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Sharing Analysis of Functional Programs for Fully
Lazy Evaluation

Kencur Kaneko,! Yosuivukr Onoure! and Masato Taxeichit

There are several transformation algorithms of functional programs to implement full
laziness by using a lazy evaluator. Though these algorithms detect identity of maximal
free expressions, common subexpressions which are bound or parts of maximal free
expressions are not found. In this paper, we provide an algorithm of sharing analysis
which is applicable to general functional programs including lambda expressions and
expressions ‘with local definitions. Then we show that the former transformation algo-
rithms are easily embedded in our sharing analysis algorithm taking advantage of the fact
that maximal free expressions are detectable in the course of sharing analysis. Besides,
we illustrate that fully lazy evaluation of resultant programs of sharing analysis may bring
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improvement of execution performance in points that programmers do not intend.
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075 AQETHIKEEHELTOEV XK, —D
KELDZCEBENTH S, RROQREITHRER
EREOa V4 5 ORECFEDILERSRNOH]
B? ELTRONED, ARTRER w5 L0
BEFAUESREFEERRT 5.

MEFUH U (call-by-need) S SR AR
TR (lazy evaluator) IS —F, SERBRERT
{fi (fully lazy evaluation) &it, T NTOHIRMZ
DOHOEFOEIERINI BRI, Fe—F ULiEl
INBOKIRFMHARTH 5. —RICEEEMARZE
BRT203K5TH M, SLEEFMREERT
ZOERRETH . O, BERS ST LEHR
KE>TANT vl 5 s2ER LT, THhEETFHE
THLETRLBEFEAER LTS, £F TR
ABEFED I2DIC, W2hD T 1S5 sEERER
PBREINTOS. UTTREIEREEL VI,
TEBEFMEAOC v/ 5 62BBHEED 4T
LT B ABWTR, RENTEEEETHE5 244
#x ki (lambda hoisting)?, 524BES L4 L
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kU (fully lazy lambda lifting)®, #E#EE&TF (super-
combinator)® ZHRY LS5, ZhoOEBELED,
BAHEBR (maximal free expression) O F—H%E#K
HLUTHWEY, ChTREBEIRTH>THHEES
W dboP, BREARO—HEL - bDIIRET
2730, AW TERT 2ERITHER, BREHRX
7T, 3 L5RPRHIERALE—HROBEKT
vy s ARCEATE, ¥5kCOEETRIE®RNT
KEBAKEAREBRHT R ENTE3HEEFALT,
ROEBEEOHEDALNTHETH 5 LERT.
ARODTOBBRRROBYTHS. TTHE2HT
HWEETEEH S v/ 5 4 EREBEFMOVTH
L, $3HTRENOFIBL LRFEROLR,
VRV OED BT, HEEROE L BT, REER
¥, IRERFEEOKRE, V- TFHEREESR
T5. BAHTIE, —BROEKS 0/ 5 AICHATRE
RIEWFEEART. CORBETRENEAEESE
KDODTIRERLTHIRNDS, BEHIIcBNT, %Kik
Ao REBBE LA HEICHDAL T EWHARTH S
CTEERT. EOHITR, TORGRFTEEOERM
B LTHIRET 5.

2. Y0 S AELRSBESH

2.1 BHEES

ARTR, H1cRT LI RBEEMNEEDO S us 5
LENEET S RNL, T B HER, 544
R, RFEEROVThhicoEIhs. BFEER
13, ¥5IERNG letrec X EIEFHFHL let Ric
Bhis. ANFu s 3aeB0T, ERORFER
EEHT S let RF 3. 1 HERTHYZ BT, BH—
DRFFEREFEHT S let I~NBEEXNh, £0D% 5.3
WA TIRENIZ.

CCTHBICAEORHE LTEL. HHERSR
BELTWVB 7 A ROh THREINTHIENEE
DT EENS., HERXEREBLTWVS S 285150
T, FEEHAEATI VTSRO EENS. BK
Bl LR, 20REFSUCEBRAVELELZVEBR
DT EENS.

B4 QERT HHERFTEEIL, —ROBEH T v
FLERFELTNE. ZhitLT, dS5HUHR
FRERR L SMITERERICERLT, LEETON
EoRFESEILBRVTHEEEZEMICT ST S o —
FREZ NG, LHLEMSS, ZOFRNTIIMET
BEMEAABATEC MBS, AR R
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X(+ z D(lety=(+ =z 1)in(+ v 7))
THLUT, ChEBERERcERLT

X(+ z YO\y{+ v ¥+ = 1)
EVSREBTHS, WERFTEETT S LRAEE
3.

leté=(+ z 1)in(x &\y(+ v ¥)&)
—%, BRER~0ERETOTICEEFERETAE

leté=(+ = Din(x &+ & &)
EWIRAEBRLENTES. Chid, BRER~NO
ERZT>THOERLUARICHNT, MBS

Syntaetic Domains
b€ Bas basic values
z € Ide identifiers

e € Exp expressions
Abstract Syntezx
ex=blz]ec|\z.e|let z=¢;...;z=c ine

| letrec z=¢;...;z=e ine

Semantic Domains

B basic values
E=[B+F],; expressible values
F=D—-E functions

D=E denotable values
U=1Ide - Dy environments

Environment for Denotational Specification
peU

Semantic Functions
B:Bas — B
E:Exp—U—-E

(unspecified)

Elb)p = Blb]
Elz]p = pzx
Eleoer]p = (Eleo}p)(Elex]p)
El\a.colp = M.Eleol(p + (z = 6))
Eflet z1=¢1;...; 2,7, in eolp = Eleold
where ¢/ = p-+{z1 - Blexlp) +. .+ (za — Eleals)
EfLetrec z1=€1;...; Zn=¢n in eo)p = Eleo)p’
where p' = p+(z1— Ele1]p')+. . +{zn— Elenlp’)

Notations
Domain construction operator + stands for the
disjoirt sum.
For any domain X, X4 = X + {err}.
For an environment p, p + (z ~ &) denotes

Ay.if z = y then § else py

Initial Environment
The initial environment py satisfies pg2 # err for
predefined identifiers z.
B 1 B¥EERE

Fig. 1 Functional language.
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AORWABBEN TS ENZ 3.

2.2 ROEETHO = OTEEE & LRI
BEFMRTEABETMEERT 570D 0
5 LhEEBEEDS, HOPREINTVS. TR,
20hhs 7 L8% % Y, BREBEF &SRB L
7, BEASTFARL LD 3. ChdOEBREEOEN
i3, BELTHAERFROBVICERT S, EAH
BEER, AARCH LT, BRKEHRERBE LT,
ZNBRFEED SVREEEIMELZ LS KREE
Bae s, BXY, RAEBESEHTHERY, 7
LAFROANCBEHTECE, P55 CORR, £
OHOAERISFRIN L sE Btz OBAEHRR
I h 3. LT, ERBROT 0S5 L%R8
EFET T, bEDTF vy s L4 RLEBEFMT S
L&D ThbOEREETRE, BREHRXES
LOFA—HEOBREB LI LEVDT, RO XD BHER
EEBRARAERRE TS LRTERN,

o JLEH DA, BREHRO—HTH LA 12 &
ZiE, R ¢\ Ao D(+(g DN KBTI
fio s sxXOBAEHRRR (0 1) & (+(g 1)2)
THEH, B—OBKABRIB_ObDITEE
NTVBZDT, WTFhPOHENTREE S, —
DOEAHEBRPRE UBIRSERHELTY
BEALTESHANES.

o HEBIXSEEINTVBES, ThbbE, R
\AO\g(Flg 1(+(g 12)) BT, ZD045
® (g1 3B, BOERADF LXERICL-TE
BInT030TcET 0L LTRBRHEH
AN

T4 ORRT HZHERTEETIE, RiEgE0R L

ZF0DD, INTOLERIRNEREBTS.
{—#HAEETHE, BREHXbARICRETSC
EWTEBDT, EROX D BERDEREICEIT S
TEMNTE S, BREEDCHERITEZETLELIE
VIHRERDRAAITH LT, ReDHFEOHF LOAR,
EERTEEDICEREEREDAATOEL ETH
2.

3. ¥ "

3.1 LZFOFIBZE let XOZEH

B a0Fus3<id, let KEANFK
T5EDD, BHPTIEEELT, —0D let AP
letree RICE LD BEAMBH 5. DT LT, 358
TOTESRFEROBRELE EORITOREE S

HABEFHCELLER v/ 7 4 OHERIT 393

5Ll d. EREENGBLLTLEIKEST, #
MORFENE EHT5 let REB— 0D BHERD
let XOANTFICBETAC ENTES. COHAE
K2iRd. UTF, BXEOERENRICTELE X
[TTcHsc&icd 3. £, BHRETOMB» S
5 LAZXAOHARICHE Ulckic, BREZHERT I E
BH2D, COERLZOMNIBELRECI->TZOT
ELRETICENTE S,

3.2 vRIDEIDHET
BaRBEHTHINL, 7 2F5RONUTHEIN
TWaaERd 5. BIROKEEE, COHME
THRARBELTRBSBOPERD BT, ZOHIR

Environment for Renaming

7€ R= [Ide — Idey]

Renaming Rules

RN :Exp— R — Exp

RN[b)r = [b]

RN[zln = 7z

RN[eqea]r = (RN [eolm) (RN [es]r)

RN|\e.eolr = [\a".ENfeol(r+ (2 — 2))]
where z' is a fresh identifier

RN[let z1=ey;...; Zn=€, in eo)m

= [1let z{=RN[e1]x in

let z,=RN[ep}m in
RNfeq)(r + (1—25) + .. + [2a—2)]
where z4,...,z/, are fresh identifiers
RN[letrec zy=€1;...;Zn=¢€pn in eo)m
= [letrec z{=RNlei]n";...; 2 =RN{es]n’ in
RN[eoln']
where z,...,2/, are fresh identifiers

and o’ = 7+ {21 24} ... {2a—2l)

Notation
For an environment for renaming =,
n+ {z — z') denotes

Ayif z = y then 2’ else xy

Initial Environment
The initial environment ny satisfies 74z == 2 for

predefined identifiers z.

2 ZHofELL let AORBEHA

Fig. 2 Renaming rule of identifiers.
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BEELTND 5 2 FEHERETILEND . &
5 AFERZILRN, TROLEZOAMD 5 &X RIS
DANTFOBIC L ->THATE EBTE S Li
MoT, TRTCOBIRCH LT, 20D T £4'E
BOVANVEHET B ET, 07 LXEHICKE
LTV BhERETBLENTES. 2L, FHO
LRuvE0, fHAEALOEROLV~MELEL, B
SMUD 5 & FERICIE, Biovn2 284 T5.
BWHARCHT 2 vrvoBEOYTH L 2R 3iCR
9. HAL 3, Z208IRBKELTVSE T LEE
HOUVRNVOEESEET. ¥/, o REERICHL
T, FDVNERETIRETHS. VVOES
{ln, - I} OBKMEE [, b TETC EIKT
5.
FRMRFRERRCH T 28, BRHE
R o' =w+{x1—|LleJo’l]|>+ -+ +{xs— | LLendo’l})
BEETE. ChEREHICK - TR EEEZRICOR

Level Numbers
leN

Environment for Level Numbers

w€ L= [Ide — N4]

Level Assignment Rules

L:Exp—L—N—2N

L{bo! = {0}

Lizlwl = {0} U {wz}

LleoeyJwl = Lieg]wl U L[eyJw!

L{\z.eolwl = L{eo}(w + {z = I+ 1))({+ 1) - {1+ 1}

Ltet z1=e; in eoJwl = Lieo)(w+ (z1 — |L[esJwl]))!

Liletrec z1=¢;;...; 2a=e, in eglwl = Ligolw’l
where w' =w + (23 = h) + ...+ (2, — )

where I; == [L[e;Jw’l| for i = 1,...,n

Notation
For an environment for assignment w,
w -+ (2 — I} denotes

Ayif z = y then [ else wy

Initial Environment
The initial environment wy satisfies wgz = 1 for

predefined identifiers .

3 vvoih ¥ THA
Fig. 3 Assignment rules of levels.

Mar. 1994

ER
for :=1,---,ndo I}:= 0;
repeat
for ;=1,--,n do l::= I};
@' = o+ Lzl Lz la)
for i=1,--,n do /;:= |L[e:]w’l|
until v l;=[;
BE x 1T B L ORDE L ZEIFiIcH
L, 0SLLSI THBTED5, CORERLTELRT
5.
3.3 EHEHROELHT
SEABES LAXFHL L PBEATF LV - ERE
BT, 5 A8 R EHRUEBEAT (recursive super-
combinator) LEEATF LT S, COERITEL
Tk, L8R EETh 2 HRERERTT 2 HEHS
5. 1ciZl, BAAHLEHPCEHOBESFIIEH
ELTHRSC LR LTHEDT, Thidehizl T’
oIV, ZOHOBAI FV 2R 4 iRd. BEA
Ficid, FRTHAAHBEREFAU Vv 128N
T3 2CTFVRL~N2Y LOBEMERERET
5L5IC LT3,
3.4 (KTEEERENT
letrec =, letrec z1=e1;'-+; zn=es in e %, let &

& letree RKOANTICBHT 254, T TREERE

Level Numbers

leN

Environment for Level Numbers

w€ L= [Ide — Ny]

Free Variable Assignment Rules

FV :Exp — L — N — 2lde

FV[blul = {}
FVizjwl =v

v={z},if2<wz

v = {}, otherwise
FVleqer)wl = FV[eqwl U FV{eyJwl
FV{\z.eolwl = FV[eo)(w+ (z — I+ 1))(+1) - {z}
FV{let z1=¢; in eqlwl

= (FV[eoJwl — {z1}) U FV[eyJwl
FV[letrec zi=e;;...;Tn=epn in eolwl

= FV[eoJwlU...UFV]eaJwl — {zl,'. veiZn}

4 HEZEHOH LN THAU

Fig. 4 Assignment rules of free variables.
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Az, o, 2ol DIRERBREERS 57 G=(V,E) T
EHTE. 2T V=21, 2.} THD, e=(zs, ;)
€Esz;e(FViedNV) TH3. 2D757 G #,
%0 letrec XDIKFEE S 5 7 (dependency graph)
Lifs, COBEMY T 7 HRBERERS (strongly-
connected component) {CAHEL, XL bRadH
)y — b (topological sort) #7959 LItk -T, 1%k
FRBRICESOT letrec REBHT 5 EMTE 3.
Z DBEL KEBRIT (dependency analysis) & I
& RRESERCH LT, COREEBFZEHT3
HH%E DA LT FIELT, RAEEZB.
letree zi1=+; z2=x1 2; xs=cons{zz2(hd z7))z4;
z4=cons4d x3; zs=cons(x1 5(hd z¢))z7;
ze=consb xs; x7=cons7 zeinzs
CORFEBER {zy - 21 OREBREER S
ST7TERALICODN, RSTH2. BETHIT W
WD, SREERSIERLTCOS. CORRK DA%
WA UHR, ’RA%25E 5.
let z1=+ in
let z2=z1 2 in
letrec zs=cons(z1 5(hd ze))z7;
" ze=cons 6 xs; x7=cons 7 xs .0
letree zsz=cons(zz(hd z7))zs
zs=cons 4 z3 in x4
3.5 MREBAERDERE
DT oHERT CRITRSBIHERPEELENC
ERFRELTVS. ChEERTLDOHNERE
®6I1CRT. ORI ER, BHEHERHLT,
Z C TR ER SN TO 2R o B Bz
FicdtEh TR, ZORMERIIBRETSC
ERTEBLEVIBERLESTOTNS. COHEREICK
5 &, RFEHECTERINIEHB—D2THRE K
Athd s, NECRFEENMBELTOTARET
XV, 2T, ZHORTEBEZIPEREERETEZRIS
ST, let &% letrec A TEE IR D/ ISH

H 5 BEEHREROKERK
Fig. 5 Dependency graph of local definitions.
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METHETZLICE-T, TRTONERREFHE
FHERMOBR T EBTEB XL s. et/ LT
(e, v*)=ER[e] THB L%, v* BRPETRNIE
KTe KBOTRETRVEROESTHY, izt
i, ePOTRERMERELERELTEONZIATDH
3.

4. B HERIT

M1oBEH a7 5 sicxd 5 M ba e
SA ZRTiCRT. SA RBEAKEHIAOBHPMER
T, ¥k SA2BAT IR e TR, TXTOD5
AXERPRHERIIRE 3EREEREOCE, X5
EARKICHERE LSO ARRRAERREELRNC &
ERET S, SAL, Ne DM TObOAB KL
T35,

Elimination Rules

ER:Exp — [Exp x 2Ide]

ER[] = ([8],{})
ER[z) = ([z], {z])
ERleces] = ([epel], vp U vi)
where {c}, v}) = ER[so] and (¢}, v]) = ER[e1]
ER[\z.eq) = {[\e.¢5], 00 — {=})
where (¢, of) = EReq]
ER[1et zy=€; in eg] = {e*,v*)
where if z; € v
e* = [let 23=¢} in ef]
and v* = (v§ — {z1}) Uv}
where {¢},v}) = ER[es]
otherwise e* = ej and v* = v}
where {e,vh) = E Rfeq]
ER[letrec z1=¢1;...;Tn=€n in o] = {€*,7%)
where if {z1,...,2:} N v) # ¢
¢* = [letrec.zy=el;...; Ta=¢) in ef]
and v* = vhU... U} ~f{z1,...,%n}
where (e}, 2]} = ER[e;]
(fori=1,...,n)
otherwise e* = ef and v* = vf

where (e, v}) = ER[eo)

Notation
Tuples in [Exp x 219€] are written as {¢, ).
6 JFIRISRFTERORIHA

Fig. 6 Elimination rules of redundant local
definitions.
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o u: BRURNEEHL, ELBTIARFIEROE
BERRTHES

o w: BEBICHL, ZOVLNNEEET IRIE

ol : FAEDL~N,

e 0 : REHILHL, 2OHBERERFT IR
B.

e 0 REHICHL, FhicHiST 2EOERD 5
W ERE R T RE

L& SAR, Re* EEHE M BioY, o* 0

Level Numbers
leN

Environment for Level Numbers

wek
Declarations for Local Definiti
=[N — 2Pec
Dec Jocal definitions
=z=e

Environment for' Occurrerce Counts
0 €O =[Ide — N}

Ensironment for Real Names
o € S = [Ide — Exp)

SABjuwlos = ([b], 1,0, 0)
SAlz)uwloo = {e*, 5,0, 0"
where 0° = o+ {e® — oe” + 1)
where ¢° = oz
SAleces}pwlos = (e*, u*,w*,0°)
where if there exists z such that [z = e‘seﬂ € mk

Mar. 1994

Ficlpof (et ot 0%, 0% ERET. B0 biF
o ieDOTHIET 3. 7 ELIZRHERR let 1=
erines ZMBT R E XL, T et ODEIFTEETLT,
zhdd e DRIFICHESL. COLE ar OFFTERE
LTEEDIVREREZES. chid o1 RATIE
OEE D 5N IRIERETY, FONBERETIHNE
b B, COIDOBENTH 5.

Rele UCHAERBFAETT 51, ¥£9, €h
Zho3IBROMBELE D

€ m 2], oe = i = wh 0° = 0] 4 (& = 0§+ 1) (e — ofeb — 1) + {ef — ofe = 1)

otherwise

ST = gk (k= Wk U (T = eI = o R

o" == 0]+ (z' — 1 (i)
where z’ is a fresh identifier
where & = |L{egeilwil]
where (eﬂ,p;,w;,o;’«) = SA[er]pubwblogo
where (eb, 6, wo, 00) = SAeo]uwloc
SA[\z.eolpwloo = {(e*, u° 0", 0%}
where € = [2'],00° = wf 4 (&’ — k),0* =0 + {z' —1)
2 = n0 4 (k= g§E U {5 = \a.(Letrec u$(1+1) dn fNY) (+)
where & = |L[\z.(Letrec u§ (1 + 1) in e§™)whll, ' s a fresh identifier
where g% = ) 4 (14 1 DA+ ) U {fms = D1, i obes 22
#) = 28, otherwise
fori=1,...,n
where p =pb+{+1—{})
where =§ = ef‘-"”[z; i D] (5 = 0,000y m), i obzi = 1
¢§~ = 95-"‘) (F=0,...,n), otherwise
fori=1,...,n
where e = e, e =e:
where u,’,(l-f; 1) is {[z1 =e1],...,[2n = €al}
where (b, oy ops o) = SAleal(t (141~ (D) + (5 = 1+ 1)+ or “

SA[let py=e; in eo]uwloo = SAleo]n"w lo’o
where p* “
where (&1, 1, w1, 01) = SAler]pwloo

Sh{letrec z1%¢1; ... ; Tn=en in eojuwlos = SAleo]u"w*lo%e
where 5° = fin, @° == Wn, 0" = 0n + (€1 > 0n1 + 0n21 —

where (¢, 1, i, 0i) = SAleilpi-1wi-1doi-10i1

= p1,w® = wy, 0% = o1 + (&1 — 0181 —1),0° = o+ (w1 = &)

1)+ oot (Gn = 0nén + 0nTn —1),0" = o

gi; is obtained by replacing all occurrences of z; in ul by &
o!_, is obtained by replacing all occurrences of z; in 0i-1 by &

_y 4 (@i — &)

Jor RPN

where gig = ft,wo = w’, 00 = 0+ (21 5 O+ ooet
where w' = w + (21 = )+ o-o 4+ {Ta = ), I

Notations

Tuples in {Exp x M x L x O] are written as {¢, p,w, o).

For a declaration set j, g + (k — v) deriotes
AL k =1 then » else gl

Initial Set of Declarations

0),00 =0
=|Lfei)'lj fori=1,...,n

The initial set of declarations pg¢ satisfies pgl = {} for any [ € N.

Initial Environment of Occurrence Counts
TS

The initial envi tof counts 04

Initial Environment of Real Names

o0gx = 0 for all identifiers z.

The initial environment of real names o¢ satisfies o4z =  for all identifiers z.

T BIpEISIERTEA

Fig. 7 Rules for simple sharing analysis.
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(e*, u*, ¥, 0*)=SAleluswslos

Z&E-T, BoMAEBES. O £*0 BXU 4*
3, BEPHIARERESUTIABEEINTE
2 T35, 22T, o* THREEBEZRBENTHEERT D
DEERTHDERDISE, BLILHD z1=e1, -, zn
=es (%, e* ZHREKL T 3 RIEHR letrec z1=e;;
s xa=endne® 1253, YT, RellwT 2845
K& ->T SA 28883 5.

4.1 EBEEREHORE

R e BER O OB/, MIEERTIKZOTEN
DHERT. ¢ PEH =z OBAR, 20 x KHIET
ZEOERTIIER ox 2B L, COMBEES 1
Bog

4.2 gAXONE

A e BEAR ecer DESIZ, e & e ZJHICOE
U, ZORRD e & oy 2O 2HARE, BFOR
FERORE 1 BREL TV IrBLENE. £
LTCONIEHIST 28 2 28T, COB, £z D
HBREE 1P L, o, e OHBRERE 1 FORS
3. L, RELTORTHER LOERK 2/ £E7.
2! WIS UTCEE A REEHHT 5.

4.3 FLYROME

KedFosxX \zeo OESIT, T e iTHLT
HERITETS. £ORBR, = WRETER0 wl+
1) TEOLNADT, ZOFKLICDWNTHENKEZH
~, 1 THENEBZOEREFESRL, 2P EThhII,
RFEHRLLTEET 3. BRics 242K EHL
WEBELTEL, BELEBEELERT 2.

4.4 FEBFBOGERERR ONE

X e BIEFHBNE ETERS let zi=ea1ine DI
6, T e BREL, BRELLT & EBEIE
¥) #85. UTOMETIE 21 2 & TEHT N
BENPZOTEE 0 2EFT 5. ¥k a BRHESR
ThY, RPICHBELTHWBERTREBNDT & OH
BEHAE 1 B3, COEEBIVRET e £HN
T &L,

4.5 BREOGBHREHNOLE

= e DEBH L BHERR letrec z1=e1;; 4=
erineo OB E, TITEXRIEROLVANEHEL, o
AEHTB. 2D% x1, -, . OHBER%E O ¥
LU, e (G=1,-,n) ZERRICOET 5. e ZHLHE
UFe#RE LT & ERI TR 285%. UTo
MEBTR 20 & & KRHTIHOERICRIERTE
BT BUENDLDT, ¢ PR 0 2B E

FABEFMICHELLLER 0/ 5 A0 ERIT 397

2, 0o ZHRNERKCHIE UTEHTS. BRI &
OHBER (¢ ODHRER) -1 i, Z0BE
BIXUBET e #@iTT 5.

5. MU EEZBOAALZKLBRIT

5.1 SLAYEELT
HLEHR ¢ BBREBREL 5012, HAR e’
Floid ele BT, ¢ BEBILTHELEED, F
LEK \ze DT e SHETZLETHS. BKH
BRERE UcBAd 20 HRERZ®EAIC LT,
HIRINITRELZBRET . 58585 I
SECD = ¥ D& 5 UREHNOBERMALIRE L
TCHEROT, BREEANERL ST B IIES
L0, FHAR eoer ITBNT, e, e1 OFEHHS
HETH>THUAABEINET, LLvDENIRS
EPBAHBAR ERASKERS.
X 7 OBMIS IR, 7 A8%% FPER
Hikz oA (1) 8%
if e: (eitheri=0or1) is compound and
| LLeilwil| <|L[ejlwil| (either j=1 or 0)
o*=0;+{e;—o0) +{z'>1) (either i=0o0r1)
otherwise
o*=o01+{z’'—1)
EL, (M)BEUTFOXSicThidLun.
where if eo is compound and |L{ej]wg(l+1)] <!
0y=05+{ej—>00)
otherwise
0;=0p
where<e, 1o, wo, 00
=SA[eo]uo(w+{x—1+1D)(I+1)oc
where go=p+{+1-{)
5.2 BEEESLFEFEDLET
TAEBES LXFEL RS TR, $XTO5L85RE
HROBEESTCERT 3. BERNEBEATRREE
BEFTHEESTFTHS. COEBEEIGC w7
DEIBT 5 7HNEDOBEFMAEZRE LT 3.
ZCTCIRHMERILS S 7E LTEHRINTEY, ¢
N5V 5 7 RAEROFREMICELE > TERENS. L
e3> T, ERAINESWTEELZR ODRIERE TS
THRICBNTIE, LRSS 7 7 RSN 5w RE#:
BH5. fEZR
\v.(letreec z1=(cons(+ y 1)x1);
zz=(cons ¥ x2) in

if (even y)x1 22)
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DEAIBRITBOTE, 1% 22
CHIS LTHERIN S5 709
b, WL FRUTTREED
5. KZ%ﬂf??miﬁ%%C
fedicit, TEEEEERDBDD
%%%%%ﬁ@ﬁ%cmbf@é
WEHH B DD ERE S
#E8ICRT. R et U T e,
vy=SI[elv, THBEE, v* i3

e BT, RANCHED 5T LD
TERVWBANORHMEROETY
ThHD, i & 1T, eltBOTH
FREREZTHESRO thsAT i
HOhs, BAORHRERLKRN
725D THB. HAR ee’ DBEK
sy e PRFIEBRATHBE, G
- v AOMTIa — FOFRISHE
BILETHT B2 DT, COXHE
B4, SITIESERERICRIESR
WBhhBEICLTHS. $15b
% (letree z2=ez in eo)er DX D
72313, letrec z2=ezin ecer &1
SHRiE#BmEINS. BbLEFoh
TRFEECPBREARICHT S
RTEH D TIREERT 2%
U, SI ofghembawT
3.

5 L RNERBRELEIRE L,

HRLEZ LR

Tuples of Local Definitions

teT=2Dec tuples of local definitions
d € Dec local definitions
tu=ZF=¢

du=z=¢

Set of Tuples of Local Definitions
veal

Sink-in Rules
S1:Exp — 2T — [Exp x 2T

v = ([
sip= )
SI eoe)]{z; = el, A en} (e*, ")
where v* = 1§ Up™ and ¢ = eo(letrcc viine})
where (g, 15) = SI{eo]vy and (e1,11) = SI[q}/
where if Z; N FV [eq] # ¢ and Z; ﬂFV[e;] =
vh =t U{[E = &1}, = v u’=u
else if % ﬁFV[eo] = ¢ and N FV[ex] #¢
v =vih vl =i U{)'x. = &)}, v = vi1
otherwise vo = uo L =0t = i U {[E = &)
fori=1,.
where 1§ = u° = u° =
SI\z.eov = ([\a. Tetrec Va in eo], % where (eo, uo) = 91[60](}
S1[let z1=e; in eo]{th = =g
where {e3,13) = SI[eo](u &) (([z1 = 1etroc vl in e,'| i)
where (e],vl) = Sle,)v
where if g; nFV[e.,] # pand ;N F V[el] =
vi=u U g = &) =it v‘:u‘ -1
else ny, nFV[eO] -'d: a.nd ¥ ﬂFV[e,] # ¢
Vo= st"" Yulg = &)y =
otherwise Vu = "u Ly = vt = yi-ty {y, =&}
fori=1,.,
where 1§ =1{ = y ={}
SI[letrec zi=ey;...;2a=€, in eo){§i = &1, =Em} = en:Vo uym)
where {e§, 13) = SI[eo) vPrU{([z) = letrec p, ineil),...,{[zn = letrec v}, ine}])})
w er;(e‘, v) = Sle” fori=1,.
where if 37 such that “f nFV[e, ;é ¢ and § N FV] el] ¢ (YE#7)
1/' = V" u{g=&lvi= V"I(Vlc # §)f =i
otherwxse vi=yil (forj=0,...,m), 0 = U = &)

i-1

fori=1,. 'rn
where 13 _...—V,, =0={}
Notation
Yv={f=&,.. 5y =&} and & = & is (2 = €i1,..., Tix; = eix;), [Letrec v in eo] denotes
[letrec z1) = €115...; Znk, = €qk, in g

Initial Set of Tuples of Declarations
The initial set of tuples of declarations vy satisfies vy = {}.

8 RPTEROILTHA

Fig. 8 Rules for sinking-in local definitions.
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CNEBRNBEATCERL, SBELEHTE
H’hELUT RSC E2EHTS (B 9). RSC i, ERIC
13 Hughes®® OF A AT, HREBEST~O
FREHIE, ®EEELVIZXSTY—MLT, 7
BREETT 5 ETARUERNEESTFOERA
HH LT3, X7 OBMISIERITEEIC, L8
ES L2FFRD EORBEELZEDALICE, 7 48RK
I A0ED (+) BELUTOLD icBHII NI L
.
wherele*, p*, w*, o*)
= RSC[\z.(letrec v’ in ¢’)Ju{ wilo;
where{e’, ')
=SI[DA[letrec 1{"(/+1)in e"1]v s
5.3 B A& F
BREAETOEBIIESEBE S 2485 LS gl
LT3, Ll, BEATEIRFEEEFILVLO

T, ZNLEUTOXD K BMERERT 3.
elet z1=e1ineo
=(\z1. ev)e:
elet zi=e1; ;xn=esineo
=(\z1+\Zn. e0)er-+-ea
o letrec z1=e1in eo
=\z1. eo)(Y(\z1. e1))
TlL, YR Y f=AY f) TEHEI N 5 REA
WAETTH2.
eletrec z1=e:1;+* ; zn=esin e
=U.(\z1*\4 o)
(Y(Us(\x1°-*\Zn. (P e1°+-€n))))
722U, Prid b BB DB & F AR
CTEAREATFTHY, Ur i3 SELii{P;: err-er)=e;
TERINZHEAET SELu: 2T, Us f p=
S(SELun P)--(SELn p) LERINS.
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HEHERNERTERLTBEERCERTZ L, #
FWERRY BICDICETRICRIEREBESRE L LA
WHEr 3. €T, ZFRRITEROKEFERT
ATV, BREEOO LIRS OOISEL,
FBORERNMNCT B, 35, KEBROITOVIEER
HRFEELE S LET LDT, —DORKBREHROBI%
&L, BRSNS REER O ER/NC UTHERBE
EZROT. COXDCRHIERIDKERBITET -
TTELRAERBOANTIIHLT, €£0550D let
REZEDTHE—D let Ric LT, AWFOEES
N BHEE CL LRET 5. EKEBROBVIEE
RRFEREEED 2013, B 10 iiRd &
DT NMRIREEES. BRNRHERD SES
NBEFES 57 G=(V,E) tHLT, HBEgRs
DERETT - TRER, W UERA% 8, R0k
ERRETEAKELTHHS 57 G'=(V, E) %1

Level Numbers

1eN

Environment for Level Numbers

wek

Local Definitions
#EM= [N - 2Dec)
d=Dee local definitions

dui=z=e

Environment for Occurrence Counls

0€ O = [Ide — N]

Translation Rules for Recursive Super-Combinators

RSC : Exp—M — L— N — 0 — [ExpxMxIx0)]

RSC\z.eg]pwlo = (e, u*,w*, 0*)
where e* = [¢'],
pr= g (ks pk U {2 =@ . 0])),
W =W+ (@ — k)0t =0+ (2 = 1),
where k = |Le'Jw"l|
where e/ = [® vy ...v,],

W= L 102 = \or.. Ao Az ]))
W=wt (@1} =0+(®—1),

where {v,...,v,} = FV[\z.eq]wl

and 2’, ® are fresh identifiers
9 FHRNEESFAOEEFA
Fig. 9 Translation rules into recursive
super-combinators.
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K95 COEMSI7 G ol V eLT, HiS
T B BRI HEAR (circuit) Z2ADILORK, &%
RO HE, Sadfd 3. BEERSS—DDED
LIBHATS, HEMHE (loop) MEATHIINRE
{3, COKHICUTTERHEY 57 G/=(V,
EN, BXU V ~OFAOBHNTICHLT, D35
VRO EERBEAT 3. ROARFRNERERK
HIE U, BORRIEBRNBFRERICHIST 3. $E
ROREVEOHOKEEISERINIENED S
RARBFROT, FOERIELLIEELRVES I
WET 3. ZOld, ROEERBEAETIHERICH
LT}, ZORERBEEAL S ~vEFFTH 3.
ZOFRE, FECHLTS<AuhBBHY M TLh 30D
T, RU7 A EEHDRDAIST 5 5RERS %
A—ORFERELT I ELNTES.

CL %{E5HETIE, ETHICKELT ITBESL
B/NCMA D T EMNTE 3. —F, BRORHESH
20 IBRBEACERT 2EAICH, TBERD
B Y TH—RITELED IR END 3. Lizhi-

for all z € V/ do label(z) := —1;
Start .= all in-degree 0 nodes;
for every node z € Start do
begin
tabel(z) := 0;
if the color of z is white then
update-label(z, 1)
else
update-label(x,0)
endif

end;

procedure update-label(z, )
begin
Neat := children of node z;
for every node y € Nezt do
if label(y) < 1 then label(y) :=I;
if the color of y is white then
update-label(y, I + 1)
else
update-label(y, {)
endif
end;

10 BREERS O 7~ B
Fig. 10 Algorithm for labeling of strongly
connected components.
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Level Numbers

T, MERP 07 5 LOWEIC e N

CTC, RO T7 7 e —~FEZL 0N

Mar. 1994

Environment for Level Numbers

3. &AW, BRNRRERRIC wek
BEERRATV, F08EL CL Local Definitions
hHIT d=Dec °*

. du=z=e¢e
let zi=e1; - ; Tn,=¢en, I

letrec za +1=€n 415 ;
Zny =€, N
let zs+1=en,+1in
letrec za,+2=€n,+2;
Lng ™ €ns in
let Zny+1=€ns+1; 0005

Zny=€ng N €0

SR EBRETE. COEE,
ZODFHRNRFERE T LDT
let x1=e1 HERERAY PR P in
letrec xa,+1=€n+15
SCl1et ::1=e1;..
Zny=en, I

let zar1==€age1; 0

Xny=€nq ineo

EERLIEDN, B Uritk?
2 FIORRRIRIT, FOKES

SClbluwlo = {[b], #,w, 0)
SC[aluwlo = ([z], #,, 0}
SCleges]pwlo = ([eoef[,p,u a)
SC\z.eopwlo = (¢*, u*, " 0")
where e* = [2'],p* = pg + (k = pgh U {2’ = @ v1...00]}),
w" = wf + (@' — k), 0" = of + (z' — o0},
where k=
where pg =

where e* = [® vy ..

#EM=[N - 2Dec]
local definitions

Environment.for Occurrence Counts
0€ O =[Ide — N]

Translation Rules for Super-Combinators
SC: Exp—M—L—-+N—0— [ExpxMxLx0]

o Umwil]

Mo (L 11U {8 = \on..... Avm \e.51)),
wg = wg +(® ~ 1), 05 = 0p + (© — o0},
where 2/, & are fresh identifiers and {v1,...,vm} = FV{eblwf(l + 1) = {z}
where (eo,po,wo,o‘,) SC[eo]u(w + (:c — I+ 1))+ 1)o
SC[1et z1= ~e1 in ep}uwlo = (e* ,p ") ,
where e” = [@ 1. ..t e1], b7 = b+ ({1 = ol U{[Z = \on..... Ao Ao e},
w* =wo+(<I>--> 1},0" = of + (@ — o0)
where ® is a fresh identifier and {vy,...,vm} = FV[elwpl — {21}
where (ef, uh, wh, 0h) = SCleo)uwlo
<3 Zn=en in eolpwlo = (€%, p*,w", 0%)
Um €re..en] pmt = ph (L ppl U = vy \vm\21. .00 \zn.e51}}s
w* —w0+(¢>—v1),o = 0 + (& — o0}
where ® is a fresh identifier and {vy,...,vm} = FV[eflwhl ~ {z1,...,2a}
where (eo,,uo,wo,ou) SC[eo]/zulo
SClletrec zy=ey in egluwlo = (e*, u*,w*,0")
where e' [(‘D; Upao .
pr=ph+ (1 pplU{[® = \u1 ..... \tum, \&1.€5], [P2=\v1. .00l \vm, \e1.e1]}},
w* = wh o+ (1 ~— 1) + (2 — 1), 0* —*00+(<I>1-—roo)+( z—-&oo)
where $1,®, are fresh identifiers and {uy,..

um)(Y(‘P" v 1’ma))

cttmy} = FV[ehlwbl — {1,

s N reeesUmy} = FV ol — {=
LB TREUBE S D 5 B A i (A o) = S
B, BUEARERESILTERNE e e,
L% % u _p0+(1-—r;zolu{]’d>l = \tpe oo o Nt AL\ oG] )
’ U{f®: =\v1..... \ving \21. e \2n Paer. .. eal}hs

Fr, BT 5REAREEH

W* = wh+ (@1 — 1) + (B — 1), 0° = 0f + (@ — 00} + (P — 00}

where ®1,®; are fresh identifiers and {uy,...,um, } = FV{eglopl — {z1,...,2a},

ey, ChiEEHERERET V10003 0ma}

= FVleJwhlU.. UFV[e,,]w"]I—-{r‘, W Tn}

where (e, 46, wp, 05) = SC[eo]wao

3O NBHEETIERUEREL
BT AEERY SC LERTS (B
11). SC ©b RSC LRk 7
WAEFLT, TERBHEATOEREZDHA LTH
3. M7 OBEMIGERITERCGESATERES Y
)AL, X RCHT I0ED (+)BE, C
D SC%EFE->TUTO LS BRI N L.
where {e*, t*, &*, 0*)=SC[\z.e"Jui"wilo;
where e¢/=CL[DA[letrec x{"(I+1)in {11

6. % @
61 % 7 B

Bk & UTUTO L 3 BRAcEBRERS 5.
\z.(\p{x(+ z ¥+ z 2)))
5 KA %S LT ROXBERITTRRREE 5.
\z.(letrec a=(+z); b=(a z)in(\y.(x(a b))
—F, FBAERES LFEHD LFRTRROREES.

11 @aeF~0RHRal

Fig. 11 Translation rules into super-combinators.

let &:=\a.(\&.(\y.(X(a 2)b))) in
let d2=\z.(let a=(+z) in @1 ala z))in ®2
35 ICBEATFRTRRAZE 5.
let ®1=\a.(\6.(\y.(x(a ¥)b)))in
let ®2=\z.(\a.(D1 a(e z)))in
let ®3=\z.(P2 z(+ z))in 03
WThoBEAicd, R (+ z) OHER—EXDTS
D, R(+ z z2) I3 v OENRT ST THHHET S
CEMTEIFHRBLLTN 200800 5.
FETHEPEREREZERNT 2700, BE
B p 2D TORTER L.
letrec
p=\n.(\z.(if(= »n 0)1
(if(= n 1)z
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(if(evenn)
(Bl/ n 2)(x z z))
(x(p(] n 2)(x z z)z)))in
+(p102)(p103)

5 A %S BT EBEATIROVTOMRERR, LISP
EESTERRBREER L. BoBET L5 %& LY
OMBERiciE, GevYHDOa—-FEERLUT, BB
HACERT ABRBRAEH Ui, T_TORERI,
Hvwd yovRT s X0 SPARCstation1 TiT -
fo. B OMBRATHERTE L DL LENED
WCDWT, ZOETH L DIEHBRRERE LIER
2RLICET. chdd, RORATRVTIOBAT
bHEBR AT - 713508, ETRELERERRD
WEICBOTRNVER LS T &85,

6.2 BAHBEAOIEH

B 0S5 A ERAeBENMT AL EICK-T,
# BREDIRSYEHE (partial computation)? ZEHT 3
CEMTES., ZOHTIR, RAMEBRBUICHFRD
BESMRE AT, HERTICX > TERS 0/ 5
ADOEFPRIEEIN AL RS, COBEFER
T, RAEKREBCHEL, FHESRE ZhRD
HECHEATER LS EBT R ENTES.

B RSP OLBEIRE T LD BT LITHE
HWHRICRAL 3. UL, FERROBERAELIMHRST
ZESHETE, WThdh—F OHROFETHOH
BRBEMT B EBTELOTEHRERENLS.
#2EZE, VRN, BR¥ o REp 2ED, IO
BEEDH DL p AT OOE, KE,DE 2 EEDT
T3 YR MEETEE f 2ELLD.

F=\LO(\ plif(or(= 7 0)null Z))[]
(if(p(hd 2))
{cons(hd 2)(f(t1 1) (— n1)p))
(ftl Dm 2))
COBH F i, 7L8%EETREDAANE LER

% 1 LERITOERBICLIETHRHNSIDEERR
Table 1 Execution time and memory consumption
with/without sharing analysis.

HERTHD HEBITILL

sermmsnats] | R sermmes) | TER

5 A% iF | 9.00x10- | 980 | 1.67x10- | 1118
5 ﬁ%ﬁv 1.64x10~ | 645 | 2.16x10- | 1040
WEAT | 2.17x107 | 336 | 4.63x10- | 412

RAREFMCHELLLER 0 /5 5 DEERIT 401

WEHEHT 2 EUTOREE 3.
F=\l.letrec £o=null /; &1=hd /; £&2=cons &1;
&= f(tl Din
\n.letrec £&s=if(or(= n0)éo)[];
&s=E3(—n 1);
&=E&nin
\2.(Ea(if(p £1)(52(8s P(Ee 2)))
CCTEERDIR, RIZA5EENBICH 5 IL@EPIN
SALD 8, —DREEDLATVBCLTHS. O
fodic,
F=5[1,23]
EVIEBR LT, FloicB F 2E0EL, R
F1(\z false)
EFHET 5 EICK T, & OFERER%E &, & OFF
FCEZRTRCENTERLIKCNS. COKE B
B2V RMI[L,28] bR FAB2C L
BTES. CoXkSic, LERAETARETMEM
ARbElcLE, ol BERLEL-/2LdR
REBOTHERITHROM EZ S5 THEAND 3.
—%, HEBNEZ I ETETR 24555
FrREGEEFTUES, f ORI
f=\lletrec &=null /; &1=hd /; &2=cons(hd {);
&=f(t1]); &=ft1 ) in
\n.letrec &4=if(or(= 7 0)&)[1;
&=8&(— n1);
&=&nin
\DLE(E(p £1)(&x(&5 P))(&s 2)))
&35, CCTRER fF OFHRICENT, LB
S i3, &, & ELTHARHELTOBDT, »
FTUHFEMT BT, VR M OF—BERO1RHL
TEEIBBEEEZ A DOREEEI NEND 5.
YR FLOED, BEBRKCOOVTHREBLOT, B
BF KBTI WEET2HSTNTEREMT 3
i, 22 HOERBIREALSLTHALEL TRES R
(AN
6.3 BETEZOAH
AT NOERICHV 2EE CL TR, ETED
2 FVORBRIC K BEERHEBREF/NCNAZ C Las
TE5. —F, BROBHEREZOE T EREMIC
E#T258ACd, LREROHVYTHEF«—ET
BLEOSFEND S, Lichi-T, LBEZRDPFn s
S LOHBERELUT, O 7 e —F $E XL 5 h
5.
& A3, BROYRFESENCKRERRITETO,



402 BRLEFE SR

ZOER%Y CL thiT
letrec z1=e1; - ; xi=e; in
letrec ziv1=¢i+1;*; Za=en iN €0
LS RAEBRLES, SOOERNRREREE LD
T
letrec z1=e1; -+ ; 2r=es N €0
LERTIFHELS L. COFETHE, & S VOERKR
HETF P W X 2EEEROED BT, HAx—ET
H5. LhLEHKS, ZTHICHED letree RDF
FEROABEEKTRRINGES, ZRINEVE
PRI LTRASHBEREZEDH TS C LTk
3. —%, DEEROE N TERERSTENT
letrec z1=e1; -+ ; zi-1=ei-1in
let zi=e; in
letrec zi+1=¢i+1; - ; Tn=eaiN €0
AR
letrec z1=e1; +++; zn=es iR eo
DA, FEHFRNSRFEREIEDTAMALTL
FIIHEDELI LGNS COESD, EORILERKK
SIARER A B D M T A AR B B,
BRESEELEHLTHAOS 2H528BET 5D
W, PUTORERFKT .

o P ererer ZEMELTE A NVEBRT % fcdicid
plRy=p1+ p2k DEERE m(k)=mi+m:k DI
ERENEET .

o Ui f p A5 LT fISELu p)--(SELw p) %
BRI, wWh)=uituk OERAZMNEELT S.

oY f AFELT AY ) 28 5 icid y DREA
WEET B,

D&k, letrec z1=e1; *; T=en iN eo OFEHITH
WT 2 P VORER ESHBICHBEIEHIE ap(n)+(a+
Nu(n)+ay, THEBBERRL omn) THB. 1120, K
& eo OFERIC 21, 20 OVThOMBBRINS
BEIT a=1 Tdhby, Thlid a=0 TH 3.
PDroREhs, RPreEsEl
letrec z1=e1; -+ ; Zn,=¢n, in
1etrec Zn,+1=€n +1; " ; Tny+n, = Eny+s, N €0

Z, SR TRCOTFIEHMIT 5 & aplm)+(aa
+1u(n1) + ary + azp(ne) + (az + Vulne) +azy DOFERE &
arm(n)+cemln:) OFLBEBBLELILS. —F, &
DRFEHERXEAMT 3 & aplm+nz)+(ar+1)u(m
+m)tany OBRIE am(ni+nz) OLIEEIRISSKE
E18B. FIE L, —BEAE LD TIC ca=max(on, az) &
IR5E Ui, EITEREOZE apr+(0e+ 1w+ ey —(a—
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ao)(penztuznz) BIED & &, AT B EETERTII/AN
X85, Th&D, a=a: DBRARAMHLIIES
BL, ai=1, =0 DFEAIL, wr—(pame+uzn2)>0 13
SIEABE LIS R V. BEEROE awmu—(ai—
az)manz BSED & %, AHFT 5 & TREHEERIN
BB, hiy, ai=a: DEARAHLIIES 8
BL, ai=1, a2=0 OEFAR, AT s LT ENER
A& 5.

7. # B

ARCBOTRAIZ—BOER S0 /5 A EAT
R ERITREEAZIER L. S5 IGEENRER TR
AR 2ERT 2000 0y 5 rEBEROM
HicEB L, FELSERE LG, ERTEE o
DRADBEL ERR LT, ZOR, BABES LXEL
L EBEATOmERERICH LTI, TOBEEL
DERVI—FEHTXIBHBERA. T/, g
B E A EBICER U ERETV, 20E5ES
R L .

A—0 7 L FRNERNOEKOBFHTHERT 3 C &t
WTH 2D, ARTERRT 2LERTEETE, 5
LEROEEWIIZER LB b7 dLsLAKDH
BFHEOBRBZITSOTHL, 7 L FEHICKELE
WHETHEZNET, Br3, 7285 B8FER
(combinator expression)!® ~ZE# L TH 5, FE—E
ERETIHEERE LTS,

HE BEATOLDOFRRR. BERBK¥O
KEFERERICEMGE LTV R0 dbDicFEL2MET
BER U, $BFBOH i}, ARHXosEcE
SHISBEA WIS, T KBRBT 3. BBAW
ORI AR LA EMEE (REE (A)
05780231 : TR RIC L BB T v s 5 2 DHY
BH) OB®BNC X 5.
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