ L g
{t€la,2n][rounds(t)=a} 0 — @

/ Lo
{tela,b]|roundg(t)=a} b—a

= Pr ()
=P (f).

Therefore, P (f) = Py (f) holds.
e Case: 0 < a.
— Case: roundy is Toward +oo or Toward =+oo.
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In this case, we have

P(f)=P(a)
= Prz =ain 30]
= Prz = ain 20]
=0.

Besides, we have

Pr (f) = Pr(a)
=0.

Therefore, P (f) = Pr (f) holds.
— Case: roundy is Round-to-Nearest.
x Case: The mantissa of a is not 0.
In this case, by letting a; be the left adjacent floating point number to a and a, be the right one, we have

a—a;=ar—a.
Here, 0 < a; because 0 < a. Hence, we have

sup {t € [0,2"] |roundy (t) = a} — inf {t € [0,2"] |roundy (t) = a}
ar+a a+aq
2 2

ar—a  a-a
2 2
ar —a
= 2

5 X

. (arJra
L2

= (sup{t € [a, b] |roundy (t) = a} — inf {t € [a, b] |roundy (t) = a}) x 2.

—a) X 2

Thus, we obtain

P(f)=P(a)
= Prz = ain 30]

1
:Pr[x:ain20]><§

oo

:ZL—V)Z/ >
2 {te[o,27]

= |roundp(t)=a} 2 =0

- L
27 Jite(o,27)|rounds (H)=a} 2™ — 0

_ L/ L
2 (b - (l) {t€[0,2"]|roundr(t)=a} 2n -0

1 1
-5/ dt
2 {t€[0,2"]|roundr(t)=a} b—a

1
- / dt
{t€[a,b]|rounds(t)=a} 0 — @
= Pr(a)
=P (f).

Therefore, P (f) = Pr (f) holds.
x Case: The mantissa of a is 0.

Since we can prove in the case where a = 91-(2"71-1) by the same way as the case where the mantissa
E—1
(2771-1), In this case, by letting a; be the left

adjacent floating point number to a and a, be the right one, we have

of a is not 0, we can consider only the case where a # ol-

ar —a
B .

a—a =
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Here, 0 < a; because 0 < a. Hence, we have

sup {t € [0,2"] |roundr (t) = a} — inf {t € [0,2"] |roundr (t) = a}
ar +a a+ a

2 2
_ar—a a—a
=73 T
ar —a §

2

= X
2

- (U )
h 2 2

= (sup{t € [a, b] |roundy (t) = a} — inf {t € [a, b] |roundy (t) = a}) x

N W

Thus, we obtain
P(f)=P(a)
= Prz = ain 30
= Prz = ain 20] x%

20 —9) 1
—Zf/{ dt

=0 te[0,2"]|roundp(t)=a} 2n -0
2 1

37 Jpter0,20) rounds (8=} 2" — 0

dt

_o2x2n / 1 dt
3 (b - a) {t€[0,2"]|roundr(t)=a} 2n -0

2 1
_2 / dt
3 J{te[0,27]|rounds(t)=a} D — @

1
_ / dt
{t€la,b]|rounds(t)=a} 0 — @
= Pr(a)
=P (f).
Therefore, P (f) = Pr (f) holds.

— Case: roundy is Toward —oo or Toward 0.
In this case, we obtain

P(f)=P(a)
= Prz = ain 30
= Pr [z = ain 20]
~Ya-nt/f Tl
= {t€[0,2"]|rounds (t)=a} 2" — 0
. R
Y J{te[0,2"]|rounds(t)=a} 2n -0

o / 1 gt
b—a {te[0,2"]|roundy(t)=a} 2n -0

:/ "
{t€[0,2™]|roundp(t)=a} b—a

- / Lt
{t€lab]|rounds(t)=a} 0 — @
= P (a)
=Pe(f).
Therefore, P (f) = Pr (f) holds.

(iv) Case: f=b.
o Case: b=2".
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In this case, we obtain

P(f)=P(b)
= Prlx =bin 30]
= Pr[z =2" in 30]
= Prlz =2" in 20]

1
(1— )" / ——dt
{t€[0,2"]|roundy(t)=2"} 2 =0

1

{t€[0,2"]|roundr(t)=2"} 2n — 0

M

Il
=}

dt

Il
2
T

A / 1
- "
b—a Jiico,2n)rounde(t)=2n3 2" — 0

1dt

€[0,2"]|roundy(t)=2"} b—a

1

dt
b]|rounds(t)=b} O — @

/ L g
[0,b]|rounds(t)=b} 0 — @
/ t€la
= Pr (b)
=Fe(f).

Therefore, P (f) = Pr (f) holds.
e Case: b< 2",

— Case: roundy is Toward —oo or Toward 0.
In this case, we have

P(f)=r(b)
= Prz =bin 30]
= Prz =bin 20]
= 0.

Besides, we have

Therefore, P (f) = FPr (f) holds.
— Case: roundy is Round-to-Nearest.
In this case, by letting b; be the left adjacent floating point number to b and b, be the right one, we have

b—b,=br—0b
Here, b, < 28 because b < 2F. Hence, we have

sup {t € [0,2"] |roundy (t) = b} — inf {t € [0,2"] |roundyr (t) = b}
_ b'r‘ + b _ b + ajp

2 2
br—b b—a
+

= (sup{t € [a, b] |roundy (t) = b} — inf {t € [a, b] |round (t) = b}) X 2.

Thus, we obtain
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P(f)=P(b)
= Prlz =bin 30]

Il
- I]Ms
[\
N
Ny
2

1
27 J{te[0,27) | rounds (t)=b} 2

_ L/ Lo
2(b—a) Jire(0,2)rounds (t)=b} 2"

_1 / L g
2 J{te(0,27)|rounds(t)=by b — @

1
- /{te[a,b]houndy(t):b} b— adt
= Pr (b)
=Pr(f).
Therefore, P (f) = Pr (f) holds.

— Case: roundy is Toward +oo or Toward Foo.
In this case, we obtain

P(f)=P(a)
= Pr [z = ain 30]
= Prz = ain 20]

1
(- [ L
{t€[0,2"]|roundp(t)=a} 2n -0
1

dt
{t€[0,2"]|rounds(t)=a} 2" — 0

[l
27 I

2 / L,
b—a {t€[0,2"]|roundy(t)=a} 2m =0

1
- / dt
{t€[0,2M)|rounds (t)=a} 0 — @

- / L g
{t€la,b]|rounds(t)=a} 0 — @

= Pr (a)

=P (f).

Therefore, P (f) = Pr (f) holds.
Therefore, P (f) = Pr (f) holds in all the cases.

7. Experiment

The Section 6 proved that the proposed algorithm satisfies the condition about uniform in narrow sense, which is defined
in the Section 4.1.2. Then, this section aims to confirm that the proposed algorithm is uniform in practical use and to show
its performance. For this aims, the section contains the following 2 experiments.

Experiment 1 Random number generation probability.
This experiment aims to confirm that the random number generation probability of the proposed method is uniform.
Experiment 2 Performance and acceptance ratio.
This experiment aims to show performance of the proposed method by comparison with that of the existing method and
to confirm that the acceptance ratio of the proposed method calculated in the Section 6.2 is correct.

7.1 Target and environment
In this experiment, the target is the following floating point uniform random number generator.
e Ratio method.
The floating point uniform random number generator that outputs
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Table 6 Environment

CPU Intel® CoreT™ i7-4702MQ
OS Ubuntu 12.04 LTS 64-bit
Kernel Linux 3.13.4-031304-generic
Compiler g++ 4.6.3
Source code https://goo.gl/KINAnE
Rounding mode | Round-to-Nearest(Ties to Even)

URNGw ()

a+ (b—a) X oW

e Moler’s method.
The floating point uniform random number generator proposed by Moler [25]. The authors generate a uniform random
number z by Moler’s method and then outputs a + (b — a) X x so that we can obtain a uniform random number in [a, b].
e Thoma’s method.
The floating point uniform random number generator proposed by Thoma [31]. The authors let ¢ = (b — a) and generates
a uniform random number by Thoma’s method and then outputs a+x so that we can obtain a uniform random number
in [a, b].
e Proposed method.
The modified floating point uniform random number generator proposed in the Section . Let N = 0 so that Ug = [0, 1]
in the generator.
Here, the authors used Round-to-Nearest(Ties to Even) for flp and rounds**? and used the 32/64-bit Mersenne Twister [23]
for URNGyw in each generator.
Table 6 shows the environment where the experiments was done.

7.2 Experiment 1: Probability
7.2.1 Methodology

This part measures the random number generation probability for all the floating point numbers where (E, M) = (5,4) and
then compares them with the values of Pr calculated by the Formula (1). In the concrete, generate 230 floating point uniform
random numbers and calculate the generation probability for each floating point number. Here, the authors let W = 7 in
this part*33.

In this experiment, the authors selected the following pairs for (a,b).

(1) (a,b) = (rx107°, 27 x 107°).

This range corresponds to the case (1) in the Section 7.1.
(2) (a,b) = (3m,2m).

This range corresponds to the case (2) in the Section 7.1.
(3) (a,b) = (=m,m).

This range corresponds to the case (3) in the Section 7.1.
4) (a,b) = (m,2m).

This range corresponds to the case (4) in the Section 7.1.
(5) (a,b) =(0,27).

This range corresponds to the case (5) in the Section 7.1.
7.2.2 Result and discussion

Figure 16, Figure 17, Figure 18, Figure 19 shows the result of (1), that is, the random number generation probability of
Ratio method, Moler’s method, Thoma’s method, and the proposed method where (a,b) = (71' x 1075, %7‘(’ X 10_5) respec-
tively. Figure 20, Figure 21, Figure 22, Figure 23 shows the result of (2). Figure 24, Figure 25, Figure 26, Figure 27 shows
the result of (3). Figure 28, Figure 29, Figure 30, Figure 31 shows the result of (4). Figure 32, Figure 33, Figure 34, Figure
35 shows the result of (5).

Here, all the Figures show that only the proposed method can satisfy the Formula 1. Here, the reason why another method
can not satisfy the Formula 1 is the following rounding errors. The first is Ratio method. In this case, first rounding error
occurs in %‘SWO
by (b —a) x %‘SW(). Besides, +a operation in a + (b —a) x
Moler’s method. This case is almost same as Ratio method. The only one difference is that « in a + (b — a) X x does not

. This is shown in the Section 5.3.4. Then, b — a also causes a rounding error and the error is enlarged

URTC/W causes additional rounding errors. The next is

contain rounding errors because the exponent and mantissa of x is generated separately. The last is Thoma’s method. In
this case, first rounding error occurs in ¢ X = at the line 40 in the pseudocode of Thoma’s method. Besides, +a operation in

a + x causes additional rounding errors.

*32 roundy is used for Py, which is ideal probability.

*33 The authors used (E, M, W) = (5,4,7) because more kinds of problem had been detected when E, M, W was coprime each other.
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7.3 Experiment 2: Performance
7.3.1 Methodology

This part measures the time to generate
generator and then calculates the average and standard deviation for the generation time and speed*3®. In addition, the

230 double precision*34 floating point uniform random numbers 16 times for each

acceptance ratio of the proposed method is also measured.

In this experiment, the authors selected the following pairs for (a,b).
(1) (a,b) = (7 x 107399 37 x 107399).

This range corresponds to the case (1) in the Section 7.1.
(2) (a,b) = (3m,2m).

This range corresponds to the case (2) in the Section 7.1.
3) (ab)=(—mm).

This range corresponds to the case (3) in the Section 7.1.
) (a,b) = (m,2m).

This range corresponds to the case (4) in the Section 7.1.
(5) (a,b)=(0,2m).

This range corresponds to the case (5) in the Section 7.1.
(6) (a,0)=1(0,1).

This range corresponds to the Section 5.1.1 where N = 1.
7.3.2 Result and discussion

Table 7 shows the acceptance ratio of the proposed method. Table 8, Table 9, Table 10, Table 11, Table 12, Table 13 shows
the measured time and speed of random number generation where (a,b) = (7r x 107309, %W X 107309), (%TF, 27r), (=m,m),
(m,2m), (0,27),(0,1) respectively.

First, the Table 7 shows that the acceptance ratio calculated by the experiment is quite similar to « in the Section 6.2.
In addition, the generation speed is slower when the acceptance ratio is lower. This is quite natural because the iteration in
the algorithm wastes more time when the acceptance ratio is lower. Next, the Table 8, ..., Table 13 shows that the proposed
method kept the generation speed from 21.9% to 80.3% of Thoma’s method or kept the speed from 9.07% to 33.4% of 64-bit
Mersenne Twister. So we can say that the proposed method has at least the minimal speed for practical use but it is not
enough.

Therefore, we should increase the acceptance ratio in order to decrease the execution time for a future work.

Table 7 Acceptance ratio of the proposed method on double precision floating point number.

Generation range Acceptance Ratio(%)
a b Experiment Calculated ~
™ x 107309 %71’ x 107399 T 0.564763 & 0.000012 0.564762
%Tl‘ 2 0.785401 4+ 0.000009 0.785398
—7 T 0.785393 4+ 0.000011 0.785398
s 27 0.523597 4+ 0.000008 0.523599
0 2T 0.785399 £ 0.000011 0.785398

Table 8 Random number generation time and speed on double precision floating point number where (W,a,b) =
(64,7 x 107399 37 x 107309),

Generator Time(nsec / cnt) | Speed(10%cnt / sec)
Mersenne Twister 6.117 £ 0.087 1.635 4+ 0.022
Ratio method 6.097 £ 0.013 1.640 + 0.004
Moler’s method 17.159 £ 0.179 0.583 £ 0.006
Thoma’s method 14.853 £+ 0.243 0.673 £ 0.011
Proposed method 35.883 + 0.179 0.279 + 0.001

Table 9 Random number generation time and speed on double precision floating point number where (W, a,b) = (647 %w, 27r).

Generator Time(nsec / cnt) | Speed(10%cnt / sec)
Mersenne Twister 6.098 £ 0.062 1.640 £ 0.016
Ratio method 6.099 + 0.016 1.640 £ 0.004
Moler’s method 17.068 £ 0.096 0.586 £ 0.003
Thoma’s method 14.795 £ 0.053 0.676 £ 0.002
Proposed method 22.762 £ 0.097 0.439 + 0.002

*34 (B M) = (11,52).

*35 ”speed” means how many random numbers are generated every seconds, that is, 230 divided by the generation time.
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Table 10 Random number generation time and speed on double precision floating point number where (W, a,b) = (64, —m, ).

Generator Time(nsec / cnt) | Speed(10%cnt / sec)
Mersenne Twister 6.118 + 0.069 1.635 4+ 0.018
Ratio method 6.102 + 0.069 1.639 +0.018
Moler’s method 17.077 £0.136 0.586 + 0.005
Thoma’s method 14.764 + 0.036 0.677 + 0.002
Proposed method 43.885 %+ 0.365 0.228 4+ 0.002

Table 11 Random number generation time and speed on double precision floating point number where (W, a, b) = (64, 7, 27).

Generator

Time(nsec / cnt)

Speed(103cnt / sec)

Mersenne Twister 6.164 + 0.102 1.623 £+ 0.027
Ratio method 6.249 + 0.332 1.604 +0.079
Moler’s method 17.006 £ 0.063 0.588 + 0.002
Thoma’s method 14.848 £ 0.114 0.674 + 0.005
Proposed method 67.917 + 0.264 0.147 £+ 0.001

Table 12 Random number generation time and speed on double precision floating point number where (W, a,b) = (64,0, 27).

Generator Time(nsec / cnt) | Speed(10%cnt / sec)
Mersenne Twister 6.123 + 0.107 1.634 £+ 0.028
Ratio method 6.125 + 0.084 1.633 £ 0.022
Moler’s method 16.971 £ 0.043 0.589 + 0.001
Thoma’s method 14.816 +£0.118 0.675 £ 0.005
Proposed method 36.673 +0.244 0.273 £ 0.002

Table 13 Random number generation time and speed on double precision floating point number where (W, a,b) = (64,0, 1).

Round to Nearest(Ties to Even), (E, M, W, a, b) = (5, 4, 7,

1
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Fig. 16 Random number generation probability of Ratio method in [7r x 105

Generator Time(nsec / cnt) | Speed(10%cnt / sec)
Mersenne Twister 6.145 4 0.095 1.628 £ 0.025
Ratio method 6.134 £0.124 1.631 £ 0.032
Moler’s method 16.976 & 0.048 0.589 £+ 0.002
Thoma’s method 14.789 +0.113 0.676 &+ 0.005
Proposed method 18.420 + 0.067 0.543 + 0.002
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Fig. 17 Random number generation probability of extended Moler’s method in [71' x 10723, %71’ X 10*5].
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Fig. 18 Random number generation probability of extended Thoma’s method in [7r x 1075, gw X 10*5]A
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Fig. 19 Random number generation probability of the proposed method in [7r x 1073, %ﬂ' X 10*5].
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Fig. 21 Random number generation probability of extended Moler’s method in [g
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Fig. 22 Random number generation probability of extended Thoma’s method in [
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Fig. 23 Random number generation probability of the proposed method in [
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Fig. 24 Random number generation probability of Ratio method in [—,7].
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Fig. 25 Random number generation probability of extended Moler’s method in [—, 7].

25x 273)

-3.125000000000000000 =-25 x 23,  3.125000000000000000 =

(5,4,7,

Round to Nearest(Ties to Even), (E, M, W, a, b)

T T T T
|
i
|
|
|
i
T o
3o
o
==
| | | 1
© 0 < 50}
=) o =) =
o o o o

Aljigeqoid uoneisusr)

Value of Random Numbers

95

2016 Information Processing Society of Japan



IP IG Technical R Vol.2016-HPC-153 No.35
SJ SIG Technical Report 3 o3

Fig. 26 Random number generation probability of extended Thoma’s method in [—, 7].
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8. Conclusion

In this paper, the authors defined what uniform meant and proposed such a generator, proved its correctness, and shows

Fig. 27 Random number generation probability of the proposed method in [—,7].
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Fig. 30 Random number generation probability of extended Thoma’s method in [, 27].
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the proposed method can output all the floating point in arbitrary range whose edge is a floating point number, and that
FPU does not affect the random number generation probability by the proposed method, and that we can apply the proposed

Fig. 31 Random number generation probability of the proposed method in [, 27].
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Fig. 32 Random number generation probability of Ratio method in [0, 27].
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method to another precision floating point number by changing (E, M).
However, the research also has the following limitations.

Fig. 33 Random number generation probability of extended Moler’s method in [0, 27].
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Fig. 34 Random number generation probability of extended Thoma’s method in [0, 27].
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The first example is that we can not receive so much advantage on IEEE754 double precision. For example, Moler’s method

Fig. 35 Random number generation probability of the proposed method in [0, 27].
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can generate almost all the floating point numbers*3® in [2_53, 1-— 2_53] without any problem*37*3%. Thus, we can receive
advantages by the modified method only when the generator outputs a floating point number in [0,27°%) U (1 —27%%,1].
However, the probability that we obtain such a floating point number is at most 27°% x 2 = 2752, This probability is
negligible for practical use.

The next example is that the rejection ratio of the proposed method can be about % Now, consider the case where
Ur = [a, b]
- [val]y (0, 9F=1 9 oM-1 _ 1) ,valy (o, 9F=1 _ 1, 1)]
- [0.75 _o (M1 2*M] .

In this case, the acceptance ratio v is

_2(b—a)
T3
2 (o.25+3 x 2—<M+1>>
- 3
1 -M
— 4o M
st

Therefore, about 5 out of 6 iterations in the algorithm just wastes the execution time.
The last example is that no test other than x2 has been done. The authors confirmed that the proposed method passed the
x?2 test, but did not guarantee that the method also passed another test for uniform random number generator.

Now, our future work is as follows.
The first one is to apply the algorithm to double-double precision. One double-double [8] precision floating point number
consists of two double precision number, hi and lo, and expresses a value by hi + lo. Hence, both quadruple precision and
double-double precision requires 128 bits to express one value. Double-double precision, however, has a property that a value

2= 1000 is

near a double precision number has quite higher precision than quadruple precision. For example, the quantity 1 —
rounded to 1 on quadruple precision. On the other hand, double-double precision can express this by (hi,lo) = (1, 2_1000).
This property is useful when we would like to increase precision of uniform random number because we need to take some
calculation, such as the inverse transformation method, to the random number.
The next future work is to increase the acceptance ratio or decreasing the execution time. As the result shown in the Section
7.3.2, the proposed method has at least the minimal speed for practical use but it can be more faster by increasing the
acceptance ratio. However, too complex operation for increasing the acceptance ratio might take long execution time and
then generation speed can be slower. So, we need to consider the best trade-off between increase of the acceptance ratio and
simplification of the algorithm.
The third future work is to inspect the proposed method by another text than y2. There are several tests [6,9,10] for uniform
random number generator. The followings are examples.

e Kolmogorov-Smirnov test [15,30]
Run-Length test [1]
Autocorrelation test
High-dimensionally equidistribution test

Collision test

e Random-Walk test
The last future work is to find a concrete application of the proposed method. The proposed method can be useful for
transforming uniform random number into random number that follows another distribution [12,16,27] and for generating
random number from the tail region*3® [7].
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Appendix

A.1 Additional table

A.1.1 For Section 2.1
Table A-1 shows the number of bits of exponent and mantissa, minimal value of normal number**®, minimal value of

positive number, and maximal value for the most used IEEE754 format floating point number.

Table A-1 Detailed information about IEEE754 floating point number

Precision Single Double Quadruple
#bit of sign 1 1 1
#bit of exponent(E) 8 11 15
#bit of mantissa(M) 23 52 112
Total #bit 32 64 128
Minimal value of normal number 2—126 2~ 1022 2~ 16382
9l—(2771-1) ~ 10-38 | ~ 10—308 | ~ 10—4932
Minimal value of positive number 2—119 21074 2— 16491
gl—(M+2771-1) ~10—45 | ~ 10-324 | ~ 10—4966
Maximal value ~ 2127 ~ 21023 ~ 216383
(1 _ 2—M) % 927711 ~ 1038 ~ 10307 ~ 104931

*40 This value divides floating point numbers into subnormal numbers and normal numbers.
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A.1.2 For Section 3.2
Table A-2 shows the random number generation probability of Thoma’s method, that of uniform generator defined in
Section 4, and the ratio of these.

Table A-2 Random number generation probability of Thoma’s method and that of ideal generator where rounding mode is Round-to-
Nearest(Ties to Even) and (E, M, W) = (4,3,5).

Value of random number | Thoma’s method Ideal Ratio
0.000 x 2—6 32/1024 1/1024 32.0
0.125 x 2=6 0/1024 2/1024 0.00
1.875 x 2=6 0/1024 2/1024 0.00
1.000 x 27 4/1024 3/1024 1.33
1.125 x 279 2/1024 4/1024 0.50
1.250 x 2—° 6/1024 4/1024 1.50
1.375 x 27° 2/1024 4/1024 0.50
1.500 x 2—° 6/1024 4/1024 1.50
1.625 x 27° 2/1024 4/1024 0.50
1.750 x 2—° 6/1024 4/1024 1.50
1875 x 277 2/1024 4/1024 | 0.50
1.000 x 2—% 10/1024 6,/1024 1.67
1.125 x 2—% 4/1024 8/1024 0.50
1.250 x 2—% 12/1024 8/1024 1.50
1.375 x 2—% 4/1024 8/1024 0.50
1.500 x 2—% 12/1024 8/1024 1.50
1.625 x 2—% 4/1024 8/1024 0.50
1.750 x 2—% 12/1024 8/1024 1.50
1.875 x 277 4/1024 8/1024 0.50
1.000 x 273 20/1024 12/1024 1.67
1.125 x 273 8/1024 16/1024 0.50
1.375 x 273 8/1024 16/1024 0.50
1.500 x 2—3 24/1024 16/1024 1.50
1.625 x 273 8/1024 16/1024 | 0.50
1.750 x 273 24/1024 16/1024 1.50
1.875 x 273 8/1024 16/1024 || 0.50
1.000 x 2—2 40/1024 24/1024 1.67
1.125 x 272 32/1024 32/1024 1.00
1.875 x 272 32/1024 32/1024 1.00
1.000 x 21 64/1024 48/1024 1.33
1.125 x 271 32/1024 64/1024 | 0.50
1.250 x 21 96,/1024 64/1024 1.50
1.375 x 2= 1 32/1024 64/1024 0.50
1.500 x 2~ 1 96,/1024 64/1024 1.50
1.625 x 2~ 1 32/1024 64/1024 0.50
1.750 x 21 96,/1024 64/1024 1.50
1.875 x 21 32/1024 64/1024 0.50
1.000 x 2=0 32/1024 32/1024 1.00
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