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Minimax Curve Approximation for Points by
Characteristic Method

Yosuisuke Kurozumi?

We consider the problem of finding a curve which represents in an optimal way a set of
given points in a plane. This can be done by the minimax approximation in which the
maximum point-curve distance is minimized. For the point-curve distance there are two
common choices ; one is the distance along the y-axis, and the other is the Euclidean dis-
tance, i. e., the distance along the perpendicular from a point to the curve. The version
of the approximation in terms of y-coordinates is referred to as the “best” approximation,
which is simpler than the other version in terms of the Euclidean distance. We begin with
describing the best approximation, and then proceed to the minimax approximation in
terms of the Euclidean distance. Various features of the minimax approximation are illus-
trated by means of an example of a line-segment and a circle for which the solution is
known. In order to apply the minimax approximation to arbitrary curves, we introduce
the notion of characteristic point method. For a curve with 7 parameters the method min-
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imizes and equalizes the largest r+1 distances.

gence condition and processing time.

. £ 2 v &

SEHE EOZEO ST ARG, FHEK, HlE TR
P BHEERII "5 7 1 v 7 AP ERUBOHF T
FEbn b, ANOFMEELEL T, 2FMMEE, vl
FIrgEE, -2 0y FEBLESHS. 2FMEE
OV TRB/N2FEEELT, TTIEL ORESE
ENTNE. BN 2RERFENEHETH LM, BK
WEDEENT XN & BIURMGELNCE K72
WRED S AV, yEFHERORREELR/NCT S
FHkE UTHRRBENDH 5. BRI EE B4
FERTEUNT 2BEGENUT, =<y 7 ZEHROD
EDTH5. LdL, BE#MOFRAIKET S L LS

t MBS
Kyoto Sangyo University

2482

We also illustrate and discuss the conver-

AoNIcEEDI =y 7 AFEMTIVRENS B2,
Bz onlc AL alRED2—-2 ) » FEBOR
KEEB/NCT 23 =< v 7 RAPITE, HgoBEH
KEOROFEBIONTVDS, I ==y s RABHE
RTiZ, F+ Vo0—gkddH D EELMEOMERNEL
IRESE, BVMEOBAERD B ENTEEY. 3
v 7 A G EUTIER, SAERELSS 0 BER I
T VRLHEARD B EWNT & 59, 2D1EH», 22—
7Yy FEBEESHRELLODIC, 3WBEREOHR
EEA vV HBTEPMLUCHDY, 2KEH Bezier
Bg (SR SOBBRDVLTEEMRNINVEL
T1ROEE TTEYUL OFInH 5.
ZDERLOHERICOVTO—RIILI == v 7 28
POBERERZIN T,

AXTIR, TTRRAMEHRBL, Kic5Lonk

P



Vol. 34 No. 12

BT AEROMBRICLZ I =2y 7 ENAEESE
U, 2 O¥ERELIRESTS.

2. 2z=7y U RBIYGEN (BERERD

Y=y 7 ABEMEMRKR (1) D& Sic, EED
B f(z) L n+ 1D/ 5 4 — & % &R0 g(x)
EDBREDOERKEABR/NCT HHET, BEANUE D
X,

e= min max | f(x)—g(x)| (1)
ci(i=0,1,+,n) a<a<b

B glz) EUTHER, BELLUTHRYERE
DI EEA BV —ROESHD EBEICKT BB
TTIRHELNTW A, ZTRIEFEDIDIC, FPE
A LER & UHKBREICET ARBAENOER &L iR
BOEZFAHBT S,

[ER] B flz) 2 2 ROZEX g(z)=cotax
Fedbonxt WEDEAPT B & E, BERK elx)=
g(z)— flz) BRE a<z<b CBTS n+2 FHDOEH
zo<l 21 <o < Zaw1 BT, HEHEBECTEARR
HOME (#0) eo, —e1, -, (—1)" ey EL B glx) 2B
BAEPRETZ. COLHSBEDOEIME ¢ ZBE L
R, A2 &S T n+2 DA zo<t1<o < Zan1
EBEREVD. E, BRRAURNIH—-TH35.

[l  Sfx) BT OE, e(z) 28 n+2
OBEAI BN TEEBEL VT EBIVHEEEZ D
TEMLRD 2n+4 HOK(2)%E D 5.

Flz)— Ieijo azi=(—1)e
(=0,1,-,n+1) (2)
fx)— k§1 crkxt =0

REBOMEBIRE o S n+1E, HBELH n+2
LGl e D 1ETAE 2n+4 HTHS. 2% 0,
on+4 TTEVFERELEH, —BRICIFERETH
D, ¥EEEEZ CTREFEIC X VENURERD S C
LiTish, CDEE n+2 BOBEEZ DL I BE—
WREDBHORESRETH 24, F2E¥ 2 7HM
75 E DFED DM S RECHEYBEREIN TN 3.

BEADIBESD S O y 8 HERDI =< v
ZEPTHD, AXOHHWTHIEIONIE»LLD
2=y FEESERRTEI =< v 7 AHPEGEUT
s, Lbl, E&SEEBECENORESATIO R
=2y LEPICHEHATES.

Bl XZEARDI =<y 7 2 HEED 2483

3. =T/ 2hRELIDEE

nfBDORILBHE plzi,yi) (=1,2,-,n) & r @D
NG A =2 qi (j=L2,-,7) B b DWW R
Sz, y)=01C BT, && p: D OHIR fo ~OBE
HERE e 292, COREHE o: ORKEEB/NC
T3 foBRODBCEBI=~y s AEBEUTH
D, KDoNB/NEMI == 7 REHTH 3.
Re Yk, ¢ £ =7y RPEHELTRA(3)
TRANDEIRD 5 * — & g; ARDB T & LFAE
TH5.

e=

e (3)

min max
qi(i=1,2,+,7)ER i(i=1,2,+,n)

HBHEOHRE TOREBERD 21K, Z0E05
HIRICEHR L BT 2 HERETAL, AT TOES
2R 5,

BT, PE2EPOEBRNOERI 1IATH 3,
UL, —BOMBTIR, 535805~k
EEARD L. TRTOBEREEL, 205 05N
B3R, BEERERDZNENHE. TR
ERBEHS-Th, BEOHREEL, BEERD
TLAEEREET 5.

4. T =2y o AehiEE O

BZonlcAOERE n, BiiR 05 4 —2 DEKE
r £95. n=r BOERMBERNOERS—HT S
o, TNTOREBLHMBENHYD, BEERL e:=0 &
W5, alr W5IENT A —ABETHY, X5
EROHEBTEUTE 2. LB n>r THO, EH
HNCE n>r ThHd. TOBEE n HOEDS ERIC
r lERY, ThoDE2EIHMBREETE2HD,
I=wy s REH e20 LN ZMBREET S, OF
D, =2y AEDHERIME— LRSS0, %
TEETS.

X5, ERPHDI =< v 7 ZEHOH» SR
BEBHONTNSY,

(a) nfHOHESEKFFPEIFRICE L, 1=<
v 7 AR e 23[E U TR ERME I s
2E0H5.

(b) n@OESTNCGEUMR B R, 2=
vy AR e=0 THUMBIIET
5.

nfBOHEDOMABEIC LD, AR OBRRIELT 50
T, I=vw /s REEHe %

e=e(qg1,q2, ", @r)



2484 TR LB 2 2 5 SCEE Dec. 1993

DI g DEFETEE, (2)TiH e ZOTRL
RUs/MEZERMES D, (D) TR ¢ 3 0 DR/IMEE
1fEsD. (a)&(b)REAShAEDOMELL TR
BRSHIT, EEICh SO EOER LS.
ROMEN(a) s (b)NEb B iKioh T, EHE
DE/MER 1 EOFME 2 ¥ 0 OB/MEICED D,
PHTRMEREME LY, 1EOBRMEDH LTS
b, BRI ODB/MEELLZ. #R, =2—2 Vv FIE
BIC L 22O BFNICHT 5 == v o AHRELIT
W B L THBUMER SOBREND ZIERURIEE &
I TEBTES.

5. A &R

r+1 BOA pilzye) =1,2,-,r+1) 253,
rfEDT X =% q;(=1,2,,7) & & D folz,
P=0 1L, BE p: HOOEM e; 23 NTEHL
{F%. chidk(4) L1585,

e=g@1=eg=++" =¢gr+1 (4)
r{HD/5 A =20, R(4) 05 r HOERH
Bohd0s, r THENFERELVELIO X S SR

CEDER) 2ROBENTEXSE. ZALHEED
r+1 BOERHROBREBFE ST 5 v ic, Hik
BEWRY, HHEH»SFEUCIERICH 5 iR £ &%
RT3, /o, BRIMBEOREABBRALT
5. BHER 1 lHTH A, BBEIRZDIBD
r {HEBU, BHlRERETES. FHEADOIBE
NOEMAEZ 3bDH 2EOBMAETH S, ik
BITBIRD & D ICRERHE EREEIBENDH B,

(a) Zesginfdu: drig

K20 &5, iR Eo@EBEEIECKE S
L&, r+l HO¥BEAPELARECLSObNS
EFRBETHSL. IcEAE, BEEOHELAD
2EEFDEID r—1 HiITtBWNT, r—1 HAE
FEUEVAS 28055 1 Ah 5 ORI e LD
NEISANBEABZHRAERD 5 &, Hididh
BOERNICH 7 0ICEBD O 1 Sh s Ok

characteristic,

pass point
92

characteristic
point

1 A WEA fehkihi
Fig. 1 Characteristic points, pass points,
characteristic curve.

2 TEILHHRR
Fig. 2 Stable characteristic curve.

P2

B 3 REELRHEHR
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Table 1 Examples of circle approximation
(10-500 points).
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10 23 1 12,828  12.828

20 55 3 19.107  19.103

30 34 2 19.568 19,567

50 55 5 20.830  20.825

100 27 4 21.754  21.754

200 122 48 24.002  24.001

300 125 13 23.998 23,997

500 113 73 24.660 24,657
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Fig. 6 Example of 3rd order polynomial
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Table 2 Examples of 3rd order polynomial
approximation (10-500 points).
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10 157 75 5.073

20 68 84 10. 029

30 70 130 12,531

50 196 222 14.229

100 154 970 14,238

200 134 1602 14,254

300 129 5016 14,257

500 355 14898 14. 261
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Fig. 7 Examples of curve approximation (20 points).
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Table 3 Examples of curve approximation
(20 points).
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