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Reducing Combinatorial Explosions in Solving Search-Type
Combinatorial Problems with Binary Decision Diagrams

Hirosur G. Oguno*

We consider finding the complete solutions of combinatorial problems simultaneously
by BDDs (Binary Decision Diagrams) with the aim of developing a methodology to
avoid combinatorial explosions in building the BDDs. Since the order of variables
affects the number of nodes in the BDD, the known problem is to find an optimal
variable order that minimizes the number of nodes. However, the constraint order and
its associated variable order are important in reducing combinatorial explosions, which
has not been explicitly pointed out so far. We propose an algorithm called Correlation-
based Constraint and Variable Ordering (CCVO), which computes a constraint and vari-
able order that reduces the number of maximum nodes. We also propose the on-line
divide-and-conquer method and some heuristics for decomposing the problem into a set of
subproblems, With 128 Mbytes of memory, the 12-Queen problem is solved by the
optimal constraint and variable order obtained by CCVO. The on-line divide-and-conquer
is also used to solve the 13-Queen problem and the 4-order Magic Square. The on-line
divide-and-conquer is much faster than the off-line version due to the compact represen-
tation of BDD. Since these results with BDDs have not been reported before, the pro-
posed methodology makes it possible to solve larger problems with the same computing
resources.

May 1994

L.l s®I

B, 7—BEAsa vy VTERBTE, o,
BRI MBS R FE LU TCIORE S 5 7
(Binary Decision Diagram, PI'F BDD &H#gg )%
PEEABRUTCO S, RERBICET % BDD i3, &
HEFAEET 22 =— 7 ICEEL DT, wmEH

t AAEEESS () AT
NTT Basic Research Laboratories, Nippon Tele-
graph and Telephone Corporation

739

BoH/=HhvEBEILS. % OfE, VLSI CAD
DO5F T3, BDD EHEMICER SN, BIREEE,
BREE, ¥ & PERBEKERIN TW %Y. BDD @
HA AREBIEFICE > TKRELENNTZDT, K#E
M EB AT S fowicid, BDD 0% 4 XEB/NCT
BREBUEEREFZ B D02 EDEBEILHEETH
3. L»L, REEBEFERD S C L3 NP 5854
OMETHY, I FREEICKHLUTHERED 50
EEBRENEFEAROT57 1T ) XaPE 2
AT 4w BREINTNS.



740 HRLEZ LR

BDD (3B Tidie <, HAEHECRELR
B, X510 AT EAINTY 31012,18,16)
NG QISHTIR, El & 3RS - 1 MEMSET 5.8
HAEHECRELHETRIERENTRO 5D 284
PO TR, &2, HALMEORE L TE
BEEAFEEEELLD. n ROBHEEER 2xa
OREIC 1 hs n2 O¥AEL~TcE xig, -5
DICHATEOFINTRTELNEL S SDTH 5.
3 IR D EE R DI FREAE BRI

29 4
7153
6|18

O ThH5. 4ROBEETIR 16 HOKEFERT 3
DT, BFHRZEMT 16!, # 2.1x108 L35, HHE
HHERY B BRI 1/8 1K/ a NS, UL,
4R DOBEEEDOHIT 880 L 15O T, HREMT
BOED BENGIEBDTIEO?, % BDD T
BT HEF 5 L&, EE&T T BDD BRI ->T
BDD EETET, BARE SNV EVIHEEEN
BEPFRAELPT O, KRBT D M4 ¢ HER
i1, BRERO BDD BFEICINE i bbb
¥, EEZDT BDD MR D REAPRETE
BWNBEETH 5.

HAEREIC BDD ZI6HT5 L 2 BT R L5
FAENERRT, BIBRREICEWTEES BDD T
BHU &5 &9 3803 BTiRBEELRL, &0
S0, BDD AHEL & 5 &7 2 AROEKITT
TS OEBIBEINTOEOT, TRLES
MHEVE> TN EBBEOLSTH B, X5
i, [EgRiz bhﬁo(BDD%%%bfm I, [
¥ 4{khs BDD THEBEAHETH 2IEAIC ﬁﬁﬁ¢
T BDD 288545 C &3t i&/w‘:ub\‘“. ULHhl,
MAYHETIE, ERREFIET T, BDD 2H%
5 & xiC, MELERTAEHRKEORERYT -
TV BB K> THHAE Y NBRR N RET 5. &

EMROBIETSH, BROMESRET I 05

5.

WAESHEL, RINNv s b5y BT ns 5 A
TWIhNTEI, Ny bS5y BT us 5 443,
HEADTHEBL LBRAEOERER 2 v 7 HICEL
TEFRE+TATHY, EnDAOTHEIRELFET 5
WBEDIZNDT, @RI ERA LT 5 L8 TR
5.

May 1994

Ll, Ny 2 b5 w0870l 5 MLBRAORE
BRTHHDT, BONIEOBEERENID, #EE
TORBET-7:0F 2 LIBEHETIRTL. X5
I, Ny 2 +5y 2 IRV DIBTOBREICKRARD G
BEETTRHALERERTTLES>OT, B
URHEZMELRYEST &V S TR E AT S wik:
bbb, ke, Ny s by s BFas 5 A TRED
MEBREINTOROOT, BohiBicgd LT
DICHIERME AR o TRAERDIZOBAIR, Fus
FLEERREL, BEFLRONERS VT &858
A
—7, 2RERRCKD 3 RBERIE, FE0LD
BRBRESAESAESCERTE 3, BEERTII D
FIRENEEZINTVEDT, YR FLETTICED
BRET-1eh%F = v 7303, WEHEELBT 5
TEMTES, L, PRREESEBELTL
LF=EBAEVCADY ST —N—T7 0~ TE
BT TERNBCERNSE T H L. BDD
WEEEE DD vy Y REBETHBEOT, HiRE
ERREICEELTHL LN TE, BEERICEL
TVWa ELH/HEIN 3B,
MATHER, —RICEREAR & ERTICKEY
BT EISTX3,
(1) BREGNEAEMNE
EASHIZBEMR (recurrence relation) TERT X
HEONMEEEMBETH S, 12&23, n @oh
»5 jEOSDERSFHEATIE 4 5 MEEE
Z&D. REBEK F.,; & j MOE 21, x9, -,
z; 5 i EAERBIFEEARRT AHRENLETS
&, Fi; REREE

Fo,0=1
Fo,j=—1z;\Fo,;-1 (7=>1)
Fii=xiNFj-1,i-1 (j=1)

Fij=x2iAFi-1,;-1V Tz iAFi -1 (1<i<j)

WCE->TERBTICENTESL (ABVEDHE
SEIEAIDSE ).

FRERTERTE 245 4MED BDD 3, i,
J & 1o JERES U CERERICH - 7oREE
HEABUESIIRET 5. BDD 2EET L L
BLEN — FBERINIBEODT, Y RAFLT
FATES A £ )V BICEEHEAYT I VI XD
BDD 3 THEITAENTE 2. ¥/, BDD
OEFELWMODTHEICTE S, E8, IkizsE
T HIREREEA S MEDREAE BDD £ Hu



Vol. 35 No. 5 ZARE/S 5 7R L2BERBEALHEORE TOMA ¥ HIBRMEI % 741

TERICKRD T 31012
FRBEANESTEM SRR RSR
HLBODT, ARMTRRIEOMEIIZL
e,
(2) BRVBVESERE

HA ol GOSN » o BN £ 5%
U, BERO3 215 BHEAEHETH
5. fo AR, KAl - 2 < v R,
N-Queens RfE, BHRELENS B, &8
FREMICH L TRO 5% 3 BEISEEIC/N
B, el A, AROBEETRREDOS
Bl 3.3x10710 T 3%,

ARTHE, BREEAEHEEARESD
HMAENERETE BRI BT 200K
FCDONT, XEXE ME» &%

(a) miA\—x:Vzs ODAREE

(a) Tree representation

TIAZ3, Ty A~z VI3, -y V z3

3. (b) ROBDD TOHE (c) FTEHOHA (d) SBDD TOXHE

AROBEEUTIORY. 28T, Z9kE

7% 7 (BDD) ic2\T#8IL, BDD f#f -
OREEZEE T 5. 38T, HA¥ME
BDD % [SHL T, EHIEF &HRIEFEORBE S5
W95, 43T, HIREFEERERERET ST
TYXLERETD. 5ET, HALHEBRDDIC
ZDF FTRBY BOMBEICHEBELERT
BOGFEE 2~ Y RF 4 vy EBNDE, 65T, £k
MREARL, FMEETY, TET, TEDETS.

2. Za3RES 57 (BDD)

2.1 #RERREBREL

BDD i3, Akers 28R LY, Bryant 2855 D R
BDD ME71I ) RAZZERL Y 3 /%7 FSEH
HREMORREETHS. —BIC, REERIEROR
BEC L~ TABETERTES, EAE, HER
Nz zs DIER, BEE/ —F &L, E£EHO
0,1 D%k Ed5E, KERICKES R1d(a)).
T DAREBEBRICEREF 1, 22, x3 (21 DS B RIEH,
BDD THEEMD/ —FE452) 2#BAL, »D, K
Wo— N, B/ - FERIEELL, TE/ — FEHR
THZELICE > TR oA E L BRIEE &=
SREY ST (Reduced Ordered BDD, ROBDD) &
Bl (1o (b))¥, ROBDD Tit, 3 X3 28
MAEELULEEZEAL, / —VEERBLITIRMEIN
T35, Z20—21F, TEKETHE. M1 (c)D/h
I EEREARL, TEROMEITIO & 1BTHEmIN
5, CNCEST, 1D/ —FRREELA, BT,

(b) ROBDD

(c) Negated nodes (d) SBDD
B 1 #ERXoAEBE ROBDD, SBDD

Fig. 1 Tree representation, ROBDD and SBDD of a logic

formula.

ROBDD %HEEMETHRETE 24 5 icL -4
Z4REY 57 (Shared BDD, PIT SBDD &Es3)
ZREZELTOV3?. K1(d) itid, 3 >0mEeE
B i\ zs, ;i\N"zeV s, TxVas THEXHh 2
SBDD %7R73.
PIFTTi3, ROBDD % SBDD %4~ BDD X
TERT B,
BDD @F7sE#i
(1) ZHEFZEET % & mEEROEER & 1T
%,
(2) ZLOEAM L ERZ R v vy b i
J/—FBTEETE3,
(3) WEEEICH T 5 HE/ — FhsuckFI$ 5
R TITZ 3,
EFELOBTENTES, Thd OEHRICk- T,
BDD (3 5RBEEERETOREE, 7 X MER, BBV I al—
VavRkREDHEFITHLBSHETERINT 3.
BDD i, &PNCAZREREE1D(a)) 2ERL, &K
WENABEMET 2 LIC X VBEI N B3 DTk
W, RERAERCHEHT 3 C EIC L » TRRIICE
FL3hz, REERFMOREEER, fhfhoRmE
BEEICK 535 BDD FLD apply HEHICL-TE
BHAN 5, apply HER, BREFUHLICK > TRD
LOIERENS.



742 BHROEF LRI

apply (bdd 1, bdd 2, operation)
ebdd 1 DRDOEHJES =bdd2 ORD

ERECL 72 5, &x DEERAWT

operation # EfT L, 0k & 18#%#K

W, s — FEER.

e bdd 1 DIRD EEIEAL >bdd 2 DRD
= BN 7S 513, apply (bdd 1 D 0 &%,

bdd 2, operation) & apply (bdd 1 D

1%, bdd?2, operation) ZZNZ 0

B, 18&d3/—FEER
o EDIAE 513, apply (bdd 2, bdd 1,

operation) % %47,

BDD icxtL CREEEEAET T 4841, Z20
BDD icafisd 3y v / VBRI L TREBEEA H
FTCETHD. 12, B S & g LDV v/ vV
BB %

F=12 A flz=0V 2 A flz=1

g= T2 AGla=0V A gjz=1
ETBE, f &g LOmERID

FAG=2 N (fiz=a\Glz=0)V £ A(fiz=1/Agl=1)
TEEINS.

apply HEAFEL S EFT 220 BDD Al
RTH2EHOTIRBTON TS,

eBDD / —FO/Ny Y2 BILLBEHE

o apply WHOBRDO NNy vV 2RI KB Fr vV a
BEOF v vV al@d ) EBETIIE apply HEET
RUHEAZEBIRTE 50T, LEHENEYS, $FL
{ BDD A#HET LI LNTE5.

# 1 BEM-II OHE
Table 1 BEM-II operators.

May 1994

2.2 EHHRBERGFHEL X574 BEM-II

BDD A#AERIEICEAT S L xic, Ha&EHE
EEOLIIERTEONEND FEASH 5. BDD
D74 73 VERNTC CEBEOELAVTELD
M, AR YA VE—F ) ZEEDV AT LTERT
500, HBViE, BRRNETHIa~Y 42—
7Y 2 EHEDYRF LA (fl, BEM-T) TEL Db,
10E, XFIFNRBENELONS.

Af&Ti2, BDD Y RF 4 LU CEIBERL CHEN
S RNEE Y 25 4 BEM-I (Boolean Expression
Manipulator-T) 2R L 7<¥. BEM-I &, SBDD
HERLEVYATFLATHD, ANEUTHERLZYD
T, BREEASUREALBFIN DG, R1IK
BEM-T THREINTVIHEETEE LD 5. BN
BAERTSE, T x1, x2, x8, x4 0D
—DFBIRY % L0 HR—BHIRRAER

x14+x2+x3+x4==1
B EMTES, ORI, BEMIL &b

x1 & 1x2 & 1x3 & !x4 | 1x1 & x2 & 'x3 & x4 |

Ix1 & 1x2 & x3 & x4 | 1x1 & 1x2 & !x83 & x4
LEBINA. BEM-T ThOa<w v Fi&FEk 2 ITRT.
BEM-II TE W EHEEODO 70/ 54 %2R 2 TR
ER

3. BDD [k 2 HAEMBERETO
MEIRE
BDD ic&» CHEAEERMBIIGAT AL EDRE L
LTUTD3ESHS ¢
(1) FiEoMEDa—F 4 v J7hHE
(2) ZERIEF

gk

W E LIS HOE

E-ll S

(3) HlfRMERR ¥ 5 wEAERO

! expr WETE

exprl xexpr2 FifHk
exprl—expr? ELiix
exprl>exprd BHEY T b
expri<<expr? FINAREZTRE
expri{=espr? BRARESLM
exprll=expr2 BRI ELM
exprl Texpr2  HefhiyHEEM

~expr vy bR
exprl+expr? BT
exprlexpre BREY7 b

expri==expr? FFESRME
expri&exprl
exprl | expra

expri>expr? FRAEESRME
exprl)=expr? BN AESERM

RER (2 MREN)

JEF—HIRNE R & 0 5.
BUA S BEAB S MicT B wic, K2
WKRU BB O T 0 7' 5 L %2 FICIRD,
BHIAEL XD,

3.1 WHeaeMEDI-F1 VI Hk
BHEEO-ZHICEM B, Ev b

% 2 BEM-Il oa<=> ¥
Table 2 BEM-II commands.

R WNTaA—=F4 045 REBEELL
T, 2AHCEMLNEEE 2%
BTa—7F4 vITEHEGD

5).

a=wy N = %
symbol variable... EHIERF O E
FUNCTION=formula HEEEEOESR

? [/option] (formula|function) 73 (/option i, /size, /count, /mincover 13 &)

oP:ii—i fT j DO~ BILE
LB
oz ;—i T 7 FlD<RABIC




Vol. 35 No. 5 Z&H@gEs

¥ ZRBFOES

TR BRERUMAEHEOBETONAE MBI %

743

symbol x11 x12 x13 x14 x15 x16 x17 x18 x19

symbol x21 x22 x23 x24 x25 x26 x27 x28 x29

symbol x91 x92 x93 x94 x95 x96 x97 x98 x99

# TABIEIHOES

P11 = x11x1 | x12%2 | x13%3 | x14%4 | x15%5 | x16%6 | x17+7 | x18%8 | x19%9 ..... (P1)
P12 = x21x1 | x22%2 | x23%3 | x24%4 | x26%5 | x26%6 | x27*7 | x28%8 | x29%9 ..... (P2)
P33 = x91x1 | x92%2 | x93+3 | x94%4 | x95%5 | x96%6 | xO7*7 | x98%8 | x99%9 ..... (P9)
# —DDTRABIRE—DDORLABT 2\ '

c= (x11 + %12 + x13 + x14 + x15 + x16 + x17 + x18 + %19 == 1) ........ c= (c1)
C=C& (x21 + x22 + x23 + x24 + %25 + x26 + X27 + x28 + x29 == 1) ........ C=Cg(C2
C=C& (x91 + x92 + x93 + x94 + x95 + x96 + x97 + x98 + x99 == 1) ........ c=ca(C9)
# —OOKIIBROF -2 LHMEIT RV

C=0C& (x11 + x21 + x31°+ x41 + x51 + x61 + x71 + x81 + x91 == 1) ........ c=Ce (DL
C=C& (x12 + x22 + x32 + x42 + x52 + X62 + X72 + x82 + x92 == 1) ........ ¢ =c & (D2
C=Cu (x19 + X290 + x39 + x49 + X59 + X69 + X79 + x89 + x99 == 1) ........ c=cg (DY)
C=C& (P11 + P12 + P13 == 16)  # £FOMITIE ... C=Cg& (S1)
C=C& (P21 + P22 + P23 == 15) & (P31 + P32 + P33 == 15) ........... C=C&(S2) & (S3)
C=C& (P11 + P21 + P31 == 15) # BFIOMAIE C=cCg (T1)
€ =C & (P12 + P22 + P32 == 15) & (P13 + P23 + P33 == 15) .......... C=2Ce&(T2) & (T3)
C=C& (P11 + P22 + P33 == 15)  # ZXAMOHMIIS ... c=ca (X)
€= C & (P13 + P22 + P31 == 15)  .ioiviitirarininnannanieet e c=ce(Y)
# IHRORE

C=C& (P11 < P13) & (P11 < P3L) ..ovvrininininarieaniiinnnineninnnns, C=Cc&(X)& (L)
C=C& (P13 < P31) & (P11 < P33) ..oooviviririninininaninaninannnnn, c=cCg& (M) & (N)
? /size C # BDD ¥ A X% Hf
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B 2 BEM-II k3 3ROBEM a5 A
Fig. 2 3-Order magic square program with BEM-IL
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Table 3 Correlation between constraints in 3-order magic square.
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C8 i $llojojrflojrjofofofloloflo]o
C9 L slfofofrfofjoj1]1]olfofofo]1
2l RN RBRRE slslsslsslals[8[8]81%
PR S A U A A A I O O I 0 S 1 Lirafrprjrqirrpz|z)yz|2
N 91919 [%|9 /9|9 |99 31313 31313 3131l3 g g g
oo [ 3 a B33 ]3 IHBBBRNNHHERE
si3[5[s]ofofofofolofF - 2 AHBEFIRIIEIEIE
s2joflofo|i|iftlofofo]} 1 1 Lt s sflofofo]o
ssflojofojojofofi|i|L]L 1 Plalsidl3lofo]3]2
Tiylojofglofofsfofofs - 3338 A1 E ELEAE
T2 |0|Li|ofof{i]o|o|Li]o]L NEBaE 1 tld]ofofofo
T3 lojojiflojo|ifofofl|L BB NI EIDEIE
(x [sfofofolsfofofolsfs ~ s[s[s[s s[5 [§[3 5]}
Ly Jofofsofs]ofsfofofs — s[sTss 3331 [3]o]]]0]
L x Jslofslofofofofofofs ~ s[1fofofs o3 35 [ o[]]
(L [slofofofofols ofofls - [sfo[s[1]o[o[3[3]50 1 [51}]
(v lofofslofofofsfofofs - s[slofsslo[s] o1 [§ 5] ]0]
L~ [3fofofofofofo o35 - s[sTols s o s s o3 o]1]

3

7720, ]-uﬁﬁﬁmﬁwéblf$5%ﬁnﬂ%7b K=l B G 2 (G, ...

3T ERRT.

FHEDRB- B, £hoE
3 NT Ready ODERICHT 3.
(b) ¥T 7= DE L Te B RE3 H
BBAHICIL, TN % Order it A,
Other EHIRGREET—nd Sk,

(4) Ready ©> %t Incomp WEBIND S DA H

i, BTFoc t4B0Es.
FHEPL—~DE Y ML, Order TAh, #l
HRHES— Aok, 7, JBREOE S -
TORWEEBHINZ, Var ORI
5.

(5)

} KL TRELEMIc S

COHMIEFBEE > ST &-T, Eh
DOHK TV — 7 L OHEBEE ORI 11T -
Te & 5 SRR DS - 1B, Fh b
%9 T Ready ORIBICHINT 5.

Incomp 5 JRICHIKIRME C 2B 0 HiL,
Order itAN, #MIERES -k, &
PRIEFEDOEE » TOROER B ENIE, Var
DEFICH T 5.

Other 5%, ZNE TIENWEESES -
T EREST, ENrDHERII Vv — 7LD
THEE ORI 11T » 7c & 5 72 SI5a23
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S FESICIE, Ready OEARICAING 3.
(6) Ready i5—2F DH» T, Order AN
Other CHIHERBET— VIR . FRER
JEEDSEE » TOIRWERBEREN 2 5, Var
DEFZICAAINT 5.
Other D55, #1E T I HIMIEREBEE -
o EiC& T, ENDOFKIT Vv —F LD
FBEE O LI » e & D 73 R H
> 1B AI, Ready OBBICAING 5.
(7) Other It TRUTFTOC EEEVIET.
(a) Other %#W~¥Z 5. HHITEZHEDOY —
FDF —i2, T TIC Order A>T
VAR BIERE S EE » T
%) EOMBEED S bOEKELAFERT
5,
(b) Other DFEFHEERAE— DI D HL, %
n%& Order AN, HIKSEET—NVD
S L. £, BREBEBET > TR
WEMDEN T &, Var OREBICHM
R
SRDEEE v 7 5 LT}, UTokH7:

RSB ON 5.

e HlMNEE : C1 C2 C3S1C4C5C6S2CT
C8C9 S3D1D2D3D4D5 D6 D7 D8
DOKLMTIYT2T3XN

o ¥UERE : x11 x12---x19 x21 x22--x29---x91
x92-~‘~x 99
##L, {D1,-,Do}, {L,M}, {T1Y}, {T3

X, N}, 8L, {x11,--,x19},--, {x91, .-, x99} X

ENENEZNS OHTIEFBANE D> ThH LW, &

fo, COHTIN—FDIEFEB LGS T 7 Vv—THD

JEERANED > Td L0, EREF S Thicxts

LCELT 5.

4.2 CCVO 7T U XLDEREHLE
BRAEASIEAREL VAT 23— fic (1) 4

HARE, E(2)HRT7 4 vE—L 0D 2D T Y

AF L OHEREN D, R—BERREZHES AR

BREEZDCENTRS. ARBTERESTS CCVO 7

T Y XLTlE, Comp, Incomp HFREEHERRE,

Other D3EI7 4 v & —KHYST 5. BT 4 v 5 —

DEIFIEREA RET B & 51T, ENDBEOEROEHK

EEET D0, EHOEED S Z OFlF%&H o BDD

D/ — FEBHERTE, MHRETKRE BDD HL:

I LC apply HEAHEL 7% © BDD @ / —F

May 1994

BRI 2 REHADTE T 50 THB. cLi
13, 4k (3R) OEMEMETHE, #Hild 28EEEK
JEFD & & T, R—BIHIRSME O BDD* I 30(16)
/= FUbEEODIR LT, K © BDD i3 447
(322) / — ¥, L,M,N @ BDD 32 h£h 377(322)
J—¥, 8i,Ti,X,Y ® BDD i3z hZ#h 7088(319)
THB. Lich-T, s OFEARBI%EL
U fe X,

T, ¥kt BDD © / — Y AEEREL -
CCVO DOEHAEZ BT LINTES. EBHELLT,
FTNTOEIFIEED BDD o/ — FEARDTHL.
iz, CCVO 73 ) Xad(3)-(a)-1.0&kicll
FozxFsyrERBATS.

Other O & O Fifz&t @ BDD D /7 — V¥ s
Comp, Incomp DHIFGFHEDOZN XD STHEDRK
B Bic ks Exicid, UTFoC&xT5.
Incomp D5 B, 4, HKIEFEEDHIREHE
() CIEBHEEAHOHENZFD > BEKRKD
bDE—DO ML, Order AN, HIKELE:
PS5k L.
BEBOEAICRZOREE 1iTET5L, TOER
T ) RAT LT, BeEBEOR—ERGEEL
EFTT 5 ERICZNICBEEL 7o RE2EBOR—EH]
WA —2ETY 5 LV HIXERFEEBE SN
3. 1L, /- FYEOLOERAEEDESIKED S
DRMEC LIR30 i 5180,

¥oiC, IBELK CCVO 73 ) X ADRIDER
ELT, ENboRIRGE s v—T ekt $ 5 HEE
OFDB LI - iR HEA TS ET T 5 L5 K
Order WANDLERITRHZNITY XLBEL LN S.
HEARM7TLT ) ZATREKT « vz —Ekxh
LEMICHHOT, ZLOMBETRDE D LOEIRIE
FEiRBbLNII,

5. HEMEREICK 5 RBERMBEN OBE

5.1 fElkiEE

BIETCIREL 7« CCVO 7= ) XA 723 TR
7 — FOBRESHZEINTIRIRE S SVBAERE D
LTo&EES. AETR, HEMEE (Divide-and-Con-
quer) T &~ T, WMAMEEBEEX, 205 OBERE
THHEERNTS. ARTREETSFHRE, £
4 vEISEERE (On-line Divide-and-Conquer) &

* n @i 5>—D%ERY BN~ BDD 0
) — F¥iZ 2n—2 TH 5.



Vol. 35 No. 5 ZHRES 77 LZFRBMAGLHMBEORETOMESEHBRRIHE 747

BE3s. 3i3b b, difdEERIE BDD & U CTHEIICHRE:
LT8E, TRTOESEEORMBRE » kB ETZ
NS OREBMEZNA. COBE, T TREEINE
BDD AFHL THIMEELHEL CEBTEBDT,
o EEAEMNCEL L0 BB LB LHRFR
ha, bbrA, BOMBORELREREL TBL L EH
DERSHRNEL 35DT, ¥R 5 L0EEERND
BBoTH Ry Vavsyg vOREBELT,
SHEBHFICETTECEEH5 9.

V5 A VESERBRECELT, 2754 vES
EERELELON LD, Tibb, BoMEORE
—IC AT F ANCEEZRADL, TRTOESFREDORES
KE o HIEET, 774 VD OELAALTERKNIE
@ BDD %4845, #7754 YRTR, T TR
CHARBEOBRRIERATELL. Lhbl, BOHE
PG TYRFLDEBNE—IC L 5 & & i
12, BEHRFETH 5.

5.2 MAMBEOHEE

B2 on/cHEEARSREC 284 5 Fkid,
(1)RERTERINHINGGE2EIT 2 HkE,
(2)FEOERICRAEEARAT BHE, ©2EED
5.

i, HEINHAMEOKR & 22 5B ONE
(granularity) EFESs. HAEHEETORLH» R
BRBASTEZRIT> 12 & 2 WWESNAESHE
ThbB. lcEiild, BEETORMOOREIITR
TORBRENDLOBEEBOBAOESHETH
D, N-Queens BB TIIRITIC—29D Queen 2 &
WeBEOESHBETH 5.

A7 54 VETE, REAfEN T EL, Y274
DY) R&2—EEBEL, Tk, HA7 71 VEOH
Mck-T7740v0A =7,/ 70 —XEEHHE
A, TN X BA =~y FIRELIEBDT, TH
BRGHEEAELTIABEVERDNS, —F, #
V5 AVETR, —ARBEL ERRIZOBRORHE
THIFATE 30T, HEICLSA —"~y FRENIZ
ERELBVETFHEINS,

SEOREE T 0 7 L ETHICRE S 5B E
EERITRICHRET 2BIREBEZ SN D, BERI—
BOBW T 0753 v/ Tha, AT, #1955
FRERY B, SEd~Ns2BEHEsRETIE2—Y
AT 4w BRBRTS.

(1) RERATERINIHEELINE, 20

EOEORGET S,

(2) BLMEBETHIR—BFEELSINIT, &
HEFOR B RO DEZELHOD 5 b,
/= FHODISNEDESEONR LT S.
(3) RELHEER—BEHEESHNIT, EHH
FoEb EFNObDEELEODH B, / —
FEOLITNEDEFEDOHR ET S,
(4) HEMOLAEMMTERE SN HAIBEESEN
i, ThEDEORR ETZ (FcEAE, ©
20 Py).
(6) ATIEH DS B, BEMOD & D% HEDORSR
L5 (A, 2o x11).
EEIRALS ERO S DOh 5 FEDBEME LU TBIRL T
WA®DIZ, BDD icdd % apply MECTEM®TE3
RYPisl+50TH5.
BHENSEE 125, ZOBRBOBICI-T, UTo
X EFHERD 5.
O HER AAV LV VS DEX: B, 2D (P 1)
~(P9)).
HIFIERE « BERUEFERET VT Y XA CCVO TR
WicFusrsak P Lyd PiEghEcleh
BE/ = F¥HRREBLEBVESICHYT, PP &
5 (CHREFHBIC X B). HERBEIc kD,
C=P:
S1=CAf1; Si=SINP;
Se=CAfz; Sa=S2A\ P2

Sa=CAfrn; Sa=S:A P2
G=51VSV- VS

THETSH. NESKRELTE2SE 21T, fH 1]
REMOETH>Th &,

o R—HHEHREL fitfot o+ fim=1 DL & :
(#, 2o (C1)~(C9), (D1)~(D9))
[RIBRIT,

C=P
S1=CA(fi==1); Si=SINP:
Se=CA(fe==1) ; Se=S2A P>

Se=CA(fa==1) ; S»=S:AP;
G=51V.S2V VS
THETS. HESAKE{TE2L & iT], fH &
BHRRMOETH->TH LV,
s HATBAMD L 213, EFED220EBLMTES S,

o ANEH = #AEDOWFET 5 & &K,
C=p;
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S1i=CAzx; Si=SiNP;
Se=CA 1z ; Se=S:APs
G=zAS1V 2 AS2
THET S (chidve/ VERZOLOD).
BAMLEHKEEOSEIATOROTH S, 41k
DOEERTI, M2To(P1)~(P9) YT 24
Kgt4d Pr 2L, BOOKIRSRELE P LT @
ERMBEOH K ((P11) AR T HEE 22
DORERNTH T B T LT & » TRIEDEIRTT - 12,
N-Queens HETI, fTEFCLEE—DETEL &
VI HIKEEE P LU, JAER L pEP—D
U ZEBEF IR EW S EIRGRGEE P2 &L,
BENT, fTOR—BHRELS S LicfT- .
bL, 1RODETHHAETEHNESITR, &5
CHlDBRHEEZERL, SROSEAET 5. FREs
128 Mbyte DEBAITIE, 4 IROBEHEE T 1 BrD4rE|
T+43THY, 183-Queens TII 2BODEBARETEH
5.

6. SRERFER & PRI

A% T D EEBEEE 13, SPARCStation 10 (FInig
128 Mbyte) TH VD, tesh D H & T time ZHOTH]
EBEfT-7. B -y Ly 257 40 CPU KD
BE AW B TRT.

6.1 HIFIEF - ZHIER OFEE

SKOBEHE 71/ 5 4 (K2) 2D LI T, #HE
93 CCVO 7 ) XATHRESNEWIERE - &2
BIEFAFMET 5. X% I ERIERE & ERIERI
£-oT, B/ —VREFAERFTHE L ZHEK
J =V, BXU, EFTRENESEDLIPEERL
fz.

HEomg s L fREFRUTO S BETH 5.

(1) CCVO: 3 D<= x HOEKOKRICTDEK
(S) BV EL 5 X, 20BTHOBKES
5z 5.

(2) B : =2 HOHW C) 252, 20%T
Bofli O) %, BRICTOHK (S, Ty
HErRBZ 5,

(3) ##E : HOHK, i~ =2 BOHK, BBiC
MEOFKAEFLS.

(4) ZEH : ~2BOHIH, RoOFIKNAE IHEZ
MOFHK ) 2BA 2 L %#BVET. C
N, CCVO OEHIDER T NI Y XAT
wE 2HKWEFTHS.

May 1994

(5) BEFTHE : CCVO 0 2B HOERT VY
ALTHAMEFTRT VT Y XL THRE B4
PWERTHS. i F 7 3IROEREREICK
LTEEZHI R DAY IIBULTRREL
BIMIERET S H 0, BERERENEFEE
Zohsb.

C1 C2 C3S1 KC4C5¢C68S82¢CT
T1YLMC8T2C9S3D1D2D3
D4 D5 D6 D7 D8D9T8X N

i, BREFRUATO 4BEARL EF 7,

(1) BEBE: ~2BAEELE —DO2B TR/A
IV EEE.
x11 x12 ... x19 x21 ... x29 ... DJEICE
FENTHS (FhLicts3).

(2) i@k ~2HAEELE —DoO~2xBTIR

REWEABE.
x91 x92 ... x99 x81 ... x89 ... DJEICE
FEEN TS,

(8) #%BE : HAEE —DOHTRINAI=X
BAEE.
x11 x21 ... x91 x12 ... x92 ... OJEKHE
EENT S,

(4) BEEL - BAEEE —DOHTIRAXL=
2 H Ak,
x19 x29 ... x99 x18 ... x98 ... DJEICE
FENTHS.

(5) #BfE%: ~ A HEHER. —DOvXETR
REOEKAEE.

x19 x18 ... x11 x29 ... x21 ... DOJHICE
RENTMHE (T ).
BYBEEREFERL BRI, CCVO 7z
XL TREBIEFSZER2ICRET 5T, 2—HF OB
1270l BKFET DS BE->TED, 12 & 213,
BEECBYUERLEOTRENSINOTH B,

BREARDEHEBOETRREZRI LKL ITE &
»5,

NS DER» S, KRN TREST S CCVO 7
Y XA K> TESNAHREF EEREF ISR
BBTHH EBbh-t. AROBERTIZ, KE
THAT 2 FEMEEEL BT 1 BOESHESET
BBRE -72DIZ, CCVO 7Ad ) XaTELAT
JEF, ZXER, B8LUBRE (T >0HSHEICHE)
D3 DOHMNEFLE T TH D, 3ROEBHEETRIEST
BHB—BHEODIZ, BEHOEELDIOOT, HE



Vol. 35 No. 5 ZHRES 77K IZZERMMALHEORETOMALNBRNEE 749
K4 SROBERE 0SS AT 2EREF E0IEFOZSE
Table 4 Variable ordering and constraint ordering in 3-order magic square program.
E ¥ HEH F
BK/ —F ﬂ%ﬁéﬁ‘a ﬁﬁgﬁi% iﬁﬁgﬁ :Eﬁsﬁiﬂ‘: ﬂgiﬁgﬁ’ﬁ
(Y27 224F) (237) (236) (237) (264) (264)
S IRF M) BR - FERR (B BRKR — VR ()RR — M )RR/ — PR BBk — FI
CCVO 7.31 2341 7.47 2341 61.75 221078 52.82 221105 6.78 2369
7 ¥ 9.41 10504 10.17 10743 19.63 33944 16.42 33971 8.4 10770
#H B 13.16 33947 16.52 30329 15.12 7838 9.17 7865 12,12 33971
ZREE 7.35 7.53 7.35 2791 15.89 11542 10.17 12685 6.78 2818
HsEgm 7.01 7.06 7.06 1958 15.37 12805 9.88 12159 6.49 1985

K5 AROBEMT 0S5 AITET BEBIEF S HBIERF 0%

Table 5 Variable ordering and constraint ordering in 4-order

magic square program.

5. HIRIZREFDSER < ~ & AR
BAERBLTVA0T, CCVO 7

T Y RADEZ D EYIERIRRE

£ B R F EOMEE KR LS DTH 5,
me-vn e wmEn uEn war sas SRR W ke
7 (10520) (112973)  — — (113103) BHEHE, EBEIC L - 25 TE

BRI | SHH | BI0(B) B(B) BRI() RID) () SRR b 5 & 121 X v R
ccvo |2 1299.20  1820.16 % X 1250.76 BB NS HEY L b—B LTl
# % | 7 | 7038.56 % x x  6375.31 2

oa 7 x X X X X ) e .

RER | 2 | 1601.13 416077 x X 2049.21 (4) JR/ — FEDBRE O NTHAR
BISEfTR 7 X X X x x &L,

X B 1BOVSEZHETE /) — FROBRTHENTERNCE AR (5) AROEHEMORBERIEFE (B

.

#Ro BDD o/ — F¥ucd g hEMNHY, CCVO
DEMEHBBEELL DS THS.
BEEOEELSUTO LI BaRBEL N
(1) ACEBIEFTH, 8INERCE > TER/ —
FOEFHBEMNEL S, K, B/ —F¥K
DERZKEL,
BRI ERERE 2RV 3848103, B/ —
FHROZERDLTHTHB.
BRDBEHEETI, BH1IETHZOT,
DI LEMIEREA VT 3 #% %3 BDD ©
/= FHRBELTHS. 4ROBERTIE, £
5T L ZREFTRAEKR/ — FHD
ZRHE DV, 7 VH LEERIEFTI,
Bk — F¥ut 160,500 FEE L% 5 D 1545
BECE2308%5 0. i, N-Queens f5fE
TH7 VF 2 LREREFOBAICEER, —
F¥3 CCVO 7o ) RATE S W EX
JEFOBAELDHELIL>TNE,
(3) #IIEFICIRZNICSEEI D L OWEREFELS

(2

~

/= PSR/ TR, 1BRo5E
HIBETIRED & 5 2 HIRIERET
IR E B I2,
(6) TNTORIEMENEERD 2 DicHEWT 3
DY TRV, T, HREFRCE-TRE
RIS EAL T B, o 2013, EDRRI4
WEFTIE, D1 2EFT I NniE, £DOEET
ERESN, BOD D2~D9 3 TE &k
ThH5.
(7)) 4ROBEEHEE DB A, HATHIERD 100 B
BETICELAEAL O NI, 1ABME
LESTHLELDZEAGHB.
kB, EREFENSELTHS L, BDD DEK/ —
FEDALTHEC EICEEBL TEL V., Thid,
BDD 34/ =HNVEBRTHBLLEERLTVS.

6.2 ETEFREMDRR

AETRZDORNVF 2 —2 Fa s 5 20 TH
E95.

REEDY 07 7 LOETHERER6ICRYT. 4K
DRI, E¥E 256 HEERT 2. EH O ER D
5, 4IROEHEEIT 16-Queens [THYM T A A
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* 6 EHET0 T AORTRER
Table 6 Result of execution of magic-square
program.
3 7z Fik X X
Bl RO - ¥ - F¥ R (D)
3 1 81 81 2785 7.35
4 880 256 109999 2231212 1299.29

RBEEHOOT, TNEBCEHNIEFSERELL
BT, A4 vRGEHIBEBKRETH- .
BEEDOT v 7 7 s 3EHRERS LHICE-T 3
DT, Pu it 1os TETULETIEY. COHE
ARALT, MBSEET-7c BALKIEITDD
TOF = v 7iTid, 339.39 BEMCHH» D). EbiT,
COBEENLEROMEYAE O BEL T&, ETRMIZ
1% OB, B/ — FREIEET 5. 4ROEHRE
%, BUSIREHET Lisp ZROT Ny 2 5 v o8
7us s A THLE, AUHEREOTT 11 ki
SEL R

N-Queens RJEIC DV T ORROHE TR, FioE
128 Mbyte Dv 254 (K 4M / —F) OH &T
11-Queens & TUDEOLNTOIEH - 72219 FUR
BOYv 25 s T, #8895 CCVO 7Y Xah
SELNIHKNIERE EEREREERTAC LT KD
12-Queens F THEL T LT &1, BHRFEOHER
ZzR3bhbhoWELZY, AUFEEROTER
1% 1Gbyte DY 2574 (BKS0M / —¥F) T, 13-
Queens & 14-Queens Zf#E< & LITKRIHL T 5. T
NODOKERARTICE DB, X5, ARBTEREL
T AERRIREEIC XD, FRE 128 Mbyte DY R F 4
T 13-Queens AL T BT X7z, 13-Queens DI
&, BKWIL, —Fh 2M EERETHHDT, YR
FoDE) —FEB—MERL CHESRT e WA
& 9. Solbonne M 13-Queens D7 — £ & 12-Queens
DEEDT — 405, FES+FickE SPARC
Station T 13-Queens A fE 72 & & D #
B, DEMREIC L ARELD b LHTRE
B <, 1400 R L FHITE 3.

Lisp T 11-Queens & 12-Queens % /¥

BROBF R

May 1994

&, 11-Queens (3 11 B 48 .2 CHEIT 7243, 12-Queens
B2 ) RETHBI S,

6.3 #FvSA vEXRGREOFM

x V54 vESEERER, 4751 v RESERE
HBEHBRT B L, TTCREHELCHERE2ERT S L
WTEBHC L, BIU, TRELAREET DO
7 s ANBREIZC &, L0 cflE8H 5. AH
T, Z20RVF2—7 BEICONT, BEDOD
OFMEHTTI7 7 A VOREZCDOTENIHERE
~T.
BEMOBEAA v 54 vREF 754 VRO 2D
DHERRIBETROIER &R 8 I1ICRY. BEIZ2D

£ 7 N-Queens RIEBHEOKR
Table 7 Result of N-Queen problem.

SPARCStation 10 F3 & 128 Mbyte BEM-II (X
M / —F)

LE| O HO¥ B/ -FE BEE)
4 16 2 29 0.42
5 25 10 166 0.70
6 36 4 129 1.06
7 49 40 1098 2.07
8 64 92 2450 4.72
9 81 352 9556 9.97

10 100 724 25944 30.82
11 121 2680 94821 120.97
12 144 14200 435169 392.73
13 169 73712 2044393 13394.58

Solbonne (Sund #H2) F:EiE 1 Gbyte FEPKRZED
Sy lr— (Bk 50M / — F)

RE | EBOR  Bo¥ B/ - PR BHE)
12 144 14200 425217 1129.3
13 169 73712 2000566 4068.7
14 296 365596 9381383 29503.3

Solbonne EDF — Z IFEMREMERZKICKS.
BiCi/ — M, BoERoOBIEEEE. OITh
DOYRT hbE H—K (NTT) 5585,

K8 4AROBHEMDOAY T4 VEEAT 74 VHFEFREO R

Table 8 Comparison of online and offline divide-and-conquer

for 4-order magic square problem.

w7 b5y s BT L, #NEN 16.53 FS=WiRs B (OB &K/ — FE Mo 740
ol 98.33 MAEL 2. % 72, SFER FVIAVHE 1299.29 — 109999 880 —
T 10 A754
BORBREREY 27 5 ATMS® 2105 MWorRGEE 1 | 1135.34  (514.46) 72037 574 1097K B
¥ Zm 5 Ak TheuL, FACOM 270/ AR 2 901.59 (273.87) 41335 306 585K B
? i ® A 1430.44 — 109999 880 —
g,g);},{;o; zlsgl\;&z:f;{i?,ﬂgbiﬁﬁ*i A& F 3467.37 (788.33) 109999 T 880 1682K B
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DOWMABBEICHE L, A VFAVBRA 754 VE
&2 THEHN, i, 754 VETR, BhER
OHAELT 1.TMbyte D7 74 VISRETH B,

N-Queens flEA 4+ v 54 vREILA T 54 VEID 2
DOFEREETEOCHERER 9 1ORT. [HEIR29
ORIREICDE A LIz, AV 54 VvBEZA 754V
IO T24580. ¥, £ 754 vETR, &b
BOHAELT 89 Mbyte ©7 » 1 VHENRETH .

6.4 RBElKFEIHE

FEEEDS 128 Mbyte DHAICIE, 4ROEEHEET
B 1BOSETHLTH 505, 13-Queens TR 2ED
SENPETH -7, MBESETHEEONELE
TR - DBRAEERBDIC, SROEHEMT, &
BEAE 25T ETELI L EXOEFHEROESL, B
XU, o s BDD 0o/ —FEHOMZIF%2% 10 i
AT, SEEE LS TREPLEEZ#MLLT
b, ETHER L4ELIEEINT EbhD, &

£ 9 13-Queens OA ¥ 74 VE/ZF T T4 v EISGERE

BELOHER
Table 9 Comparison of online and offline divide-
and-conquer for 13-queen problem.

TOARES I IVRIZEERBESCHEOMETOMAENIRERMEIE
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V5 A VRSERREEROER X ERT LB TR,
6.5 & =
B TR EROLUTOL ) BHEBE SN
Iz,
¢CCVO 7T ) XAT LT, FHERhTRER
BR/ — F A RIZR/NC Y 5 EHIERF & S0IERE
ERDBENTE, chick -, AUZERA
BCRAEKHERFETH > LHBEEHEL T &5T
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