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Robust Boolean Set Operations of Polygons
with Consistent Tolerances

MASATOMO INUIt

Boolean set operations of polygons are fundamental operations for making an objective
shape in geometric modeling. The numerical data describing geometric objects are given
using floating point numbers. Since floating point numbers are basically approximations,
there may be imprecision that leads to inconsistencies about the represented objects. Most
programmers in practice are aware of this imprecision and give a small tolerance value for
relaxing various geometric tests. This approach does not always succeed, because it is diffi-
cult to control all the implications of approximate tests. In this paper, the authors propose a
new tolerance based algorithm for stably realizing Boolean set operations of two polygons. A
topological condition for computing Boolean union is derived based on a classification of in-
tersection points of polygon boundaries. Tolerance based incidence tests of vertices and edges
are consistently designed so that the test results satisfy the condition. Proposed algorithm is
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implemented and some computational experiments are demonstrated.
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ips Hout DXL TH 5.
2.4 Step 3 XmNOV— b
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(a) in (b) out

1 V=7 Lol €y en—=7 l; [X23U] L’;‘ DK
Fig.1 Intersection between an edge e;, on [, and
another edge e}, on lj.

2 2°0%fK P L P oRTHONMN
Fig.2 Computation of Boolean union of two polygons P
and P’.
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—BEHET 5BFE CoincidentVrs &, THS v &0
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predicate Coincident Vrs(v,v': THA)

if (v & v DIREEDL—K) true KT

else false %387,
function VrSide(v: THA; e: 18)

if (vite k) on %:87;

else if (v i3 e ¥ FCERDOLEMN) left 23R T;
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(a) in (b) out

E3 ZMIEP O vy, EEME P DMLY, O H
Fig.3 Vertices vi, of P and ‘U;l of P’ are coincidently
positioned.

else if (v I¥ e # FLEMNEM) right %87,

else on_line % 3&¥;
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ef) 1k, THA vy, ¥ o) H-BLTWALEE, vy
RS F AL T AL e W, v EET A 20
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PR HBT 5. EFEPTHAL TV AR Other Vr(v,
e)id, e LEO—WEv 2525k, eDb )1
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function EdSide(vi,,v): THM; e, e}, €5 1)

ESideP:= VrSide(OtherVr{vi,e), €5,_.);

ESideN:= VrSide(OtherVr(vi,,e), €},);

PSideE:= VrSide(Other Vr(v},,€5,_,), e);

NSideE:= VrSide(OtherVr(v},,€},), €);

[* e B SUTOBR L&) hOYF */

if ((ESideP = on) V (ESideN = on)

V (PSideE = on) V (NSideE = on))
on ¥&7;
else if (¢, DD ) | FHFLERDLM)
[*  SURAROER */
if ((ESideP = left) A (ESideN = left))
inside % & 7;
else
outside %R 7;
else
/* < SUFIIEMEIR */
if ((ESideP = right) A (ESideN = right))
outside % 1B 7,
else
inside % & 7¥;
EdSide * iV 5 &, 2THS vy, & v, #-HLT
WBBEO V XREOFERANE, LT DL IZEE
T&5.
in DX/ EdSide(vi,, v}, €i,_y» €5,_, e},) = out-
side A EdSide(vi, , v}, €iy, €},_, €j,) # outside
oid, HE v, ¥in DXREERLT.

out XA EdSide(vi,, Vi, €in_y» €5, s €5) #
outside A EdSide(vi, , v}, €iy, €j,_,, €j,) = out-
side %2 51, THA v, Y out DXPERLT.
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Fig.4 Elimination of acute “spikes” and “valleys”.
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O(vik, €) \k

‘ \X Z(vik, £)

Z(eik, €)
R(eix, €) -

O(vik+1, €) L.
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5 €y LIRS Vig, DNXERDE #
Fig.5 Tolerance zones of an edge e, and a vertex Uiy -
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DREBOIEEL LTEHT S (M588). $4bb,
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AOHELFEKIZ, pe Z(vi,,e) DEE, [H pid
e vy, B LHETS.
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FHELREICERT L0124, X, V, TI,

T2 O&KEDTHE, in KAEL out REDFTHAE
LAATRUE L, Tho kg, 2 HS0—5%
HIE T 5 REE CoincidentVrs &, THHE L DO B
2 HBT 2% VrSide DR ICE STV TIFbILA.
% 2T CoincidentVrs & VrSide %, DERIZHEDC
DTOEHRICEET S, 7277 LM EdSide B\ T,
230 €}, | &€}, PHET B S CHERA AR D
BErLHETHIRBICIE, KELHOVEZV., REFH
WTHET S &, MR E MK HE L
TLEH 720, BRE GEIHEISFIEIE LT 0,
5.2.1 2MRND—HHTE

2THE v & v O, RERIZES —BHUELEL
5. HEOREBI, R5IRLE D ICRERIKR
DT, vid v OREBORES D V' 13 v ORERD
NE, Thbb, ve Z(w,e) 7EH 0 ¢ Z(v,e) ki
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L EEMEN S H. £ I T, ihiE Coincident Vrs(v, v')
FLUTOLHIIZERL, 5IBoOTRM Y EE TS,
predicate CoincidentVrs(v,v': THS)

if (ve Z(v',e)) V(v € Z(v,¢))) true % KT,

else false # &7

5.2.2 JEA &DOGRBIERD KB

KRIDTHE v E50 ey, DILBBHRO, SNEBIZESC
Wl B %, e, DHEERER, FhFEN v, &
Vigy, £ 5. EABD LS CoincidentVrs 2 E# |
PAER, v id ey, DREBONIIN e;, OREHS L
CREEEE-HT L, T4bb, v Ze,,c) 2
% Coincident Vrs(v, v, ) = true V Coincident Vrs(v,
Vigyy) = true DA NS H D, £ THE VrSide &
LT, UTOEREZFRHT .
function VrSide(v: THA; e;,: )

if ((Cowncident Vrs(v, v, ) = true)

V (Coincident Vrs(v, vy, ,,) = true)
V (v € R(ei,c))) on %7,

else if (v i3 L(es, ) DEM) left % KT,

else if (v {3 L(ei,.c) D) right %K

else on.ine %:K7;

5.3 FHEEVL NI

RETHOZRMOHETIE, 2 20%MERE -
HEHESNTD, FRODEREBIMIRL > Tn
b, HIROEFHRET VT X218, 0L 2
BRMEBDAERLEBL TV EVOT, 203 T
LB PICHBELE L2805 5. F2TUTFIOR
THEN LN E KT,

5.3.1 T1XEXT2XENER

RHFFE T, T1XER T2 XKL, W EOEENN
ETHERBENTEIL, SMISME2 VeIl E
BLFMT 5. RAEFHOTHS v Lill e DB
BREHET L, VrSide(v,e) =on Th-Td, K
HidvidellmoTuhv, 22 CH6 IZFEL
£, v b e ~EREBAL, FORIKAEN R
A p £ ALTe 2 38T 5. p DRER Z(p, )
E, p P LETHAEE e OREHERTH Y, v 34
FTEU. L72H*> T Coincident Vrs(p, v) = true & 7%
HNDT, v &plRVEEOEK MY,

5.3.2 XRNDHEN

REZRVD L, VXELHESN2HS v, &
v, DEEN, BEIE B LG\, 2070, 7L T
JAXLD Step 4 It TH LWL — T BT 2 &,
BOFRKASEILLTLE). BEHETIE, HEH
DREDOAOFIRS, HEEHEOREIN TV DEREL
DT, ZOEIERIILE LBV, #2TL—7



Vol. 37 No. 6

(i%} ;i Ze, &) <;;>

®e 4GAEMATEM p OWAICES, T1AER T2LEOV L
~OER
Fig.6 Insertion of a virtual vertex p to convert a T1 or
T2 intersection to a V intersection.

7V RECWET AKX AOKWED MR
Fig.7 Re-computation of an intersection point caused by
a V intersection.
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Fig.8 Placement of triangles for computational
experiments.
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Fig.10 1,000,000 times magnified views of triangles.
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