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Separation of Roots by a Linear Fractional Transformation
and Error Analysis of Pseudo-localization

HiDEO SuzUKIt and HIDETSUNE KOBAYASHIt

It is hard to calculate with high accuracy a root to a system of algebraic equations when the
root has high multiplicity or the root is one of the roots locating very near by each other. We
propose to use a linear fractional transformation to resolve such problem. A linear fractional
transformation expands a domain containing roots located very close to each other and other
solutions remote from the roots contained in the domain is transformed to points very near
to a specified hyper plane decided naturally by the transformation. By using this property,
we can make a new system of algebraic equations with lower degree which has very good
approximation to the original root to be obtained. We analyze numerical errors arisen by the

Dec. 1999

linear fractional transformation and arisen by making a new system of algebraic equations.
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B3 f1 =0, f; =0 OB
Table 3 Numerical solutions of fj =0, f2 =0. -

BE
0.3112672428080828E-18
0.3112657314679813E-17
0.3112673412266496E-18
—0.3112657398860558E-17

0.3112673412266496E-18
—0.3112657398860559E-17
—0.3212673428075829E-18
—0.3212656914668561E-17

DOEPRE 2o TVADH, 2T, ZhbDEEROS
BrAHD. ZOBE, —ROBERICERT L35
A—F DX, e=10"", k=100 £ LTk,
ZEN fi, X ea=¢ m=ke, I={1} kL
T—ROBERT S L, BEGERSNETSEXL
L TEHTE 16 K10 S8R TERHATE
g1 = u® + 0.00001u°v — 106.0u° — 10°u*v?

— 0.00005u*v + 415.0u* — 107%%4%®

+ 4.0 x 10°%*v? + 0.0001uv — 620.0u°

+107%%4%y* + 3.0 x 107%%u%0®

— 6.0 x 10°u2v? — 0.0001u’v + 415.0u

—107%2u0® — 2.0 x 10™Bue*

- 3.0 x 10"%uv® + 4.0 x 10°uv?

+ 0.00005uv — 106.0u -+ 10~%%°

+ 10_62115 ‘|‘ 10—631}4 + 10_651}3

—10%»* — 0.00001v + 1

g2 = u® — 1.000010100102011 x 10~ 1u%v

— 3.999989799896979u"

+1.000010100102011 x 10 °y%»?

+ 5.000050500510055 x 10”1ty

+ 5.999959099586906u*

+ 1.000010100102011 x 107 %%4,%43

— 4.000040400408044 x 10™2%4,%»%

— 1.000010100102011 x 10~ *%%y

— 3.999938399377834u>

— 1.000010100102011 x 10~ %'4%v*

— 3.000030300306033 x 10~ 5%y2%¢°

+ 6.000060600612066 x 10~ °u%v?

+ 1.000010100102011 x 10~ %%y

+ 0.9999585995818558u2

+ 1.000010100102011 x 10~*u2®

+ 2.000020200204022 x 10~ up*

+ 3.000030300306033 x 10~ **us®

— 4.000040400408044 x 10~ *°yo?

— 5.000050500510055 x 10~ uv

+ 0.00001060010706108132u
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Table 4 Numerical solutions to g1 = 0, g3 = 0 and

results of original space.

g1 =0, g2 = 0 ORIER

TEDZEM~HERL o

0.3111703856600949E-03
0.3111688747902776E-02

0.3112672428080828E-18
0.3112657314679813E-17

0.3111704840174212E-03
—0.3111688831751174E-02

0.3112673412266495E-18
—0.3112657398860558E-17

—0.3213704870369317E-03
0.3213689251949443E-02

—0.3212672412271495E-18
0.3212656798869308E-17

—0.3213705886826655E-03
—0.3213689368112464E-02

—0.3212673428075829E-18
—0.3212656914668562E-17

—1.000010100102011 x 10~ 5%

— 1.000010100102011 x 1075%°
—1.000010100102011 x 10™°*»*
— 1.000010100102011 x 107533
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+1.000010100102011 x 10~ v
— 0.0000001000010100102011
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Table 5 Advance estimates of error.

[LESEKEZ N FAIAZ
© A; = 1.048 x 10752
91 Ag =1.111 x 10756
(© Aq = 1.048 x 1061
92 Ag =1.111 x 10~54
© (0 | A1=1153x107%
917 92 Ag = 1.122 x 10754

&6 BWEMLIC L5 HRENME

Table 6 Advance estimates of error.

BKT 2 LHX R
@ @ Ay = 6.996 x 10761
91 92 Ao = 6.745 x 1054

®T7 1EBLU2ERRL - RAORIEMR
Table 7 Numerical solutions to g;" =0, ggl = 0 and
o =0, 4@ 0.

EIRBARROEFEROGH L BRALICBIT 2REICONWT 4189

£9  BRBALIC X 2 EHAZE

Table 9 Advance estimates of error.

BARY HHHEA LS ]
3 (3 Ay = 2.386 x 10760
91 92 Ag = 2.256 x 1053

£10 3EB IV 4 EEKRL 72RO BUER
Table 10 Numerical solutions to 913 =0, g;,3 =0 and

g§4) =0, gé‘*) =0.

d® =0, o) =0 OBMEM

M =0, ¢ = 0 OB

0.3111703856600949E-03
0.3111688747902776E-02

0.3111703856600949E-03
0.3111688747902776E-02

0.3111704840174212E-03
—0.3111688831751174E-02

0.3111704840174212E-03
—0.3111688831751174E-02

—0.3213704870369317E-03
0.3213689251949442E-02

—0.3213704870369317E-03
0.3213689251949443E-02

—0.3213705886826655E-03
—0.3213689368112463E-02

—0.3213705886826655E-03
—0.3213689368112464E-02

o =0, ofV) = 0 OB

¥ =0, ¢ =0 OBl

0.3111703856600949E-03
0.3111688747902776E-02

0.3111703856600949E-03
0.3111688747902776E-02

0.3111704840174213E-03
~0.3111688831751174E-02

0.3111704840174213E-03
—0.3111688831751174E-02

—0.3213704870369317E-03
0.3213689251949442E-02

—0.3213704870369317E-03
0.3213689251949442E-02

—0.3213705886826655E-03
—0.3213689368112463E-02

—0.3213705886826655E-03
—0.3213689368112463E-02
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Table 8 Advance estimates of error.

BRT 5 EHA SRRl
@ @ A = 1.769 x 10~
91 92 A, = 1.689 x 1053
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DVT 025 1 FTEF) 27 |1t <107 ik b %
TREL-EHERELZR11ICTLDTBL. T, 86
#BIEIX DEC Alpha Station 500/500 (OS : UNIX,
E3E I FORTRAN77, CPU : Alpha Chip 21164A,
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Table 13 Numerical solutions to determined new
parameters.

g1 =0, go = 0 DR TN ZEMNMERL 718

4190
£11 HFERXEM{OKEL Z-EHEEEMN
Table 11 Calculation times of solving equations.

HEX BER SRR | EHERRE (B)

o, o 36 0.85302

oM, oM 25 0.43042

o, (¥ ‘16 0.34453

o, o® 0.19813

o, ol 0.13371

12 ERLHEXOMER L TOBMNEERL 1 E
Table 12 Numerical solutions to g1 = 0, g2 = 0 and
results of original space.

0.2186532417229586E-14
—0.1351351351351351E-01

0.1618033988749894E-20
—0.9999999999999997E- 08

—0.8351810658782361E-15
-0.1351351351351351E-01

—0.6180339887498947E-21
—0.9999999999999997E-08

0.9462437815390806E-76
—0.6953873100428502E-38

0.7096828361543104E-82
—0.5215404825321376E-44

g1 =0, go = 0 DHfER

DM HZRL o1

0.1618033988749895E-18
—0.1000000000000000E-05

0.1618033988749895E-20
~0.1000000000000000E-07

—0.6180339887498949E-19
~—0.1000000000000000E-05

—0.6180339887498949E-21
—0.1000000000000000E-07

0.7529681929838038E-65
0.6633081482088741E-42

0.7529681929838038E-67
0.6633081482088741E-44

72 Bl E 2

fir =z* —10%2° + 10%2% — 1029% — 107 %y*

f2 = ® + 1/252%y% + 3/5000z"y*

+ 1/250000z%9° + 10°zy* — 10~ xy?
+ 10—8y8 _ 108y4 B ys
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A—FERELET. FHEPLDRARDTHIX, £
NENDOEIEIIATL €1 =1.5e—21, €2 =7.5e—9 T
Bxonbadhb, k=100 L LT y1 = ke, v2 = kez
ET 5. a1, az 3ESNIEMBOFHEERBT
B0, COBAFLIICONTEEHEZHRITIS. F
7o e <e THEPL I={1} bTdL, —KRAK
TROEH, L v BEOENKE ZoTLEI 2D
I={2} CHIV#|R 5. ZDk XDOFEERO—HE
BONIELBEE TOEM~NEERL 200213
IR,

LI, BYRAAETEI L L TRROTEEE
FThHE eg=15e—21, e2=75e—-9 &%bh, Th
BEBYRADPTET, LEABIOKRESOBRENE
BROEETHILERL TS, 22T, I={1}
ET5E, 200RBRY I B THVEROEE
EFAZENTES.

73 il E 3

fi= x}l - IOx? —xf — T _|..$‘110 — IOx?o +x§
- 10z3 +x§ - IOxg-l—xi— 10xi+:t§
— 1023 + z§ — 1023 + =+ — 1023 + =5
—10z3 + 25 — 1023 + 1/10000000000

fi = —ma; + & — gigi + T
(j:2)3)

fi= z?_l — 1%y +:c]2- — zjzj+1 — 10z;
+af (=49

fio = 22 — m1x10 + 239 — Tr0T0 + T2

COBMBEL, FERoEIC 8 EOEERER->T
WA, BEORETHIINLEERZSET LS
ENEEL V. EE, COFEREFERESENE-ET
B L, BEOELN8ERDNSANPIHRT 575, £
ho2 3T L3TERPoN. 22T, 20
LEDEEFFIBLT, X5 A—%% e = 1.0e — 10,
k=100, a1 = =aw=0&LTI={1}®
BHoO—kABEREBERTS. fi, -, fio E—Kk7H
TR ZBERE, g1 DABRTRERTA72045LE1C
BrEefireEe, #neh 9,6, 010 £ F
5. g§°)v= 0,92 =10,---,g10 = 0 2 L AHERE
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®14 g§°) =0,---,910 = 0 DEUHEMN ®17 952) =0,---,910 = 0 DBAEMD
Table 14 Numerical solutions of 910 =0,---,910 = 0. Table 17 Numerical solutions of g§2 =0,---,910 = 0.
ol B

(0.9900990098029602E-02, —0.1942513262884127E-36)
(0.4950495048965295E-02, —0.8574508947483232E-02)
(0.4950495049014801E-02, —0.8574508947568978E-02)

(0.9900990098030613E-02, 0.0000000000000060E + 00)
(0.4950495048965801E-02, —0.8574508947484110E-02)
(0.4950495049015307E-02, —0.8574508947569854E-02)

F15 TOEMNPERL L EOBER
Table 15 Numerical solutions of original space.
o
(0.9999999998999996E- 10, —0.1981557779464174E-44)
(0.4999999999449997E-10, —0.8660254036949489E-10)
(0.4999999999499998E- 10, —0.8660254037036093E-10)

g16 o =0, 910 = 0 OBMBO—

Table 16 Numerical solutions of g;"" =0,---,g10 = 0.
Kot
(0.9900990098029609E-02, —0.2546904981689628E-31)
(0.4950495048965299E-02, —0.8574508947483239E-02)
(0.4950495049014804E-02, —0.8574508947568985E-02)

WAL RS IEBRO 8 ErHEICTEINDDS, £
DILD12IZDWVT wy, ug, us EENELR 14
WKART. T3T, E2OIEIC w1, u2, us EEREDMHET,
(a,b) IHEFEH a+bi TRHAL T 5.
BoNEZBERL CROMBED D@L EE T
AERIBDEICRD

49 TV TOREBH L EEOFM & £ DR
=i, theh

¥ =10x107%, A=10x10"*

LHBOT, RRARLHANTES. ¢V =0, =
0,---,g10=0BBN2L ED w1, uz, uz BEDHE
2% 16 IRT. BREPTLIC X 22, 100 E2E
THAPLELNTWAHHAICIE, FEHATE
Z\,

¢V IZ oW T DBERF LRI RO L £ EOR
Zix, #heEn

PV =10x10"" A=10x10""

t%b. ¢ =0,g,=0,---,910 = 0 V2L &
D uy, uz, uz BEOEL R 1T IRT. BRI
Xa#EEE, 100 BETHY, K14 LENITE
B EOBEEFESEL W LR ENS.

8512, g LoV TORBALHEEOSHE L %
B oz

PP =10x10"%, A=10x10"%

b, TORBORELRHETHDTHNE, 36

*£18 HERXLM OEL Z-EHERN

Table 18 Calculation times of solving equations.

Vil +H BEF A | AHEREN (B)
f1,--+5 f10 2048 209.27
9,95, 910 2048 164.24
M, 92,---, 910 1536 77.188
P92, 910 1024 41.218
953), 92, ", 910 512 32.137
B TRETH 5.

¢ COVT ORBHLHEEOFEMIE, 1.0e2 T
HHD0H NP ERKEY L TOERS LW P 5H
5. 20X, BRICLHEETEH LOBETE
T2 AT, FEICEELINRL 729 L TRX
EFIILDTES.

HEREY BT 57010, FhPROFBEREL R
CDWEBEL-FHEREER18ICF LOTBL.

BRI L b 2 VBT 5 S AORESBAL,
FRCHVETERNISER SN TR LI LT 5.

8. BhH Wl

BVRBABXOBSTERLEER T OB EICE,
o O E BB X ) RD B 2 EHEEL <
%h. FOXIRBE, TITHRRLLIT—XKT
BERLERTL VAN THLI LB TP S, &
CTHRREFEORSE HHEICNET L L
(1) BEOBEFHETHERETH S L) ZEER
2R HT 00— RABEROBEEZ 7=,

(2) —ROBEBRIZE IR HIEFEEHESL1ICLD
5.z 7.

(3) FERPEROFERETKEIALILICLY, &7
R - BEREEMES LI ENTES.

(4) ROBEBRESTD S % THEBAEIT
BThy, BREFLICX2EETHEH6.1-64
K5 z7z. ‘

(5) MEZERFLHEEL BRI L 2EMAL
DBEEXFZ .

(6) BRAHMLIC L Y RBESRGESN 5544 ME 6.5
X527,

(7) BRI L EHERHOERITIEE 5.
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