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A Description of a Polyhedron Based on Half-space Primitives

and a Three-element Logical Algebraic System

MINORU OKADA,? KYUNG-EUN KiM,? SHIGEKI Y OKOI'?
and JUN-ICHIRO TORIWAKI

A method to describe a polyhedron for geometrical shape modeling in Computer Graphics
is studied. A polyhedron is constructed from some half-spaces using a multi-term set opera-
tion system with S-expression. A three-element logical function and its algebraic system are
defined in order to determine whether the nominated point is within the given polyhedron or
not. Since this logical function is homomorphistic and the multi-term set operation system
and three-element logical algebraic system are homomorphic, the S-expression to describe a
polyhedron can be used for the crossing test between a view line and the polyhedron. The
proposed method is useable for geometrical modeling and rendering in image synthesis by
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1 SZEMEERESIZEDS 3 DDEEA
Fig.1 The universal space Q and three subsets defined
by a surface S.

R

M2 MR R ol R, 5% RP, s RO
Fig.2 Inside R!, boundary RB and outside RC with
respect to a closed region R.
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X LTERETH L I LpF0b. 22T, B
A5 BiE, £5THLIHE TRV, 3512, [
BT hnizn, RER B ICIRER A G ES

(3 B EEAE & EATRIIH T 5 3 flidy

(B EE L EHESIINT S 3



1588 AL

Sg S5 Sa
NP AP\ P
Ry Ry R,

A
N
%%/%iRl; 1
é@ %%Rﬁ
A S3
é%égﬂf
N N N

[RUR I IRl B S]]
Fig.3 Planes and concerned closed half-spaces.
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TOTVLITY)ALIZE 5,

RFRICEE Aug. 1997

(¢) Re=(and Ry Rp)
= (and (and R; (not Ry) Ry (not R))
(or (not Ry) Rs))

M4 MWL SEROEE
Fig.4 Constructive definition of a polyhedron.
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ESRICE-TER SN m @RTHL (I
FTLDm=n TiZRW) .
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bb,

(2-1) i=j%5F 5; =8B
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Fig.5 Judgement of crossing between a ray and a
polyhedron.
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2RO, TNERGBEHEL TS, KamEmE
WETHAIGHFIRE LR LET 5.
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n W LTRETH On) ThHIS, /3y FoE0

BZDHOOFEEEFRFELFROBIRIZKE L

EAESNh, Bizl8I3as iz,

ST, REIRBEMICER S; WETNLEESH

DR E p, #FBObDETHE, S; IZXYRES

NBEZEM R (N5 p, @ 3 EREME 2 1 3EE

REBTYIT 1 TL SERBRBA KDL SHEHAENT 1589

ray ray

/

VA 117
(a) (b) ©)

X6 HIADT—TNIEINLRTFNEDOTN T ADT S
Fig.6 A glass ‘with’ a handle ‘on’ a table.

FHELRLII-HRIIB EEDON, KEBEHELA. &
AT, HEEAW (FEHS, KEFNHbDLTE)
PHOEHEE (FE S; K&IhsdbDETH) L8

SN BHE (FEAROBBIL L) KBTI,

KO=ZATE Y FHENELR ETIIBRmICBT S [

WIFL WX Y REECDTRENDH B, Lo L, F

ETIIEBIBRRE L (BRI @B8T 2581280

Th p, p; PLRLEBELLP—FHPANKHEE

HEINBD, 2059 % [HiRIT] 3£V,

L L%d b, —ATIRRETRHRRS L) 2EIER

HLBH, INSOWMMLIZSHOBETHA.

5.4 GBERORE

R & 5 SRR, REHEETIE, A
FUEETLHENHSH. Fh,

Ror = (or R(not R))

Rang = (and R(not R))

DEIBHETHY, KHXOHBTIE, BE Ror 13

BT Q %, BE Rong $EEH & 2K TOHHK

THbH., INLIZE->TROED ZEIEL 5.

(1) Ror ZEAFERTIE Q L %5, NLET
H5FRLOFE 3 EREAMARCHET 2 &,
Z03HEMBEEIEIB L2, BOTEFER
T5.

(2)  Rona 3EBEERTII R® L2y, SAEET
HHFHLEDHE 3ERERBRCTHEMET 2 &,
ZO3MERHBMEIEIB &2, BOXEVEE
T5.

(1) 4%, BHEZLFBEHEIC L 2 REWHWED
ERILICHV 258 TIEBRE L 3% 52 vs, BBEY
ROBEILIZH W 2B ETIIWERORNE I BORE %
BT 5. BERIE E6() WRT LR, I35
ADT =T NIEBEPNIEFRFEOTSI Ay TP
L) BBFEICALNDL, 22T, K (ray) Los
(o) 1372 m, EMIIWIENE, BRI WEINEREES
(JBIFIZEALT3). (2) &, REBRYEOEBRAL
WZBWT L, WERLBIETE L 2 WL IO FRE & £ 5
5 (@6((b). WFhogs<Th, A—FHEBw
BNE T B EOFEL L o TS B 7 EREASET



1580 flF S AT 22 SR I RE Aug. 1997

(orfand{not{cr R1 B2 RZ R4 B9 R10 R2Z Ri1 Ri3)) |
{or RE EE R7 RE {not R13}} |
{or{nct R14) H1S Ri6)

(er{net R14) R1T R1E))
| R19)

T EmdaEsRY A R
Fig. 7 Amn example of the definition list of a polyhedron.

B (F6(c)) Thid, RENLRREISEOEET

5.5 HERSHEEEM
EHETESRNRECHE LT LS rE T,
FAs i2my. BT T, EBE0FHECEROLHO
SHETT (ETHOEFHIEN. BT 0SETIE,
19 @O M EmIs L =T 30 @RI (B9 1.53
OEENE FRRLTvE JOSTicEh, mE
i 512x512 MEHENE L A 5REREES o5
3. [FEE (a) EHEEAY — 2%, (b)) BAFY+AD
LEFIrLEgswee L EEEmiicE L7k
Mit, FEHEEE Sund/110I2TH 0T (F—>TF
Sy F) Thot LFL, BEERETEEEV
bt biE (PHERRYE R L) BRvTeiw
%k, 5.3 HTHEAL=ARETE (4 FH2) -k
T ERER TR A G (N FAEEMESET)
Thot

6. & 1 b

FEILTIE, C5G o~ { EmEniltFiE, B
IO, EEmEnAEmEE EEOEENEN—FiEL
R £, FEMESVEIFATEL, A0
SRR ET EmMELTRETAAEETRLA
iz, #RICH T s SodhBET S0 S Mk 3R
HEME T4bt, Hi008EWE Yo LS 5@
Flchoht 520 3 HEEEME - F0 3 MEEES
EFELAL 261, 3ERBERERL, Mo SH
WEMHRIIH L THERATHL Z 35, FHED
sk aidEd st IlEr SHEEOTFSY
EWBEWwWAZLAMETHEIEER L AHET
2, PR, AEICIA THRE VI ST A%MA LI
JEREIIENATED, HEEEESCLIBES
BT ERESAEEENE DIZ v, iR
&Hab.

KETTRLAESHIZL ASMEORE I
THDH OO, 2—WHEGFE-<T RS
LEE, thEiEZbicsATRATsZ EiiaM%
fEETIIA ., Zofsh, SN S B L UTRE
BErERTAL L ALy T ey A vy 72— Z1H

LB

& [T @R RIES ERE T DS i
Fig.8 A synthesized image based on the list in fig. 7.

TRALZEHEE Ly, SEIRFEEHCL DS EEMC
T EFEHEOATHRE LTWAY, BEIZEAE
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EEOQEAS, BEF, 54 BTREL-BEEME
OREFREE k- Twa,
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ft §%
Al T 1 DA
(5] = (R°)®
— (RBURC)B — RB — [}_'E.J‘]l]
0 GEB#)

10
11
12
13

N N

A.2 LITOILRBD ¥
LM Q i, 2 OOMES Ry, Ry KESVT,
9 @ Euler KUIRT L9 %, EWIZHER % 9 O
HoEEIITEISNG. Thbb,
Ru={z|x € Ri' AT € R,'}
Rz = {z|z € Ri' Az € R,®}
Rio = {z|z € Ri' Az € R.°}
Rer={z|z € Ri\® Az € R}
Rps = {z|x € R\® Az € R,®}
Rpo = {z|x € R\® Az € R;°)}
Ror = {z|x € Ri° Ax € R,"}
Ros = {z|x € Ri°Azx e RZB}
Roo = {z|z € R\° Az € R,°}
THb. O
A.3 T 3 OB
(1) BIF, 2 HEE,
(not{or R1R2)) = (and(not R1)(not R2))

FZM T 2T 4 7L 3 ERERERICED  SEABORE 1591

M9 2%H%D 3 HHHNEKD Euler ¥
Fig.9 An Euler diagram concerning the three-value logic
of two variables.

KOV 2. ZHFEHIC OV THIRMIITR S
nas.

[%£38] = (not(or R1Ry))

= {w!x € (R1 U Rg)sc}

= {@|z € (R1 UR2)° U (R1 UR>)®}

={z|x € (Rlc N ch) U(R1U R2)B}

= {z|z € (R N R:°) U (R® N Ry°)
UR:® N R®Y U (R1© N R.®))

={zlx € (R1C U R1B) N (ch U RQB)}

= {z|z € R.°° N R,°C}

= (and(not R1)(not Rs)) = [A11]

(2) LIF, 2EEY,

(not(and R1R2)) = (or(not R1)(not Rs))
oW T (EH3-1) *HVCHERT S, SEFEEC
DWTHIFMBIIIREN S,

[ZEBJ_]_] = (not(and Rle))

= (not(and(not(not R1))(not(not R3))))
= (not(not(or(not R1)(not Rz)))
= (or(not Ry)(not R2)) = [£l)
O (W&ZE#)
A.4 TFIE 4 OBESL
EH3, BLUY, S=Fla;R] »ERREZRTH S
ZELDBL D, O (R&FER)
A5 I 5 DESEE
ZITE, 2ERBACOWTCIHERT A, SERE
FZDWTHIBHINITR SN S,
(i) (or Flz; RUF[z;Re)) = T D&%, &2, K9
Xy,

(xERI) A (TER) V (ZER?) A (xER,D)

V(e R A (XeR°)V (e RB) A (ERY)

V(z € Ri°)A(z € R

=(x € Ru)V(x € RB) V (x € Rio)
V(x € Rp1) V (x € Ror)
= (T € (orR1R2)")
= (Flz; (orRi1R2)] = 1)
(ii) (or Flz; Ri]F[z; R2]) = B DL X, £2, M9
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Ly,
(€ RiI®YA(x € RP)V (x € R,®)
AT € R°)V (x € Ri°)A(x € R,®)
= (x € Rp) V (® € Reo) V (x € Ros)
= (@ € (or R1R»)P)
= (F[z; (or R1R2)] = B)
(iii) (or Flz; R1)F[®; Re]) = O 0k &, F£2, M9
Ly,
(T € Ri°)A(z € R:°)
= (& € Roo)
= (Flz; (or RiR2)] = O)
(i), (i), (i) £, GEBIIKY L.
O (&ZER)
A.6 T 6 OB
FHE3 L2 EHESIHT A, BLU, &
AL D IEGERBICET AL EE5 12
DS . [ (WEEEAZ)
A7 TEIE T OREEE
(i) (not Flz; R)) =1 & &, £4 1D,
(x € R°)
= (x € (not R)") = (Flz; (not R)] =1)
(ii) (not Fz; R)) =B ® & &, (i) & HHEIZ,
(x € RB) = (F[z; (not R)] = B)
(iii) (not F[x; R)) =0 @& &, (i) &I,
(z € RY) = (F[z; (not R)] = O)
(1), (i), (i) £, SEHIKY Lo, [0 (WEFEH)
(FHC8 4 7 B 23 HAT)
(CER 94 6 F 3 HIRER)

ME & (E&H)

WAL 59 F LR T ERFETHY
BRILFREE, FRITELAHEN
FRFEEHREE (BHRI%)
BT, T2+, BB 63 - SFRUTE

& EHAFRRERFEE, T
2 EHHBRERRLEEE LYy — - BFLET,
SRS R - BhER, BEICESL. FRTFELID 1E
B, KEIPH RS FEESE. EEORRLE
%, FHEBME, ERER L 15 OERRAERZ I~
DI, KEBEEERI A FABLUFRE Y F7—
R ICET AMEICEE. BETEMBESES,
IEEE &% EH. T4 FEFRLEFAMEE, T
6 EETMHNEZNEMESESHE. EE CILLs 7
75 3y 7EE] RS, [OpenWindows (2 &
57— AT—vary AM] @AEEE), [TEREFEE
Bl (RE HAESE) L.

20 O 22
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THIRTHREIE. L¥EL. /39y — 305, BRI,
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