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Divide-and-Conquer Method
for Banded Generalized Eigenvalue Problems

YUSUKE HIROTAY2:®)  TOSHIYUKI IMAMURAL2

Abstract: In this paper, we present a new solution method for symmetric-positive definite generalized
eigenvalue problems of banded matrices. The proposed method is an extension of the divide and conquer
method proposed by Elsner et al., which repeats the conquer phase of the divide and conquer method for
a problem of tridiagonal matrices. Recently, numerical solution methods are required to work efficiently
on modern multicore processors. However, the conventional methods show on such environment since they
contain many cache inefficient operations. On the other hand, the proposed method is dominated by matrix
products thus it shows higher performance than the conventional methods. The proposed method is 3.23
times faster than the conventional method, achieving 219 GFLOPS (77.6% of the peak performance) on a
multicore environment (two octa-core Intel Xeon E5-2660 CPUs).

Keywords: generalized eigenvalue problem, tridiagonal matrix, banded matrix, divide and conquer method,
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Fig. 1 Solution approaches for banded generalized eigenvalue
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Table 1 The number of FLOPs and the computational pattern
in the conventional method which exploits the band

structure of the matrix.
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Algorithm 1 Divide-and-conquer algorithm for banded

generalized eigenvalue problems
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7 X0  xXG-DpG)

8: ugj)%(W(j))Tugjil)(i=j+1,j+2,...,p)
9: end for

10: X := X® A :=DW®

@ g ey

(G=1)(, G=1\T
j (uj )= Al -

(i=1,...,p) ZFlHT5.
&0&?®$@%j:1QHWpKOwT@Dﬂﬁlkm
, JEFC WO Ww®) 2k, (10) OLE#HE
@D@Lﬁw,un [CREND p+ 1 EDITHIDFE
DOHEEED S,
(a) —fLEAMIEE (9) , (10) %, [2]IoRsSh
EREECE R, DO WO 2Rk 5.
(b) 475FE X W) « XU-DWU) 2354 %.
(¢)ul?) « (WNTuI™ (i=j4+1,j+2,....p) %
HETD.
FROFIECLY, KK (1) OEFHE, BEEx7 kL
A=DW, X = X©®) NHETED. UbrELDbo
%, alg. 1I\ZRT. 2B, k=184 (ZEFATTIIOS
A) 1T, EEIT Elsner bDOSEIRIEL —& L, TOE
R CHREEN Elsner 5 OGEIRIRIEDOIIRE 7> TN 5.
Wiz, 7Y XAOEER, HAEOHEBEIZOWTE X
5. LATHIL, Cx'Ca 0FtH, Cp'Ca OFEAEEEOR
fig, Ay, As, Bi,Bs OFFEMNGHER S, WIND Level-3
MOEEIC L > TR BN, HERIZOKS) L5, 4, 8
ITEIATHIRE & L CETIN, HERIFXZERTN O(kn?)
L7725, 64T T, MIEEIZ X D secular R OKAREN
KERRER L 720, [2] TSN D KEEND W KE
E%CICR AL, BRI O(pn?) & 72 5. TATROAT
gL, j=10e&x XO 07 vy 7 it 2RI
AR 2nm? + 2n(n —m)? THETE, j>20 L EiX
EATHIR LOEE 72 0 AR 203 705,
%& m ~ n/2 &L LTSz LAhETHaEl LT, 2
THOWRB DKW EAMEMEZREEZEICL > THIFEN
&:ﬁ:ﬁ%ﬁ%ﬁ’%< LA OHEAT v 7 OEE R L OXEN &
RHEROBEAFELEDIEZLOELIITTRT. 20L&
D T B 1 @Bx%_QM+0(2%aaé p=k
ERDEIICIITHOSMREZIT D HEICIE, WA EIX
(4/3)(2k —1)n® + O(k*n?) L72%. k<nf%é%ﬁ,%
HEEOF 2HIIEETE L0, HEDOFRETXTNHT
ITEDOITHREE LTHEITSIND Z LT 5.

~—
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% 3 MEEOHEFEENRIS L OEAOFEE
Table 3 The number of FLOPs and the computational pattern
in the proposed method.

R Liiie=|

11TH  Cgz'Ca ®FtH O(k*) Level-3
Cp'Ca OEAEEE O(k®)  Level-3

A1, Az, By, By OitHE O(k?®) Level-3

4178 O(pk?) Level-3
O(pk?) A

(4/3)(2p — 1)n®  Level-3

O(p?k?)  Level-3

3.3 7IITYRXLOLLE

#£1, 2, 3lIcELDdONT, 3OOTNTY XADOHEK R
CHAORBIZOWTHKT 5. 7, #ELETp=FL %
72T R FTRE T 2 LAUET 2 &, wiiEz v 290k
&, BATH L LTI IERIE, REEOHERERIIZAEN,
(41/6)n>+O(kn?) (k = 1 DBFE DI (29/6)n> 4+ 0 (kn?)),
(22/3)n3, (4/3)(2k —1)n® + O(k*n?) & 72%. k&A1
WDIERIEDOHEERIE, REROEL, —EdA AT >
TIIRE IR k=1 DEEEFSNE LT, EITHLT—ET
Y, BROEDHN k> THRT 5. £z, BIT5
ELTHR I ERIEOFEA &I k OFBEBEZZ T 720, ZhiZ
LT, FEEREOBEEE RITRE KON k5 L TRIBIC
HWRLTERY, ERIEL AT k125 L ToRuKTE
PERDD. k< n ZRE L THEHEEOREIROED %
W5 &, k<3 CIHEREOEEEN RN, k>4
TR KRERD. T2, TNEN Level-3 HE & L THEAT
SN AHEFEET (10/3)n3, (20/3)n3, (4/3)(2k—1)n3 TH
D, REEOLREEEOFE T XTH Level-3 WEHE & L
THEITEND Z ENDND.

AR k< 3 Tl MEENLo L LEEEN DL,
PEREE CHAMTH L2720, REEOFETRRITL 2 DD
RikLvbE b EEILOND. —F, k>4 T, #
RIEL, MBEEBITHE U CRBEZ D fERkE L i L
T, Level-2 HE OB &N (2/3)n3 D 72<, Level-3
7 (8/3)kn® —8n3 2 Z\. LI=d- T, HAHMLLED Y
W OITHN 6 LTI, TEREDFATRHA L L 725
ETREND.

4. FIE=EER

~)F a7 CPU TRkl L UMEREORBEL LV
PEREZ AT 9~ 5. AR YERE A (R 2 0 3 5 e ki o 323k
IZi%, Zh2h, Intel 17 & % LAPACK 32 Intel MKL[10]
IZ& £+ 5 DSBGVD, DSYGVD Vv—F & L7-.
Fio, FATREMONREZFMT 5720, LitoFEE LI
BIZ, Netlib {2 &5 LAPACK 3F#:» DSBGVD I X
DSYGVD L —F > DY — X a— REEIE L CHRREHH
FEREA AN U238 2Bk Lz, 72721, BERIGHAIN & %
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Table 4 Computational environment.

CPU Intel Xeon E5-2660 (8 =7, 140.8 GFLOPS,
Hyper-Threading #&%) x 2 ¥/ > b

A€l 64 GB
A Intel Fortran Compiler 14.0.0
LAPACK Intel Math Kernel Library 11.1
¥ LT Netlib LAPACK 3.5.0

BLAS Intel Math Kernel Library 11.1

FECTHRERIICIFFON &5 LAPACK v—F > (DPBSTF
L DSBGST 72 &) 13 Intel (2 L 5923 (Intel MKL) %1
ALTWD. F£7o, REMEZIT O BRI, BBEAHTS]
OREYERE A E R A U A EE A QRIBIC K -
TR fgiED, Intel MKL %23 (DSBGV) A L7z, ##
FIRL, ATHIRE e & OFEARATHFHRIC DWW TIZ BLAS 74
77V EHWTHEEL, alg. 11X Fortran 35 X O° OpenMP
WX TMBICEE L, 72771, alg. 1 ®64THIE, WO
BBICHEEND Lo lcFE L. £, ESEm &
E ST D X IGRY, alg. 1 0 24THO/NHEIZS
W, RBEEZBROICEA LW, 2720, 1751
DWW 200 K72 > 7= RIEIZ OV T, LAPACK @
DSBGVD %l L CTfig\ 7z,

T A MTHNE, A DPPHENE k OFEXNTITHI, B B3R
kE OFEMBHIEEMEATI 2T L 2T 570, LTk
INZELE R FHWTAREIT- 72,

_{ 0,1) BLEL (i — 4| < k)

0 (otherwise)
2k (i =J)
bij=4q [0,1)&E (QA<|i—j|<k)
0 (otherwise)

ZOXHITERESN AR, EAEESRN Y T AS B
Bz <, HEOMRD TN Z2EAEZ S OMERIIMEN
7o, EFIEEE AT AR ER CAEMICE < 7R
PERB D, LU, (EEOEAENE b Ok,
EEEMEZ 2727 A MT¥| A, B &EKT 5 FESHET
INTWRNW=D, REBRTIZIEROFIETERINTZT
A MTANEHERT 5.

FEERCHAT HHEMREIR4OLBY THS.

4.1 FEEFTE

A B T Intel MKL 0 % % ff il U 729l 15 0 F234E
(DSBGV, DSBGVD, DSYGVD) L OMERIEDSK F24k
WIZOWTHETMIZIT). n=10240, k=1BL VP k=2
ELTT A MFIEERL, ROZIPIES RO %,
DIFIZEZRK SN DFExFZE, mPEA N7 hr O B-EHAR
PE, QRIEZFIAT H0EKE (DSBGV) % RHEiC U figik
M DT ALLEN A D fie K AH X RA 2=
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M Relative residual M B-orthogonality =~ B Maximum error

DSBGV DSBGVD DSYGVD

1.00E-09
1.00E-10
1.00E-11
1.00E-12
1.00E-13
1.00E-14
1.00E-15

1.00E-16
Proposed
method

2 @AM, BEXZ FAOKSE (n=10240,k = 1)
Fig. 2 The accuracy of the computed eigenvalues and eigen-
vectors (n = 10240,k = 1).

M Relative residual M B-orthogonality B Maximum error

1.00E-09
1.00E-10
1.00E-11
1.00E-12
1.00E-13
1.00E-14
1.00E-15
1.00E-16

DSBGV DSBGVD DSYGVD Proposed

method

3 [EAME, B MORE (n=10240,k = 2)
Fig. 3 The accuracy of the computed eigenvalues and eigen-
vectors (n = 10240,k = 2).

|AX - BXAllp | XTBX —I|x

[Allr vn ’
4$DSBGV)7Aj
max
i (DSBGVW
>‘j
(DSBGV)

CXk o TRiT 2. 22T, A (j=12,...,n)
I DSBGV IZ L » TR LNZELEAETH S.
FHMFE R A 2, 3I1TRT. WITNOMRE S FFEE O
KPS, B-EAAM, BAMEORAKMEXEEZRLTED,
WREEIT, ZEdAITY, RESAITIIONFICH LT
HLERANREEOHNMELNTND Z ENMRTE S.

4.2 THEEETAE

YR E k=1,2, 17FO®E n=10240 &£ LT, &3
a1, 2, 4,8 16 ALy RTHEITL, FETRMBIOE
OHREFRD. k=1 DFEORIEDOTMAERZK 4,
5,61, k=2 DHAOREERT, 8, 97T,
PHAFO R D 2 DOT A MHEO EITHER 2 k4 5
&, DSBGVD (M4, 7) Tikk=1DHEBITH~ATE=2
TOFATRFEREA L TWDER, Zhidk=1DHEAEDH
Ax v 7 END ZEmALAT 7 (DSBTRD v—F2)
DEITHMN k=2 TlIb o7 Z ENRRESEEL T
5. F71=, DSYGVD (K5, 8) DIFEATHEMIIFE & 48
kORBEZ TN ENHERTES. BEE (K6, 9)
1%, k=20LXOFETIEFEN, k=1DEAICHITRE
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450 EMTOTAL mDPBSTF mDSBGST mDSTEDC M DGEMM other

400
350

'S 300
& 250
# 200
& 150
100
50

0

Netlib  MKL Netlib MKL Netlib MKL Netlib MKL Netlib MKL
1ALk 2 ALk 4RLYR 8 AL WK 16 ALK
4 DSBGVD DT (n = 10240,k = 1)
Fig. 4 The execution time of DSBGVD (n = 10240,k = 1).

600 EWTOTAL m DPOTRF W DSYGST mDSYEVD B DTRSM W other

500

IS
=)
S

1 [sec.]

]

== 300

e I I I I
. IIIIII

Netlib  MKL Netlibb MKL Netlib MKL Netlib MKL Netlib MKL

B

.
o
S

1ALYE 2 ALYk 4Rk 8 ALk 16 ALK

5 DSYGVD DOZf7Hf (n = 10240,k = 1)
Fig. 5 The execution time of DSYGVD (n = 10240,k = 1).

W DGEMM M solution of seqular equations M other

40
B} |
o || —

1 ALK 2 ALk 4 2Lk 8 ALYk 16 ALK

EATEH [sec)

E 6 RELEOFEITREM (n = 10240,k = 1)
Fig. 6 The execution time of the proposed method (n =
10240,k = 1).

SHWERLTHY, FATRBOBW b IRFEENHERTE 5.
WIZ, ALy REOHERKIZEDIMEIZOWTHTHD
L, G WA IERIED IR CIME S N2 &
DHERTE 5. F7=, DSYGVD Tix, AL v FEOHN
X o THRRIZM EL TS DD, Level-2 A ZE T
DSYEVD 23%8E EDR LRy 712720, 16 ALy FE
ITRED BRI EATRAZ BT D INER T k = 2 OBFAIZ 9.0 fi%
ElpoTWa. —F, BEEFERICA7r—1 L, 16 A
Ly RETFTREONERIZ L =2 DHEAIZ 1405 2> T
WD, RERRIEICHT AR T, WA FEATER B EL TR
I bm<, BEEOLFaTHEKCRIT 2EMNEE
MR TED.

£72, WFhOR Ly RETHEELEZBATYH, BEE
Xk =1,2 O MECIEITRBAEREL VEL, £<3
THEHMERELVEETH S LV O EIF 3.3 O TRIZAEKY
LR LI o7

5. BhHhYIZ
S ERATHO—BALEA MRS BTG E D &
12, HATH O—RALEA B AR SEIRIEERE LT
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1400 ETOTAL EDPBSTF M DSBGST MDSBTRD M DSTEDC MDGEMM M other

1200

5 1000
g
40 I IIIIIII
0

Netlb MKL Netlib MKL Netlib MKL Netlib MKL Netlib MKL
1ZALYK 2ALYK 4RLYR 8 ALK

ETEE (s
o ®
3 &
SIS

N
S 9
]

16 ALK

7 DSBGVD OZEATHH (n = 10240,k = 2)
Fig. 7 The execution time of DSBGVD (n = 10240,k = 2).

ETOTAL EDPOTRF MDSYGST MWDSYEVD EDTRSM  Mother

e I I I I
100
. I I HHmen

Netlib  MKL Netlib MKL Netlib MKL Netlib MKL Netlibb MKL

1 Rk 2 Rk 4 ZLwR R ZLwK 16 Rk

8 DSYGVD ®OZFETM (n = 10240,k = 2)
Fig. 8 The execution time of DSYGVD (n = 10240, k = 2).

B DGEMM  ® solution of seqular equations M other

50
OIII-_

1ALk 2 ALE 4 RLYK 8 ALYk 16 ALK

E1TBER [sec.]
[ Y™
5 o 8 & 8
g &8 8 &8 8

9 MELEOETHM (n = 10240,k = 2)
Fig. 9 The execution time of the proposed method (n =
10240, k = 2).

FRZIEO A RIIHBEO /8 b IZHE L TR 553,
k <3 T, WTHIOEERA ERBE A R H L CfE < ek
EERTHEEEN D2V, £, EROFENITHIE
ELTEITEND. &I 10240 O =175, LLEXI
1T O— AL E A EREE ~ VT 2 7 5 EE LT T
BEAFHME L, $RRIEI3EREICK LT EEXA1T51TIE 6.6
&, HEMNAITHITIHN32HEEHETHY, FOEMMEN
R TET-.

SHOMELE LT, TEOBEAMESHDOT A MTFIE
FRTFEDOMENL ., FAAEIEET M-S, HxHEo/h&
7R E A FET 2 R T 2 IR EE ORI &1
bb.

BEE ASUCH L THc OEER I AL FETEVZE
B OEFHIRVER OB LR T, ARAEICHTZ %L
DOARRBERZTEN-RAER (bEE RS (2R < R
T 5. KREOKIOVER D% 38 L CTIAW E AR KT
(FALZZF TR AR 2 IERERS) ICHHLH L R 5.

ARWFGEIE, BB HR B AE I 1) B X AF T e 35 AT
ZEREIE TR A WK 27—V EaEREFH IS E T DV AT A
V7 Ny =T HTOAI ) 2R DERRE R A hHZ
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