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A Method of Approximating Variation in Interdeparture Times
for GI/G/1 Multiqueue Models with Exhaustive Services

HIDEKI SAKAMOTO!

In this paper we present a method for calculating the coefficients of variation for the times
between departures from the individual queues in exhaustive multiqueue models with renewal
input for general service-time distributions. This method enables performance evaluation for
computer networks and telecommunication systems that use token passing or poling.

1. Introduction

A very powerful method called QNA has
been proposed for performance evaluation of
computer networks and telecommunication sys-
tems?). It is the approximate analysis of tra-
ditional general queueing-network models in
which customers are probabilistically trans-
ferred between a number of GI/G/m queues.
The QNA method is based on a paramet-
ric-decomposition technique: each queue in
queueing-network models is decomposed one by
one using the formulas of approximating the av-
erage waiting time and the interdeparture-time
distribution of GI/G/m queues.

To handle systems that use token passing
or poling, however, the scope of the analysis
has to be expanded into a general queuing-
network model that includes multiqueue mod-
els as a specific case. This, in turn, entails
a requirement for knowing the average wait-
ing times and the interdeparture-time distribu-
tions of GI/G/1 multiqueue models. Since av-
erage waiting times have already been treated
in Ref. 2), in this paper we will focus on deriv-
ing a formula to approximate the coefficients
of variation of the interdeparture times of the
queues in exhaustive multiqueue models with
renewal input for unspecified service-time dis-
tributions.

In Ref. 3), departure processes from a vaca-
tion model are analyzed. However it is not suit-
able for extending the QNA method, because
the arrival distribution is limited to be only ex-
ponential. The other approximation method
that has been proposed in Ref.4) is not suffi-
cient, either. Its queueing model really depends
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on the system architecture to be evaluated.
2. Multiqueue Queuning Models

First let us define the following conditions,
based on a multiqueue model such as that
shown in Fig. 1, in which there are N indepen-
dent queues, all connected to the same server.
(1) The server cycles through the queues, and
if there are any customers waiting at the cur-
rent queue, the server processes that queue un-
til it is empty of customers (i.e. an “exhaustive”
model).

(2) The interarrival times between the cus-
tomers arriving at the individual queues ¢ (i =
1,---,N) are independent of one another, and
follow a general distribution having a mean of
v 1 and a coefficient of distribution of Cai-

(3) The service times spent on the customers ar-
riving at the individual queues s ( = 1,---, N)
are independent of one another, and follow a
general distribution having a mean of s; and a
coefficient of distribution of ¢,;. The utilization
rate p; is given by ~;s;.

(4) The times spent by the server to tran-
sit (walking time) from queue 7 to queue
i(modN) + 1 are independent of one another,
and follow a general distribution having a mean
of u; and a coefficient of distribution of c,;.
(5) The customer capacity of each queue ¢ is
considered to be limitless, and call loss is as-
sumed not to occur.

3. The Coefficient of Variation of In-
terdeparture Times

In a multiqueue model of this type, dur-
ing the period in which the server is serving
a given queue %, that queue can receive un-
interrupted service, being given priority over
the other queues, irrespective of the arrival of
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Fig.1 Multiqueue model.

customers at those other queues. When there
are no longer any customers to be serviced in
queue ¢, and the server has entered the pe-
riod during which it is serving other queues
and walking between queues, however, any cus-
tomers arriving at queue ¢ will have to wait to
be served. Let us designate the period dur-
ing which service to queue 7 is suspended as
the intervisit time I;, and think of this pe-
riod I; as representing service time spent on
customers belonging to a hypothetical separate
class. This allows us to consider the multiqueue
system as a non-preemptive (head-of-the-line)
queueing model with the customers arriving at
queue ¢ being priority-class (high) customers,
and the hypothetical customers serviced dur-
ing the period I; being non-priority class (low).
Also note that, for multiqueue models, since the
service time for queue 7 and the intervisit time
I; are mutually exclusive, the activity ratio can
be determined as (piow — (1 — prign)), if we
are considering the saturation state, in which
all openings left by the priority class are occu-
pied by the non-priority class. Here p, means
the utilization rate of each class.

The following equation has been presented %
for approximating the coefficient of variation
Cd-high Of the interdeparture times for the pri-
ority class in a non-preemptive queueing sys-
tem (Glhigh, Gliow/Ghigh, Giow/1) with inde-
pendent inputs from two classes:

Cionigh = 1+ (1= phign) (Chopign — 1)
+ szu'gh {cg-high
+ M(l + c?-lou;) - 1} .
PhighShigh

(1)
If we substitute the parameter for queue %
as the high-priority class parameter and that
for intervisit time I; as the low-priority class
parameter, and further insert the function for
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the activity ratio, Eq. (1) becomes:
chi=1+1-p)(ck~1)
(1—pi)E(I;)

+ 2{02-+ 1+cj; ~1},
P; st pihi ( Iz)

(2)
where cj; is set by definition as
E(IZ)
2 —
“=mmy ¥

The primary moment E(I;) and secondary
moment E(I2) of the intervisit time were con-
sidered in Ref.2), where they were given as
the equations below Eq.(5) is an approxima-
tion equation.

B(L) = 1=, @
B(I})
= o - (1 - p;)s?c?,
(I=po) g 70
1_ 222/)333 Cas(1+ €5 )u
k=1 =1,
+B(I;) (5)

In the above, p, = ch\;l px and ¢, = Z,?;l Uk

4. Results of Evaluation

In Fig.2 we show the coefficients of vari-
ation of the interdeparture times for queue i
obtained using Eq.(2), and the corresponding
average waiting times E(W;) given in Ref.2),
both under the assumption of symmetrical traf-
fic (i.e. traffic in which ~;, s;, and wu;, as
well as cqi, Csiy Cy; are all the same for every
queue 7). We set the number (N) of queues
connected to the multiqueue system at 2, and
the server’s mean walking time u; at 20% of the
average service time s;. In both cases the cal-
culations matched with our simulation results
within a 15% margin of error. Besides these two
cases, we also have confirmed the effectiveness
of this approxmation in some other cases such
as ¢q; = 0.5/cs; = 0.5 and ¢, = 1.5/cy; = 1.5.

In regular queueing models, the coefficients
of variation of the interdeparture times never
exceed the coefficients of variation of the in-
terarrival times or service times?). In multi-
queue models, on the other hand, the servic-
ing of the customer queues is done more and
more in bursts as activity ratios increase, so
these models are characterized by coefficients of
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Fig. 2

interdeparture-time variation that not only sur-
pass the coefficients of variation of interarrival
and service times, but actually become several
times as large.

5. Conclusion

In this paper we have presented a method for
calculating the coefficients of variation for the
times between departures from the individual
queues in exhaustive multiqueue models with
renewal input for unspecified service-time dis-
tributions. Using numerical examples assuming
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symmetrical traffic, we showed that the calcu-
lation method presented matches well with re-
sults from a simulation. An approximate anal-
ysis of general queueing-network models includ-
ing multiqueue systems can be conducted by in-

corporating the method proposed here and the

average waiting time of Ref.2) into the QNA
method that was originally proposed for only
traditional general queueing-network models.
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