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An Improved Numerical Method for Poisson’s Equation
by the Charge Simulation Method

HirosHi MORISHITA,t KANAME AMANO#t and SHOJI YOTSUTANItt

The charge simulation method is known as a rapid and accurate solver for Laplace’s equa-~
tion, in which the solution is approximated by a linear combination of logarithmic potentials.
It has been regarded as being unsuitable for Poisson’s equation. However, a feasible method
was recently presented for Poisson’s equation making the best use of the charge simulation
method. A particular solution is first obtained by numerical integration of the logarithmic
formula. The problem is now reduced to Laplace’s equation, which is approximated by the
conventional charge simulation method. But, the method requires too much computation in
the numerical integration of the particular solution, which is also a key to the accuracy of final
results. In this paper, we propose an improved numerical method for solving the Dirichlet
problem of Poisson’s equation paying special attention to the numerical integration of the
particular solution. We (1) remove the singurality caused by logarithmic potential by using
the polar coordinate system, (2) extend the integral domain to a disk including the original
problem domain, and (3) apply Trapezoidal formula and Double Exponential formula to the
numerical integration. The combination of (1) ~ (3) results in high accuracy of the particular
solution and the final results, and also in a reduction of the computational cost. The basic
idea of the method is applicable also to three dimensional problems.
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Fig.1 Change of a disk into the polar coordinate system
with the origin at the singular point (z,y).
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Table 1

Comparison of the numerical errors of the particular solution Eg and

E} g for a disk (m = 100), where M, = M./2,M_ = —M;/2 and
h = 20/M; in Double Exponential formula.

M= (R=1) Q00 (R=2)
Mg x M; | E3 EYp EY EY
100x50 | 9.4x107% | 82x107% | 25%x107% | 5.5x 106
100x80 | 56x107% | 96x107% | 9.6 x10°°% | 1.4 x 10-11
100 x 100 | 4.7x107% | 96x 1078 | 6.2x 1075 | 2.9x 10715
100 x 200 | 3.6x107% | 96x 1078 | 1.5x 1075 | 1.6 x 10715
200x 200 | 3.9x107% | 1.2x107% | 1.5x107% | 2.7 x 1071®
400 x 400 | 9.6 x 1077 | 1.5x 1077 | 3.9x 107% | 1.8x 10~15
800 x 800 | 2.4x 1077 | 1.9x107% | 9.6x 1077 | 2.0 x 10715
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Table 2 Comparison of the numerical errors of Poisson’s equation E§ and Epp
for a disk (Me = 100, M, = 200, N = 32, R, = 4, m = 100).

QI=Q(R=1) QIDQ(R=2)

u(z,y) f(=z,y) ES Ebg Eg Ebg

22 + 2 4 11x107% [ 34x107% | 25x 1075 | 3.9x 1071°
23 448 6(z + ) 23x10"% | 7.1x1075 | 21x 10714 | 2.2x 1074
zt + 4t 12(22 +9?) | 33%x107% [ 1.0x107* | 9.3x107% | 5.9x 1071
5 445 2023 +43) | 5.1x107% | 1.2x107% | 6.4x 1075 | 1.6x 10713
28 4+ 48 30t +yY) | eox107% | 14ax107% ] 1ax1e™? |a2x10713
27 +y7 42(z5 +4%) | 1.0x107% | 1.9x107% | 14x107% | 1.1x 10712
28 448 56(z% +48) | 1.3x1073 | 2.6x107% | 29x107% | 3.3x 10712
29 +4° 727 +97) | 17x107% | 33x107% | 25x107% | 20x 1071}
210 1910 | 90(z8 +48) | 1.9x107% | 42x107% | 49x107% | 31x107!!
sinzcosy | —2sinzcosy | 3.9x107° | 9.4x107% | 1.4x10°% | 27x 10715
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Table 3 Comparison of the numerical errors of Poisson’s equation E}p,, (with
100 x 100 meshes), E§ and E}y g (N = 80,7, = 40, m = 100) for a square
domain.
My X M, 800 x 800 100 x 200 100 X 200
u(z,y) f(z,9) Efpum Eg Eg Ebe
22 + 2 4 37x10710 | 13x 1071 | 5.6x 10712 | 9.2x 10712
23 + o 6(z + y) 1.7x 10710 | 37x 10710 | 36 x 10710 | 1.4x 10710
zt 4 44 12(z2 + %) | 47x 1074 70x107% | 1.1x107% | 7.8x 107
S +y® | 2063+ [ 3ex107t [ 57x107% [ o4x107® | 67x107?
z8 4 48 30(z% +9%) | 1.1x 1073 1.8x10°5 | 27x107% | 48x10°8
2z’ +y7 42(z% +4%) | 1.1x 1073 1.7x107% | 27x107% | 48x 10-8
z8 448 56(z% +4%) | 1.9x 103 42x107% | 53x10"% | 8.1x 10°8
22 +4° 72(z” +y7) | 2.0x 1073 32x107% | 6.1x107% | 1.6x 1077
20 +y*° | 90®+4%) | 31x102 9.6x107% | 1.0x107% | 1.2x 1078
sinz cosy —2sinzcosy | 3.5 X% 10-% 1.0 x 1077 1.7 x 1078 1.4 x 10710

&V TV VRl (Mg x My = 800 x 800) DIERTH
D, 85, 65 Myx M, =100x200 DY VTV v
AL EBAX  DEAROERTHZ. 5BARX - DE
ARERBLABEOBE R, 4 RULOBE, v
TV A B THEEICE. LrdZEROKE
% B COBRENSBICREL R A LN RV,
R20%5, 6FloMEBRLOLETIE, YTV
VHIOBEIRRKELS Y, ABAK - DEARD
BEIPZYVKEL EoTVS, DT LIZDVWTE
25, ERBOBOBRENEK 2 0% 5, 6 FIOHHE
BORT Vv FRAOELLFABELTLEZ LN
LRI TIAER (2L, 2k0BEE 1070 D
=5 —THY, 3k 10°° DA—-F—-LUTTH5
LHEEIEN D). Lo T, BHAR - DE A% 1R
BL73mE, X7V ARAOBERDEELT TS
AFRBRE B BOEEIC L > THBOBE T h kX
{roTWaEBRENE. HiZwHk, STFRK
BAZHEIBOBEIRIOEHTI—BTHIDL
BRENSL, —F, Yo7V VEAIERBLEEE, &
BOBRENTTIC 0 BETHLDT, ST5AF
BALBCBICAEL 2RE2IEBHTELZLIZR 5,

4. bW

BROBEZRTOMBEERL T, REERHEICX
BZRT VY FERROBEEED 2 YA L, BEER
BN Z DAL RREEL 7.

COFEORERL, K7V HRROBEEMRLERA
MBEBROMICHEL, frEt 2B CRAL THER
L, BEZRABHECENT 2L VI3 DTH 5.
HERI ISR OBERSOBE L T RIF Tl
IE, B7 VY ARRICOVTE TS 7 AFRROBE
FREOEELZHFTELZ I G oTWAE. L

L, ZhET, CORBOBERSIEHERLFHER
BEOMEY»SFEMVEY 2127% > Tz,

FRTIE, ZONBORMERSEELT, (1) B
EABAL THERT Yy b B 25%EE LR
DERE, (2) MOEBE BEEESL & HAERICIE
LT, 3) AANX - DEARZEHT % L\ ) FiE?
REL 72, BEEROER, StEREIARCHEL,
FTERELEM SN, HICTHRFARN - DE 2R0K
BilEoT, Yo7V Al ABREOBETEMEE
BI201 @350 WHBTFETTLI EATREL
Zolz, ThUL, BAEBLZOLNICIETAI L
&Y, BHBEBCEVEREAR, SEENLR E
BEOEVDEAROEFY ) F{FIEH SN ERT
HBHEVR D, ERICEROBBERSCEL 25HEH
fiiX, Sun Ultra 1 Model 170 (167 MHz) T, #Ei%
% My x M, =100 x 200 FEIL T, &5 (2,y) b7z
D 0.2THh 5 036 BREETH - 7.

%8, TOFET 3 RTHECS BRICTR, EH
THIENTES., I, BERSOBHRIERTL
DEEIMLL DT, BHIEHE L OHMED By,

ZORT VY FRADBETEERORE LR 1
DREBROERICHT2REBTH 5. 4%, 08
MEEIL T, EREFIEROBOEROTIITT S
KM BITT 52 & 2R EE L.
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