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Solution of Algebraic Equation Systems
by Introducing New Equations

HIROYUKI SAWADAf

In the solution of algebraic equation systems, the estimation of numerical errors included
in numerical solutions is very important. If numerical errors are not estimated properly, then
approximate values to exact solutions may not be obtained or values that do not correspond
to any exact solution may be obtained as numerical solutions. This paper proposes a new
method of solving algebraic equation systems by introducing new equations to properly eval-
uate numerical errors. This new method has the merit of clarifying conditions that allowable
margins of errors must satisfy to get all the approximate values to exact solutions. In conven-
tional methods, all the approximate values can be found by assuming small enough allowable
margins. However, since conditions satisfied by the allowable margins are not clarified, the
obtained numerical solutions are not sure to be the approximate values. On the contrary,
this new method clarifies those conditions in the process of computation. Thus, obtained nu-
merical solutions are guaranteed to be the approximate values by resetting allowable margins
automatically if necessary. In this paper, the given algebraic equation system is assumed to
have a finite number of solutions, and the method of obtaining real solutions is discussed.
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Fig. 1 Circumscribed sphere S of region R.
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(1) input x:= (z31,..., Tn)
% T1y-0., z, are input variables.
(2)  input Fi= {f1(x),.., fm(x)}
% f;(x) is an input polynomials.
(3) input £ := {€1,...,€e}
% €; is an allowable margin of error for z;.
(4) forj=1ton

(5) 9;(z;) := UniVariate Polynomial(z;, F)
% gj(x;) is a uni-variate polynomial.
(6) A;j ;= NumericalSolutions(g;(z;), €;)

% Aj is a set of numerical solutions.
(7) endfor
(8)  if 3(7)3(a; £ d}, a5 € A;, a € A;)

{laj —aj| < & + Z;L:l 6]2} then

9) E := Reset(E) % Reset ¢;.

(10) forj=1ton

(11) Aj = NumericalSolutions(g;(z;),€;)
(12) endfor

(13) endif

(14) A:={(a1,...,an)|e; € A;, 1 <j < n}

(15) N:=90

(16) while A # 0

17) (a1,...,an) := FirstElement(A)
% (a1,...,an) is the first element of A.

(18) A= A\ {(a1,..., an)}

(19) f= Z::I(fvj - a;)? -2

(20) g(r) := UniVariatePolynomial(r, F U {f})

(21) i 3(r){g(r)=0A0<r? < Z;‘zl €2} then
% This condition is checked by a Sturm
% sequence of g(r).

(22) N := NUuU{(a1,-.., an)}

(23) endif

(24) endwhile

(25) return N

2 SMERRE
Fig. 2 Circumscribed sphere method.
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Fig. 3 Circumscribed sphere S* whose center is
the near point a*.
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(1) fork=2ton
k
(2) h = 27:1 T~ tg
(3) hi(tx) := UniVariate Polynomial(ty, FU {h})
% F' is a set of input polynomials.

(4) endfor
(6)  A:={(a1)l a1 € A1}

% Aj is a set of numerical solutions of z1.
(6) fork=2ton

(1) A=A
(8) A:=0
(9) while A’ # ¢
(10) (a1,.-+,8x-1) := FirstElement(A")
(11) A= A\ {(a1, - ap1)}
(12) Al = Ay
% Ay, is a set of numerical solutions of zx.
(13) while A}, # 0
(14) ax := FirstElement(A})
(15) Ay = A4\ {ar)
(16) if H(tk){hk(tk) =0A
le(aj —€) <tp < Zle(ag‘ + )}
then
(17) A:= AU {(a1,...,ak)}
(18) endif
(19) endwhile
(20) endwhile

(21) endfor
(22) return A

4 BEBRORMEES OB S IE
Fig. 4 Composing the candidate set.
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k
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72REL, a; BEU o) i DICHER gj(z;) =0 D
BECH . FFEEE ¢ 5% (29) ZWEL RV
FIIE, B RADIODFERE & B X UBER
a; ZETEL, ThighRAACHVWRIZL . 20
HNBERELBAT2HE0E, bLD e BEay
PHWS.
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AT BEFNS L. L Lads, £t 0E&ER
2) W z; CETAE1IARNTHY ZORED 1 THA
DT, 1EEHERX he(te) =0 OEHRICET H5HE
DA, BEHE a POCEOBETCORBEYRTE
Bor KBTS 1 EESBREROERICETLEEIR
MIHARTEL, RETRELZHFEBKY ALK E
ELTHBTHLIDEEZEZOND,

5. i

RETIE, ZOo0FEEXY ETA. F9E51E
T, BEBEISTFET2HE00ERT. RICHE 5.2
i CHMERRIE LD B L OB, 5.3 HiTHD
ABFTEDEHEOREZIT .

5.1 HEEBBHITEET 346

AEITIZBIRE (30) ZHLD BT 5.

1 +x2+x3—3=0,

o+ a5 +25-1=0, (30)

m?+mg+w§+3=0.
7 (30) DEEEIZOWTO 1 EHFRER L LTR (31)
WEIND .

23— 3z +42, —2=0,

T3 — 3z +4z9 — 2 =0, (31)

T3 — 323 + 4z — 2 = 0.
X (31) OEER ORI EBERICBWT, K (30) FHEE
BERoZ LR (10) 2T e EETHB S
Ldbhb, £2T, TITR e =6 = =1/2,
Al =Ag=A3=1¢LTUTOEHEL2ITS.

X (31) PEEBELEAELEL I LITLY, EHK

BOBRAES A LLTKB2) B RkDLNB.
A={(1,1,1)} (32)
BT (1,1, 1) B L THRER (14)N(13)N3G){8; #
0} LT 2 hEPEREET 5. 2 (30) Z £ DEL

LEMIOEIT A LR (33) Lk B,
ai +oay+as—3 =0,
Bi+ B2+ 063=0,
of —fi+as—fi+ai—F—1=0,
a1 + asfls + a3f3 =0, (33)
of — 3018} + a3 — a2
+ai — 3365 +3=0,
3aif1 — B +3a3fz — B5 + 3aifs — B3 = 0.
72, X3 Wa=(@1,1,1) 2RATEILICLY
R (34) BBOLNS.
(a1 = 1)B1 + (a2 — 1)B2 + (@3 — 1)B3 = 0.
, (34)
KXEBINEBYH 0T VT HEREHET L L, £,
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B =g =5 =0 (b, REAK) HHERIST
NTBELY, LAd > TEHA (1,1,1) OEfEN o
BB, FNERLYICHVERL TR L RWT EA8
bhb,

% 3.2 i THRRAFEIC LD, ¢ DE 1S %
BIETA. COLEBER A I, ZOHEN A,
UTFoETHIIL, BEIERSL, 22T A=1
ELT, & 2RXNB5) DEIHICHRET 5.

a* =(2,1,1). (35)
a=a" 2K (13) ITAATH LK (36) 1o,
(1 = 2)B1 + (a2 = 1)B2 + (a3 — 1) = 0.

(36)
£ B3)NB6) DT LT FEEICHE, 5 =01ETHh
TVBbDD B2 =3 =0 dETATHRY, L
o, EIESOBERIITERTL, XRIZE?2
BADBEEIT). " 2R BT DL I THRET 5.

a* =(2,2,1). (37)
LIF, FROEREBRYET I LIl o TREIE
B o TR (38) DI ICHRESN S,

a* = (2,%,1). (38)

2B, EES a* FRET B ZOIT o 2 EERS D
BIEmEE, UTIERTEICETHS.

1) e=(,L1) = (2,11
(1S %E 0 25 +1 BIE)

(2) (2,1,1) — (2,2,1)
(B2ED% a 25 +1 B1F)
(3) (2,2,1) — (2,0,1)
(B2ED% a 25 —1 BIF)
(4) (2,0,1) — (2,3,1)
(255 % a 5 +1 BE)
(5) 2,31 - (2,31)

(#2855 % a 25 L BE)
a* EHLETEERE r OROFRER (39) 21E5.
" = (o1~ 2+ (22— 3)* + (23— 1)°. (39)

X (BO)N(39) 26 r T B 1 EBFEA L EL L,
X (30)N(39) IXEHM r 2R Litbhh, R
(30) REBBREZRE/ 2N Ldbhb,

5.2 SMERZEMBNHEEDLEE

BIE (40) RV CHERE LU TO o0k
EDLRBRITY.
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(2)
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Table 1 Numerical solutions by the successive elimination method.

HOM of Bt o; laj — a%l/e;

1) | = —1 | —1.0000000 0.00
9 0 0.0000000 0.00

(2) | z1 | —0.7141434 | —0.7142333 0.74
T —0.6998564 —0.6470947 432.22

(3) T —0.5000550 —0.5001220 0.55
To —0.5000450 —0.5289306 236.63
(4) T —0.0262280 —0.0262451 0.14
Tg 0.9996512 1.0093994 79.85

(5) | =1 | —0.0227383 | —0.0228271 0.73
T9 —0.9997464 —0.9488525 416.92
(8) | =1 0.5000350 0.5001220 0.71
T2 0.5000650 0.5333251 272.46

(7 | =1 0.6645091 0.6644287 0.66
T3 0.7471453 0.7864990 322.38

(8) 1 0.9990732 0.9991455 0.59
o 0.0432840 0.3499755 2512.41

®2  BEAARIC X 2 HER

Table 2 Numerical solutions by the simple substitution method.

(61 = 63 = 2713) (81 = 85 = 2712

B a? BAEE a; laj — a;-)|/e,' Bt o, la; — a?|/6j

(1) 1 —1 —1.0000000 0.00 —1.0000000 0.00
z9 0 0.0000000 0.00 0.0000000 0.00

(2) 1 —0.7141434 —0.7142333 0.74 —0.7142333 0.74
9 —0.6998564 —0.6998291 0.22 —0.6998291 0.22

(3) | =1 | —0.5000550 | —0.5001220 0.55 | —0.5001220 0.55
o —0.5000450 —0.5001220 0.63 —0.5001220 0.63

(4) 1 —0.0262280 —0.0262451 0.14 —0.0262451 0.14
z2 0.9996512 0.9996337 0.14 0.9996337 0.14

(5) T —0.0227383 - - | —0.0228271 0.73
T2 —0.9997464 — - —0.9996337 0.92

(6) Ty 0.5000350 0.5001220 0.71 0.5001220 0.71
z9 0.5000650 0.5001220 0.47 0.5001220 0.47

(7) z1 0.6645091 0.6644287 0.66 0.6644287 0.66
Ty 0.7471453 0.7471923 0.39 0.7471923 0.39

&) | =1 0.9990732 - — | 0.9991455 0.59
z9 0.0432840 - - 0.0433349 0.42

1 - —0.0262451 - —0.0262451 -

z9 - —0.9996337 - —0.9996337 -

71 - - Z [ “o.0228271 -

z2 - - - 0.9996337 -

3 1 2
Za2Ty — :1'331

s 9999 ) 1o L
+(“’2 To000°2) # ~ 7 (%2 =1) =0,

o~ zaa? + (o8~ TUOOLY (10)
1
~—(a:§—:vz+m) =0
BRI FiE
BEE—DOFTOWEL TN I LI L - THE
BeBs.
B A

BEBIOWTO 1 BB 28R, 21
DPNERE HAEDE S Z LI L > THOBRE
Hoa 2B T A, KIC, BEHSETOHER

RALTENTFRTHE 2B 2 HET 2.
TOEE, HERE G BFEL, kR (41) 5
WREEWNT a IBTHLLEING.

[fi(a)] < 61,...,[fm(a)] < 6m. (41)
R1H»5F3 LEHERRELTRT. EB0OFEIIT~
THEHTTDONATV S, HEBRITTUNET
ARLTH5E. £z, TRODEETI, FEMEE o
BEU e BEHRX(6) EWMETLLICUTOLY
WCBRELTHA.

€1 = €3 = 913,

R1DH, BREFECTIBEENERSIABESN
REFERENTIIHEREZEONENI LSR5,
72, BHAAERECTIEOM Y 18K 2 D 0 b ER
ELTRDON, 512 6 =6 = 2713 DIFPAIITII,
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|3 HMEERRENC X 2 BER

Table 3 Numerical solutions by the circumscribed sphere method.

B a?

1 [ -1
® a:; 0
(2) T —0.7141434

9 —0.6998564

(3) T —0.5000550
T2 —0.5000450

(4) z1 —0.0262280
T2 0.9996512

(5) T1 —0.0227383
T2 —0.9997464

(6) T 0.5000350
T3 0.5000650

(7) | =1 0.6645091
T3 0.7471453

(8) T 0.9990732
| 2 0.0432840

BAE# o) laj — a?|/e,-
~1.0000000 0.00
0.0000000 0.00
—0.7142333 0.74
—0.6998291 0.22
—0.5001220 0.55
—0.5001220 0.63
—0.0262451 0.14
0.9996337 0.14
—0.0228271 0.73
—0.9996337 0.92
0.5001220 0.71
0.5001220 0.47
0.6644287 0.66
0.7471923 0.39
0.9991455 0.59
0.0433349 0.42

FDE ) BREBSTBPBLN TV B~ TEDBEDIE
PEDSHER ENTVB I EPE/2 IRENTWS, =
M LT, RS CRT L H 1, MERETIRTN
TOBFRESNICHREEZEOHBNTROON TS
D, F72, BolBeRKOTVALI LRV, T
DFERD S, FRAOBER L FRBRENTRD L L
VY RIIBWT, NERESMO o0 FERICET
EWTHLZED DD 5.

L Lah s, SMERECTIIZEERICETS 18K
FRAOCEHRE n b, E5IEHA a0 POEOBRT
TOEMXRTER »r BT 1 EHFEROER
PEHEOBZIILENFH L. ShIIHLT, &
REEETRHREREFED 07 L7+ REREETR
X1 EHEFBREROBER LTI LB R L, BRAAE
THEERCHE T2 1 EEAFBRAO#ENE n @475
P TT A, FHEIRA T O TRIMERER O
DHEIATE D, EBRPIHE (40) T, BOEH
HO Y AAhaiTbhr s, NEREIo -2
FEICHRT 20 EEFEOSFERE2EL WS, &
DREFRDVLTHH ) 72D 4 ETHARBOE
W a OBYALRDPLETH 5.

5.3 RHRMOKYIAH

F4BETRESNBOBBHEESOBE T ELH
RE (40) (X UCHBA L7-Bl &R 3. Rt (40) » 535t
BN 1 EHFER g1(21) =0 BX U go(x) =0
BENEFNRADDERRZH D, Lo Tl
NODHEREASDELGEEICE, BHEES AR
64 MOBERHELEOZ L ICh D, LELEFLE4
BTRESNBRAELHAVD L, HF#REq *
€1 =¢ =278 L LA, BEEES A ICER
REsfEL2»&EENT, BENICEOR L IIERLE
FERT TR ING. S0 ) EROSTEER

i, RYBAEITDEVHFIERTHEFTD 1 &%
D, COBBETEFENTH DI LIHR ST,

6. BbH Y IC

SEBETIREFRROTRTOELR L KD B 72
DOFEE LT, SBERERREL. 8510, HIE
ELTHER (40) 2 HWTHO FHiE L OB LTV,
MOFETETRCOKER 2 FRBENTRD S
ZERBOTHETH 248, SHERETIIHEEICKD
bhaZ bamli $/2, MWEREIIMboFEICE
RTELDFEIA N R BT L0, BOBHAERKD
RO EoTHIBREINIRETEL I LR
L7,

MERBEOEHEIR, TRTOELEERD B 012
HEREFHE T RELGLHEOBRETHSL »IC
TEHILTHL. MOFETH, FESEEL T/
SCREBETNIITRTCOMMER 2+ FARENTEHE
THIENTMETHA. LELEDIS, MOFET
BZ2DOTH/NSBHEBFERELRET A HEN 2V, L
7ehio T, FFRBETENZTNELESTYH, TR
TORERPHRBENTROONE Z LRI SR
Z\V,

SHERE R ET T A5E, TORMERMOALTS
FUTFEEHBCI>TEDLNS., Lo,
NEREOREMRZA LSRRI LT FREE
DOFERHFEZ M ESELIEPARTARELR L. LT
FRESEOMRE LIZOWTIZE { ORFZEISEET 5
NTBVOD, SBHOMERREPPESNZ LI AT
H5b.

O CIEAMEREIC L o TEBEE B2 HFEDOL
ERLIEY, BEBIUD LB 20ERLE
BIZT 52 ETREZEBERDL Z L LT
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H5b.

I ABIFEICHZD, BULRHE W25
WM FERT > A 7 & TERERO/MRAEE LIS
BCESLET.
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Al it Be
HEE1 Far,...,B)3H{ R (14) A R (13) A
B; #0} & X (16) PRMETH S Z &L 2RT.
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> 3(&1,,/377,)3(])

{(a1,... ,Bn) € C/\Z:zl(ak‘-ak)ﬂk =0AB; #
0},

© A(p(x) € P(0)\ P(n)){p(a) = 0}.
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a
HEA2 p(a")|acno = p(@")|acar = 0 2EFE
PEPNDZEERT.
R (15) BL UK (20) LV ROBEBRLSEI NS,
p(@*) = p(a) — Bj+1A.
L7455 T pl@*)|amao = p(@")|amar =0 L O
(42) BHR, R (43) FEHNS.

p(@")|a=a0 = p(a) - Bj+1A° =0,
p(a‘*)lA:Al = P(ﬁ) - ﬁj+1A1 = 0.

Bi+1(A° - AY) = 0.
(1) p(x) € P(O)\ P(j) DL &.
A (43) BLUA £ A k) g1 =0, &
(42) &0 pla) =0 L&Y (18) KKF/E.
(2) pl@)e PGHI\P(G+1) L&,
X (43) BLU A £ AY 12X Bjy1 = 0.
P@) om#ERX (15) 1250 By #0 THBHD
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