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Relational Properties Expressible with One Universal Quantifier are
Testable (Extended Abstract)

Charles Jordant

Abstract. Property testing is an application of induc-
tion in which we take a small, random sample of an object
and wish to distinguish with high probability between the
case where it has a desired property and the case where it is
far from having the property. Although much of the recent
work has focused on graphs, we outline some of our recent
work on testing properties of relational structures. We in-
troduce three generalized models for relational testing and
use these models to consider the logical classification prob-
lem for testability, where we state one of our recent results:
Ackermann’s class with equality is testable.

1. Introduction

In property testing, we are given access to a large
object such as a graph or database and wish to state
some conclusion regarding whether this object has a
desired property after examining only a small, random
sample of the object.

Property testers are probabilistic approximation al-
gorithms that examine only a small part of their in-
put. Our goal is to distinguish inputs that have a de-
sired property from inputs that are far from having
it. We focus on classification, i.e., the testability of
large classes of properties. There are several surveys of
property testing, see e.g., Fischer [7] or Ron [13].

Property testing began in the context of program
verification (see Blum et al. [4] and Rubinfeld and Su-
dan [14]). Goldreich et al. [9] extended the idea to
testing properties of graphs, which much of the recent
research has focused on. Alon and Shapira [3] have
surveyed some of these recent results in graph testing.

‘We are interested in the classification problem for
testability, i.e., in determining the testability of frag-
ments of first-order logic. This line of research began
with Alon et al. [2]. They proved that first-order sen-
tences in the language of graphs with quantifier pre-
fixes' matching the pattern 3*V* are testable, while
there exist untestable sentences (in the language of
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1Without loss of generality, we assume all sentences are in
prenex normal form.
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graphs) with the prefix vV*3*.

These prefix patterns are familiar from the classi-
fication problem for decidability; Ramsey [12] proved
that validity is decidable for all first-order sentences
without function symbols where the quantifier prefix
matches 3*V*. This result is not restricted to the lan-
guage of graphs, and so there may be any number of
distinct predicate symbols with possibly different (but
finite) arities. Skolem [16] showed that the set of sen-
tences with prefixes of the pattern V*3*, without the
restriction to graphs, forms a reduction class (which
then implies undecidability for the validity problem).

These similarities (and others, see Jordan [11]) nat-
urally lead us to consider the classification problem for
testability. However, a generalization of property test-
ing to relational structures is required to consider the
problem in a meaningful way. We present three pos-
sible such generalizations in this paper. Due to page
limitations, we do not review classification problems or
first-order logic in detail (see, e.g., Borger et al. [5] and
Enderton [6] respectively).

This paper summarizes some of our recent results;
for a longer version see Jordan [11] or Jordan and
Zeugmann [10]. The summary is organized as follows.
We briefly introduce necessary definitions in Section 2.
Then, we briefly state recent results in Section 3. The
major result described there is the testability of all re-
lational properties expressible by sentences in Acker-
mann’s class with equality, i.e., with quantifier prefixes
of the form I*V3*.

2. Definitions

We seek a generalization of property testing for re-
lational structures. We begin by defining vocabularies
and (relational) structures.

Definition 1. A vocabulary 7 is a tuple of distinct
predicate symbols R; together with their arities a;,

T:=(R{,...,R3) .

Definition 2. A structure A of type 7 is an (s + 1)-
tuple

A:=(URE,...,RY
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consisting of a finite universe U and where each R C
U?%: is a predicate corresponding to the predicate symbol
Rz' Of T.

We identify U with the non-negative integers
{0,...,n — 1} and write n = #(A) for the size of
the universe of a structure A. The set of all struc-
tures of type 7 and universe size n is STRUC™(7) and
the set of all structures of type 7 is STRUC(r) :=
Uo<n STRUC™ (7). A property of type T is any subset
of STRUC(r). For A € P, we say A has P.

Our goal is to distinguish structures that have a given
property from structures that are far from having it.
This requires a distance measure; we provide the fol-
lowing variations, where & denotes exclusive-or.

Definition 3. Let A,B € STRUC(r) be any struc-
tures such that #(A) = #(B) = n. The distance
between structures A and B is

dist(A,B) :=
doicics {x | x € U% and RA(x) @ RE(x)}
Diey N

Definition 3 is based on the Hamming distance be-
tween (natural) representations of relational structures
as binary strings. However, the number of high-arity
tuples asymptotically dominates the number of low-
arity tuples. The importance of relations that are not of
maximal arity is then diminished to (nearly) zero. Defi-
nition 3 essentially weights each tuple equally, while the
next definition essentially weights each relation equally.

Definition 4. Let A,B € STRUC™(r) be structures.
Then, the r-distance s

rdist(A,B) :=
max H{x | x € U% and RA(x) & RE(x)} .
1<i<s ne

Fischer et al. [8] gave a model that is roughly equiv-
alent to that resulting from Definition 4. Definition 4
equally weights each relation, but tuples with repeated
elements are still dominated. For example, the number
of possible loops in a graph is asymptotically insignifi-
cant compared to the number of non-loops.

The mrdist definition resolves this and is similar to
rdist, with the addition that it treats each subtype® of
each relation as a separate relation. Full details are
omitted, see Jordan [11].

For each of these definitions, we build a model for
property testing. The following definitions are for the
dist definition; the remaining two cases are analogous.

2For example, tuples of the form (2, z,y) and (x,y, z) belong
to two different binary subtypes of a ternary relation.

Definition 5. Let P be a property of structures with
vocabulary T and let A be such a structure with a uni-
verse of size n. Then,

dist(A, P) = dist(4,A") .

min

A'€PNSTRUC™ (r)
Definition 6. An e-tester for property P is a random-
ized algorithm given an oracle which answers queries
for the universe size and truth values of relations on
desired tuples in a structure A. The tester must accept
with probability at least 2/3 if A has P and must reject
with probability ot least 2/3 if dist(A, P) > e.

Definition 7. Property P is testable if for alle > 0
there are e-testers making a number of queries which
is upper-bounded by a function depending only on e.

Definition 7 is non-uniform in the sense that the e-
testers may not be computable given . The addition
of a uniformity condition results in uniform testability.
Our results hold in both cases and so we do not dis-
tinguish between them. Our logic is a pure predicate
logic with equality. We omit all definitions related to
logic and classification.

3. Recent Results

We denote the sets of properties that are testable
under the dist, rdist and mrdist definitions with 73, 7,
and 7T, respectively.

Theorem 1. The following strict inclusions hold;
Tmr CT. C T4

That is, testing with the mrdist definition is strictly
harder than testing with the rdist definition, which in
turn is strictly harder than with the dist definition. For
a proof see Jordan [11]. -

However, there exist certain classes of properties, in-
cluding Ackermann’s class with equality, where testa-
bility in the rdist and mrdist senses coincide in a nice
way. Continuing a parallel with the classical decidabil-
ity results, we have shown the following.

Theorem 2. All properties definable by first-order
sentences in prenex normal form, with equality, where
the quantifier prefix is of the form I*VI* are in T,,,.

This class consists of all first-order sentences in
prenex normal form, where there is at most one univer-
sal quantifier and any number of existential quantifiers.
The sentences may contain equality and any number of
predicate symbols of any (finite) arities but must not
contain function symbols or arithmetic relation sym-
bols like PLUS.

Given the inclusions of Theorem 1, Ackermann’s
class with equality is testable in all three variations of
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relational testability and implies the corresponding re-
sults in dense graph and hypergraph testing. A proof
of a weaker result is in Jordan [11], while a proof of
Theorem 2 is in Jordan and Zeugmann [10].

Ackermann [1] proved the decidability of this class
without equality. Adding equality and a unary func-
tion symbol results in Shelah’s class, which Shelah [15]
proved decidable. Shelah’s class is a decidable class
that does not have the finite model property, and it
would be interesting to consider its testability.

4. Conclusion

We have introduced a generalization of (dense) graph
property testing, which we call relational property test-
ing. In particular, we focused on three possible distance
measures and showed the relationship between the re-
sulting models of testing.

Relational databases are an example of massive rela-
tional structures and it would be interesting to consider
applications of testability to such databases. Relational
property testing is a natural way to characterize this
type of problem. In addition, properties of databases
are often given as queries written in formal languages
such as SQL. It is then natural to consider the testabil-
ity of syntactic restrictions of formal languages. This
type of classification problem is our primary topic.

Our major result is the testability of all properties
expressible in Ackermann’s class with equality (Theo-
rem 2). This provides an additional similarity between
the known classification for testability and the classical
one for decidability.
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