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Separation of Close Roots by Linear Fractional Transformations

and Error

HIDEO Suzukit and HIDETSUNE KOBAYASHItt

Some systems of algebraic equations have solutions which are very close to each other. And,
by a numerical calculation, the closer the less accurate approximations we obtain. To avoid
this inaccuracy, we employ linear fractional transformations and separated close roots. A
linear fractional transformation, if chosen properly, separates close roots to a large extent and
accumulates the other roots around a constant number. Using this property, by eliminating a
root remote from the close roots we ¢an 6btain an algebraic equation having the close roots as
its approximate roots. We call this procedure to make a new algebraic equation of less degree
as “pseudo-localization”. We have already reported separation of close roots and error caused
by it, and error arising from one pseudo-localization procedure. In this paper, we discuss sep-
aration of close roots by using some types of linear fractional transformations and we analyze

error in detail. Moreover, we discuss the error after some repeated pseudo-localization.
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Table 2 Numerical solutions by linear fractional
transformation.

x#(1)
—.5000000000000000e—7
—.4000000000000000e ~7
—.3000000000000001e—7
—.2000000000000000e —7
—.999990999999999%e—8
0.1000000000000000e —7
0.2000000000000000e — 7
0.3000000000000002¢—7

x| (3)
—.5000000000000001e—7
—.4000000000000000e—7
—.3000000000000000e—7
—.2000000000000001e—7
—.1000000000000000e—7
0.9999999999999999¢ —8
0.2000000000000001e—7
0.3000000000000001e —7
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W 1 DN W=
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W =~ DO bW -

+0.0031804615134994194°
+ 0.0002081252081093526x
—0.00002775002774758844
ki d. —HiEMAt —50000, 10000, —5000, 1000
LEBLNTWAHEEICE, Sho2FHLIEER (B
®(3)) vEATE. ZorEaEERINLRI
h(u) = u'? — 2.031995781903815u "
— 0.8316267067140958u°
+ 3.611350069497917u°
— 0.6062301894050423v°
—1.94209494197518%"
+0.5061142560378077u®
+0.38268213265088911°
—0.07141007140117589u*
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— 0.00002775002774692243
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BEIE 1078~ 10730 BETIXIZ0OLRLZEHDT
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HEENRTWBIENTHS,

KIZZDOR h(u) ERBAL (KB (1)) 2ERY
5, ZITR, KRENALEZMTORRICOVTOAR
HRELTRT. RAFILOEKRTR, ChHDEHERE
TOZEMAERTELENHLHS, T TIIERT 5.
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o THLEIKTH S, « MREEABAL-SEHE
gi(u) ¥
g1(u) = u'! —1.031995781907879u'°
— 1.8636224886253011°
+ 1.7477275808942841°
+1.141497391484391u’
—0.8005975505102094°
— 0.29448329446632841°
+ 0.0881988381899183u*
+0.01678876678759985u>
—0.003360836693861183u°
—0.0001803751803617641u
+0.00002775002774758844
g3(u) = u® + 0.9680042180921211%°
—-0.9276140524410589u"
—1.075504742079955u°
—0.08189804023446025u°
+0.1111111111008253u*
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—0.003638336971341946°
—0.0001248751248665873u
+0.00002775002774758843
9a(u) = u® + 1.968004218092121u’
+ 1.040390165651062u°
—0.035114576428893u°
—0.1170126166633532u*
—0.00590150556252791u>
+0.0037354624072546331°
+0.00009712543591268656w
—0.00002774968895390072
#18%. ERICLT, (EUMERAL, ®K (XK
(3)) Z#@ATIUE
g1(v) = u'' — 1.031995781903815u°
—1.863622488617911u°
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Table 3 Numerical solutions by pseudo-localization.

(1)
g1(u)
—.5000000000000000e —7
—.3999999999999998e— 7
—.3000000000000002e—7
—~.1999999999999999e — 7
—.9999999999999999¢ —8
0.1000000000000000e —7
0.1999999999999999%¢ —7

0.3000000000000002e—7
10-38

g3(u)
—.5000000000000000e—7
—.3999999999999995e —7
—.3000000000000002e—7
—.2000000000000001e—7
—.9999999999999999¢—8
0.9999999999999996¢ —8
0.2000000000000000e —7
0.2099999999999999e —7

10~ 21

94(u)
—.4099999997870959e —7
—.4000000070306422e—7
—.2099999260997139%e—7
—.2000003277255018e—7
—.9999940875907692¢ —8
0.9999856063601379¢ —8
0.2000017998336977e—7
0.2099993064138946e—7
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mﬂmmhwmwg%mﬂmmhwumg%wﬂmuhwwn—g
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— 0.08189804022832978°
+0.1111111110883101%*
+ 0.009636967968555289u°
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ga(1) = u® + 1.968004218200922v"
+ 1.040390165597956u°
—0.03511457679216608u°
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+0.00373546207066373u°
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— 0.0000277500281455485
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Table 4 Numerical solutions by pseudo-localization.

E#(3)

g1(u)
—.5000000000000000e—7
—.4000000000000001e—7
—.3000000000000000e—7
—.2000000000000001e—7
—.1000000000000000e—7
0.9999989999999999¢ —8
0.2000000000000001e—7
0.2999999999999999¢ —7
RE 1040

g3(u)
—.5000000000000004e—7
—.3999999999999988e —7
~.3000000000000008e—7
—.1999999999999998e —7
—.1000000000000000e —7
0.1000000000000000e—7
0.1999999999999998e—7
0.3000000000000002e—7
BE 10-28

94(u)
—.500000000000235¢—7
—.3999999099922522¢ — 7
~.3000000000814309e—7
—.1999999996388769¢—7
—.1000000006514906e—7
0.1000000015860604e 7
0.1999999980167443e—7
0.300000000764256e—7
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T, BR(1)EER(3) 2HRDE, g1 ~g3 T
TRAELZCHEENRTVS, LAL, go i2BWT
3T (3) OBVHEIR V. T, RUDOFE
KIZBVT, b LAUEIEBOR TV R 26ITENE
FHLTRREITZCEIVERTHLILERLT
w5,

Fl2. 50 RDF L2 7DHEHERA Tso(z) 2%
Z5h.

f(z) =Tso(z) =0
fz)=01i2 145 +1 DHBECHLFELWRTA
BRIZZoTWA. Lda2Ta=1, e=5 EL,
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Table 5 Numerical solutions.

No. h(u)
0.9995065603657316
0.9955619646030800
0.9876883405951377
0.9759167619387474
0.9602936856769431
0.9408807689542255
0.9177546256839811
No. g10(u)
0.9995065603657316
0.9955619646030800
0.9876883405951377
0.9759167619387474
0.9602936856769431
0.9408807689542255
0.9177546256839811
No. g20(u)
0.9995065684387976
0.9955619577276302
0.9876883413839018
0.9759167619262864
0.9602936856769555
0.9408807689542255
0.9177546256839811
g925(v)
0.9997116722154092
0.9953481236931084
0.9877279255957727
0.9759155042743626
0.9602936895876784
0.9408807689540377
0.9177546256839811

N DR oW N -

N Db W N -

N DR W N

No.

<]

NN =

flz) A HER (ER(1)) 2BALLLD h(u) I,
i ERAEBALADDOR gi(u) £ET5H. TOLED
HUERIIEE (RLEBNTHS. ERIITO
HERROBATR LD TEROLFL:. BERid
1073 BETIZIZO0 ERAES. F/-Zo@EAIC
FETHAROML, MEEDT1ITHEX*NUBAAT
r' 94

0.9995065603657316, 0.9955619646030800,

0.9876883405951377, 0.9759167619387474,

0.9602936856769431, 0.9408807689542255,

0.9177546256839811
TH5.

R f(z) W BEHR (KB (3)) 2#ATS. #&
BENDOEDME LT G = -1 (50), —0.9 (5[@),
—-0.8 (5M@), —0.7 (5M@), —-0.6 (5[) 252 %.
COLEDHAERIIEE IIRLIEBYVTHE.

6. bW
REFBADOERRE THT 22012, —RTBE
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Table 6 Numerical solutions.

No. h(u)
0.9995065603657316
0.9955619646030800
0.9876883405951377
0.9759167619387474
0.9602936856769431
0.9408807689542255
0.9177546256839811
No. g10(u)
0.9995065603657316
0.9955619646030800
0.9876883405951377
0.9759167619387474
0.9602936856769431
0.9408807689542255
0.9177546256839811
No. g20(u)
0.9995065603657316
0.9955619646030800
0.9876883405951377
0.9759167619387474
0.9602936856769431
0.9408807689542255
0.9177546256839811
No. g25(u)
0.9995065607397773
0.9955619642321532
0.987688340654307
0.9759167619370948
0.9602936856769473
0.9408807689542255
0.9177546256839811
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