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Boolean Algebraic Approach to Constraint Satisfaction Problems
Yasuo Naga1 T and Ryuzo Hasecawa Tt

Constraint satisfaction problems (CSPs) involve finding one or all assignments of the values
to the variables such that the all constraints are satisfied. These problems are widely inves-
tigated in Al and related areas such as graph labeling, puzzles, and machine vision. In CSPs,
the search-based techniques such as backtracking and constraint propagation have been
studied as their main approaches. In this paper, we propose a boolean algebraic approach,
where the CSPs are converted into boolean equation solving problems and these problems are
solved using a boolean constraint solver of the constraint logic programming language. In our
approach, we formalize constraint satisfaction problems in terms of boolean algebra and we
obtain sets of boolean constraints corresponding to these problems. These boolean constraints
are handled incrementally by a boolean constraint solver of constraint logic programming
language, CAL. The boolean constraint solver is based on a boolean Grobner basis computa-
tion algorithm, an extension of Buchberger’s algorithm. Furthermore, we consider to improve
an efficiency of boolean constraint solver through the simplification and structural analysis of
sets of the boolean constraints. Finally, this improvement method is applied to some examples
showing its effectiveness of the method.
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Fig.1 Example of constraint network 1.

Each vertex corresponds to a variable and its domain.
Each edge corresponds to a constraint between two
vertices.
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procedure transform(Constraint: input, Constraint’ : output
1 Constraint’, Constraint” — {};

2 case Constraint of

3 AN ANA,=1:

4 for i=1 to n do

5 begin

6 transform(A4; = 1, Constraint”);

7 Constraint — Constraint’ U Constraint”;
8 end;

9 DALV eV mA, = 1

10 Constraint’ «— Constraint U {Ain-AA, =1
11 AV VR4, =0

12 Constraint’ — Constraint’ U {AjA- A A, =
13 —A =1

14 Constraint’ — Constraint' U {4 =0};

15 —A=0:

16 Constraint’ — Constraint' U {A=1}

17 end.
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Fig.2 Transformation algorithm of boolean constraints.
AiN-NA»=1 (line 3) describes a conjunctive nor-
mal form, where A; describes a boolean formulas
connecting literals with an operator of logical addi-
tion. —mA:1V--V—A,=1 (line 9) and —A;V -V A,
=0 (line 11) describe boolean constraints consisting
of negative literals. —A=1 (line 13) and —A=0 (line
15) describe boolean constraints including a negative
literal.
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1= public c_network/6.
c_network(xll,X12,X21,X22,X31,X32) =

bool: X11 \/ X12 =1,
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bool: “X11 \/ "X12 =1,

bool: “X21 \/ ~X22 =1,

bool: “X31 \/ "X32 =1,

bool: (“X11 \/ "X32) & ("X12 \/ “X31)

bool: ("X21 \/ ~X31) & ("X22 \/ "X31)
3 GlAy VY — 2 MEEZTABLI CAL Yu s 74 (Fu

75 nD)
Fig.3 CAL program describing constraint network problem
(program @).
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:= public c_networkn/6.
c_networkn(Xli,X12,X21,X22,X31,X32) i-

bool: X11 \/ X12
bool: X21 \/ X22
bool: X31 \/ X32
bool: X11 & X12
bool: X21 & X22
bool: X31 & X32
bool: X11 & X32
bool: X12 & X31
bool: X21 & X3t
bool: X22 & X31 .
K4 SRR IR X 085 i CAL Farlsn (7
=R NG)
Fig.4 CAL program generated by applying constraint
simplification processing (program @).
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procedure vertex_select(G(V, E): input, Vertices: output)
1 Go — G(V, E);
2 i 0
3 Vertices — 0;
4 Rmin « 00}
5 while G; # 0 do
6 DV « {v| degree of v is minimum such that v € V};
7 for every dv € DV
8 Adjgy — {w | (dv,w) € 5 such that w € V};
9 Rav — Tieadiy, Rav st
10 Ronin — min(Ray, Rinin);
11 endfor
12 Pick a vertex dv such that Ry, = Rmiy and dv € DV
13 v; — du;
14 Vertices « Vertices U {v;};
15 Gipr = GV = {u}, B(V - {v:})};
16 te—i+ 1
17 endwhile
18 end.

X5 TERABER7AVTY AL
1FEwes0 % GV, E) &, HRvEE G T 5 H#0 5 v
NI DI TERESSLT, 6fTHICBYS DV 2

7. 8ITHW B % Adjw EE/INREDIES dv BT
ZERESEDHoLT. ITHICBI 2 Rew 13, HA dv &
THRES Adjaw DEFE j ORI OFBFREL Rav,s O
MxHo5oT, RITHEBIT S do 1%, TEN do WXIRL 7
FHRIDOF R ATREELDIRA] Raw DT, BRAME Ruin % %
SIEEEH ST, UITEICBI 3 Vertices 13 3ERTES
HEdbobT, BIAHBY 3 GV—{v}, E(V
e, 777 GV, E) poBIRanBS v & %
NEEET 2T TOTY YDBRKER L DESNDIESL S
FI7%HODT.
Fig.5 Vertex selection algorithm.
G(V, E) (line 1) describes graphical representation
of a constraint network corresponding to the con-
straint set. DV (line 6) describes a subset of V having
a minimum degree. Adja (line 8) describes the set of
vertices adjacent to the vertex with minimum degree.
Ray (line 9) describes summation of satisfiability Kap,;
between a vertex dv and an element j in the vertex set
Adjas. d» (line 12) describes the selected vertex with
the same value of constraint satisfiability Rav corre-
sponding to the vertex dv as the minimum value Rpin.
v: (line 13) describes @y and Vertices (line 14)
describes a set of the selected vertice. G(V —{v:},
E(V—{v:})) (line 15) describes a subgraph reduced
by removing the selected vertex v; and all edges
incident to this vertex from the graph G(V, E).

bOoTu I LERER6 DTS T AT B,

6.2 o4—EE

22T, FINREMEORENZFIEE L Ty
A —VRHEZED LT3,

n-7 A —CHEETE, BE v 2B O 1< i< n Flicxf
GL, TNZROE v: DR A4 B D=(1, -, n
THY, BROEPIEDITEDobT. 74— % 15|
DjITHKEL ZE3ER v, ~DE; DEIDH{ T L
AEN, TNV ER =11k DERBEEI NS,

7= NI T BT R IR O SE R L BRI D W T OMET 815

:- public c_networknn/6.
c_networknn(X11,X12,X21,X22,X31,X32) :-

bool: X11 & Xi2 =0,
bool: Xi11 \/ X12 =1,
bool: X21 & X31 =0,
bool: X22 & X31 =0,
bool: X21 & X22 =0,
bool: X21 \/ X22 =1,
bool: X12 & X31 =0,
bool: Xil1l & X32 =0,
bool: X31 & X32 =0,
bool: X31 \/ X32 =1.
BI6 HFIEHLS L ORI~ Z 2k DB s hiz CAL o
TIh (a5 n0)
Fig.6 CAL program generated by applying constraint
simplification and ordering (program ®).

1 2 3 4
vi Q
c12
v2 Q c13
cl4
v3 Q ©2 1 cas
C34
v4 Q

7T 2EMMIC LR 474 —rREEOERL
ZIT, Gk iBHE EH (=) 0r 4 — v HORE:
B 26%dohd.
Fig.7 Formalization of 4-queen problem using binary con-
straint.
Ci; expresses the binary constraints so that i-th and
j-th queens don’t attack each other (i=j).

UNTR, 4274 - R8% 2 BRI E e HE
FEMEL A2 L TERMLEB 22, FED 2D
DIA—YPHEBWIKELDbE W E WS BRI (v
Fo)A(vi—vi=7—4) (Fz72 L, 1<i<j<n) 2L
TH2HEERE LTCEHRESNS, T, n- 2 4 — [
B 2Co=nn—1)/2{ 0 2 BERKEZ BTz 0y N T
—ZELTHObENDS, 4 74— REEEIE, RTO
W 6D 2 EERT L UTERBEEINY, FIHRy b
V=213, B8DLSIC4HD ./, — ook r5ses
F7 KV kvEHsND, & —FREECET 3
FRZIG L, 722 248, /—Fv1EZH o c@s
2 HIHIES {Cr, Cl} WWHRIES 5, %8, ColdZH n
DEELT, RAALY Dyps ERDLDEDDES 4,
EATHDE TN ED DL, CRER v OE
DERFIC di, & di, Gk D 1<), k<n) % L5
WHEEHSDbT., /—Fv1Ev20BOTyY Cp
B2O00F v & v B W TERAILT 2 2 EHEIH



816 AL
C10,C1 c12 C20,C2
@ 0
C13
C14 Cc23
C24
C34

C40,C4 €30,C3

K8 #lfgry bU—2 (4274 —HE)

5.
Fig.8 Constraint network representation corresponding to
4-queen problem.
Vertex and edge respectively correspond to a problem
variable and binary constraint between two variables.
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¥
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B H5TICRICEIR E W BTEA vi

B9 M8O&HA Y T =2 DT T 7EE SR SN B EEOEERE
Fig.9 Vertex selection process determined from a graphical representation of constraint net-

work as shown in Fig. 8.
(a)
vertex v2.
(b)
(¢c)
(d)

Graphical representation of constraint network as shown in Fig. 8 and the selected

A result of graph reduction using the vertex v2 and the next selected vertex v3.
A result of graph reduction using the vertex v3 and the next selected vertex vl.
Final result of graph reduction showing the single vertex v4.
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Table1 Characteristics of experimental problems.
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Table2 Result of boolean formalization of problems and
transformation of boolean constraints.
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Fig. 10 Performance improvement of constraint network problems.
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Fig.11 Performance improvement of n-queen problems (all solutions).
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Fig.12 Performance improvement of n-queen problems (all solutions).
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