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Numerical Computation of Poisson’s Equation

by the Charge Simulation Method
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The charge simulation method is well known as an accurate, rapid solver for Laplace’s equa-
tion, in which the solution is approximated by a linear combination of logarithmic potentials.
However, it has been considered that the method is not suitable for Poisson’s equation and
nonlinear equations. In this paper, we propose a feasible method for solving the Dirichlet
problem of Poisson’s equation using the charge simulation method. We first obtain a partic-
ular solution by numerically integrating the logarithmic potential, and reduce the problem
to Laplace’s equation. Then we solve it by the conventional charge simulation method. In
the numerical integration, a difficulty appears due to the singularity of logarithmic potential.
We overcome the diffuculty by introducing the polar coordinate system around the singular
point, and adopt Simpson’s rule. On the whole, numerical results of high accuracy can be
obtained for Poisson’s equation. Some examples show the effectiveness of the method. A

three-dimensional problem is also described in this paper.
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Change of a circle domain into the polar coordinate system with the
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origin at the singular point (z,y).
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Table 1 Numerical results of the particular solution V(z,y) for u = 222 — y2
with M X M intervals, where v(z,y) = %(zz + yz) +4log2 — 2.
(z,y) M =100 M = 200 M = 400 M = 800 M =1600 M =3200 (=, y)
(0,0) 0.7726503 0.7726041 0.7725925 0.7725896 0.7725889 0.7725887 0.7725887
(0.2,0.2) 0.8126503 0.8126041 0.8125925 0.8125896 0.8125889 0.8125887 0.8125887
(0.4,0.4) 0.9326503 0.9326041 0.9325925 0.9325896 0.9325889 0.9325887 0.9325887
(0.6,0.6) 1.1326503 1.1326041 1.1325925 1.1325896 1.1325889 1.1325887 1.1325887
(0.8,0.8) 1.4126503 1.4126041 1.4125925 1.4125896 1.4125889 1.4125887 1.4125887
(1,1) 1.7726503 1.7726041 1.7725925 1.7725896 1.7725889 1.7725887 1.7725887
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Fig.2 Charge points e and collocation points o for a
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square domain (N = 40, R, = 4).
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Fig.3 (a) The numerical solution U(z,y) and (b) the error e;; for the two-
dimensional Poisson’s equation (u = 222 — yQ, R =2, M = 800, N = 80,

R, = 40).
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Table 2 Comparison of the numerical errors Ey (M =
800, N = 80, m = 100) and Eppn (m = 100);
the latter is obtained by the finite difference

method.

u(z,y) flz,v) Ey Erpm
22 442 4 1.3x 107 3.7 x10-10
© +y5 6(x + ) 3.7x 10710 1.7 x 1010
2t 4yt 1222 +y%)  7.0x107% 47 x 1074
2% + 45 20(z® +4%)  57x107% 3.9 x10~%
28 4 8 30(934 + y4) 1.8%x107%  1.1x1073
a4y 42(z® + v 5  17x107%  11x10°3
z® + 48 56(z% + v 6y  42x107% 1.9x10°3
29 4 4° 72(1 + v 7y 32x107% 2.0x10-3

01410 90(z® +4%) 96x107% 3.1 x10°3
sinzcosy —2sinzcosy 1.0 x 1077 3.5 x 1076
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Fig.4 Change of a sphere domain into the polar coordinate system with the
origin at the singular point (z,y, 2).

u=v4+w, U=V+W THBHDT,

AU -u=16,)=0 (=, y) € ),
U—u~—208, =0w— 0y ((m,y) el)
BHEOLD., Lo CTRAKERBLY U —ul @
QUT TORKEZIL, BELTH 26, +35, TH5.
72750, by, Oy ZFNFN G, 6, DRKETH 5.
itévﬁ+%ﬁﬁmﬁ<,A5ﬁﬂJ\ 0lFEVE X
, U —u| OBRKER, 5y KEVIEDH05
UL@ LD, RV (z,y) OBUEES @ﬁ&%
5 EFTBITIE, BEORBEME L FREORE

PHIEFEENB 2 L% H 5

v o ARAOBEREE

ZITI, 3KRTET Vv ARROT 4 ) 7 LE

3. 3RTLK7

Au=f(z,y,2)  ((z,9,2) €), (9)
u=g(z,y,2) ((,y,2) €T) (10)
OFMEETEEE 2 RTOBE L L s o, il

LGEMERIZRYT. 2212, Q 13 3 RTTEMANOA FRE
B, T WZFOEFRHETH 5.

3.1 EtEZEDFEE

9, ERRORT VY U HRAOHEHE Lo a— b
VRTF VU YN

exa=2 fIf

f(s,n,o
VE—22+ -y + (- 2)?
(11)

FRIBL, ZOEPRERSICL RO B, BOHEE
&LT,2%%®%%&E%O(Z%AU & L 7 fH
1 EED.
vmﬁ\mﬁﬁﬁéfﬁf%f%@?é EHSTE
. RWT, R7V CHABRRNOMBEEROL Y% T
I AFEFOHE

dedndc

Aw =0 ((=,y,2) € Q), (12)
w = g(z,y,2) —v(z,Yy,2)
(&,9,2)€T)  (13)
IR s, T3 RITONHEREZEHT 5.
% (9), (10) D
u(z,y,2) = v(z,y, 2) + wz,y, 2) (14)
THLND.
3.2 HEOREEEE
BRI (z,y,2) 20 E T B BEE
¢ =rcospsind + z,
n=rsingsinf +y,
{=rcosf+z
BAL, X (11) &

-

f(rcos<ps1n0+x,rsm<psin6'+y,
rcosf + z)%7'2 sin Odrdedo

EEBERT L. REROBEEE 4 IIRT. 22
T, plp,0) BHEERA (z,y,2) 25 (p,0) HEDOER
W ETOHEETH), Q»EBRINHEEBI
Q= {(r,0,0):0< 7 < plip,0), 0< < 2m,
0<9<n}
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Fig.5 Charge points e and collocation points o for the
sphere domain (N, = 8, Ng = 4, R, = 2).
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Be6 3RICKRT V> IR0t B
Fig.6 (a) The numerical solution U(r) and (b) the error Ey(r) for the three de-
mensional Poisson’s equation (R = R, = 5, M = 100, N, = 20, No = 10,
¢ =60=0).

£3 3KLKRT VY HEAOEHE
Table 3 Numerical error for the three dimensional Pois-
son’s equation (R = 5, M = 400, N, = 20,
Ny =10, ¢ = 0 = 0).

u(z:,y,z) f(xs y7z) Ey

22 + 92 4 22 6 6.5 x 10711
23+ 43 423 6(z + y+ 2) 1.4 x 1079
2t + oyt 4 2t 12(m2+y2+z2) 6.8 x 107°
2% + 95 4 28 20(:1:3 +y34+2%) 7.8x107?
z8 + y6 + 28 30(0104 + y4 + 24) 3.8 x 1078
o’ + oy + 27 42(z5 + 4% + 2%  4.0x 1076
8+ 28 56(z% + 48 +28) 1.0x107%
29+ 9% 4 2° 72(m7+y7+z7) 2.1 x 1074
210 4410 4 10 9058 4 48 4 18) 9.5 x 10-3
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