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1. Introducton

Let S; be a directed star with 3 vertices, say u(centervertex), v(endvertex),

w(endvertex), and with two directed edges u —» v and u — w. Let K*,,, , be a complete
bipartite symmetric digraph with partite sets V, and V. of m and n vertices each. A

spanning subgraph F of K*, , is called an S;-factor if each component of F is

isomorphic to S;. If K*,, , is expressed as an edge-disjoint sum of S;-factors, then

this sum is called an S;~factorization of K*,, ..

2. S;-Factor of K*,,. ,

Theorem 1. K*,,, , has an Sis-factor if and only if (i) m+n = 0 (mod 3), (ii) 2n-m = 0
(mod 3), (iii) 2m-n = 0 (mod 3), (iv)m < 2nand (v) n = 2m.

Proof. Suppose that K*,,,, ,, has an Sz—-factor F. Let t be the number of components of
F. Then t=(m+n)/3. Hence, Condition (i) is necessary. Among these t components, let
t, and t. be the number of components whose endvertices are in V., and V,,
respectively. Then, since F is a spanning subgraph of K*,, ., we have t,+2t.=m and
2t,+t>=n. Hence t,=(2n-m)/3 and t.=(2m-n)/3. From 0 = t;, < mand 0 < t, < n, we
must havem < 2nand n < 2m. Conditions (ii)~(v) are, therefore, necessary.

For those parameters m and n satisfying (i)-(v), let t,=(2n-m)/3 and t.=(2m-n)/3.
Then t, and t. are integers suchthat 0 < t; < mand 0 < t, < n. Hence, t,+2t,=m
and 2t,+t.=n. Using t, vertices in V, and 2t, vertices in V,, consider t, S;'s whose
endvertices are in V,. Using the remaining 2t. vertices in V, and the remaining t.
vertices in V., consider t, Ss's whose endvertices are in V,. Then these t,+t, S3's
are edge-disjoint and they form an S;-factor of K*,,. .. [

Corollary 2. K*,, , has an Ss-factor if and only if n = 0 (mod 3).

3. S;-Factorization Algorithm of K* .. .,
Notation 3. r,t,tb : number of S;-factors, number of S,-components of each
Sz-factor, and total number of S;-components, respectively, in an S;~-factorization of
K* . ne

t, (tz) : number of components whose centers are in V, (V.), respectively, among t
Ss—-components of each S;-factor.

r;(u) (r=(v)) : number of components whose centers are all u (v) for any u (v) in V,
(V>), respectively, among b S;-components.

s: (u) (s2(v)) : number of components which have endvertex u({v)foranyu(v)inVv,
(V2), respectively, among b S;~componets.

3.1. Necessary Condition of S;-Factorization of K* . .,

Theorem 4. If K*,,, , has an S;-factorization then m=n = 0 (mod 6).

Proof. Suppose that K*,., has an Ss-factorization. Then it holds that b=mn,
t=(m+n)/3, r=b/t=3mn/(m+n), t,=(2n-m)/3, t.=(2m-n)/3, m < 2nand n < 2m. And it
holds that r,(u)+s:(u)=r, 2r;(u)=n, s,(u)=n, ry(v)+sz(v)=r, 2r,(v)=m, and s.(v)=m.
Therefore, r,(u) and s;(u) (rz(v) and s.(v)) don't depend on u (v), respectively.
Thus we have r=r,(u)+s,(u)=3n/2 and r=r,(v)+s.(v)=3m/2. Therefore, m=n is
necessary. Moreover, when m=n, we have b=n?, t=2n/3, r=3n/2, t,=t,=n/3, r,=r.=n/2,
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s.=S>=n. Therefore, n = 0 (mod 6) is also necessary. ]

3.2. Extension Theorem of S;-Factorization of K* ,,, ,,

Theorem 5. If K*, , has an Sz-factorization, then K*, ..., » has an S;-factorization for

every positive integer s.

Proof(by algorithm). 1: Let V,, V. be the independent sets of K*, ,,, s n, Where
| V, | =smand | V. | =sn.

2: Divide V, and V. into s subsets of m and n vertices each, respectively.

3: Construct a new graph G with a vertex set consisting of the subsets which were
just constructed.

4: In this graph, two vertices are symmetrically adjacent if and only if the subsets
ocome from disjoint independent sets of K*, ..., ne

5: G is a complete bipartite symmetric digraph K*, . ..

6: Noting that the cardinality of each subset identified with a vertex setof Gismor n
and that K*. . has a K*,, ;~factorization, we see that the desired result is obtained.

3.3. Sufficient Condition of S;-Factorization of K* ,,

Theorem 6. When m=n = 0 (mod 6), K*,,, , has an Sy-factorization.

Proof(by algorithm). 1: Put m=n=6s.

2: When s=1, we have the following lemma.
Lemma 7. K*; ; has an S;-factorization.
Proof. Let V,={1,2,3,4,5,6} and V_={1',2'3"4'56'}. Let

Fi:1'«1-2" 3254 3<6'-24 55 -6
F: 3154 5 256" 3«1 54 5~2"->6
3: 9 «1-6" 1'"=-2-2"' 33 >4 5456
Fiil'=3-2" 344 56" -6 15 -2
Fe: 3'=-3-4 5-4-56" 51'56 12'-2
Fe: 5' -3 26" 1'-4-2"' 53 56 14 -2
F;:1'«5-2" 3654 1<6'-2 3~5 -4
Fg: 3' =524 5 626" 1122 32'->4
Fs: 5'«5-56" 1' =6 -2'" 1«3 -2 34 > 4.

These comprise an S;-factorization of K*¢ .
3: Applying Theorem 3, K*; .., has an S;-factorization for every positive integer s.
4: This completes the proof of Theorem 6. []

3.4. Condlusion
Theorem 8. K*,,, , has an S;-factorization if and only if m=n = 0 (mod 6).
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