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1. Introduction

Let Ss be a star on 5 vertices and K, ., be a complete bipartite
graph with partite sets V;, and V. of m and n vertices each. A
spanning subgraph F of K, . 1is called an Sg-factor 1if each
component of F is isomorphic to Ss. If K, » 1s expressed as an
edge-disjoint sum of Sc-factors, then this sum is called an Ss-
factorization of K, .,

2. S.—factorization of K, .

Notation 1. r,t,b : number of Sg-factors, number of Sq:-
components of each Sg-factor, and total number of Ss-components,
respectively, in an Ss-factorization of K, ..

t. (tz) : number of components whose centers are in V, (V3),
respectively, among t Ss-components of each Sg-factor.

r,(u) (rz{(v)) : number of components whose centers are all u
(v) for any u (v) in V, (V.), respectively, among b Ss-components.
Lemma 1. If K, , has an Sg-factorization then (i) b=mn/4, (ii) t=
(m+n)/5, (iii) r=5mn/4(m+n), (iv) t.=(4n-m)/15, (v) to=(4m-n)/15,
(vi) r;=(4n-m)n/12(m+n), (vii) ro=(4m-n)m/12(m+n), (viii) m = 4n
and (ix) n = 4m.

Lemma 2. If K, ., has an Sg-factorization, then K. . has an Sg-
factorization for every positive integer s.

3. Ss~factorization algorithm of K, .
Case (1) m=4n: From Lemma 2, K., . has an Sg-factorization since
K., . is just Ss.
Case (2) n=4m: Obviously, K, .» has an Sg-factorization.
Case (3) m<4n and n<4m: Let x=(4n-m)/15 and y=(4m-n)/15. From
Conditions (iv)-(v), x and y are integers such that O0<x<m and
O<y<n. We have x+4y=m and 4x+y=n. It holds that b=(x2+4xy+y?)+
xy/4, t=x+y, r=(x+y)+9xy/4(x+y), t.=x, to=y, r.=x-3xy/4(x+y) and
ro=y-3xy/4(x+y). Let z=3xy/4(x+y), which is a positive integer.
And let (x,4y)=d, x=dp, 4y=dgq, where (p,q)=1l. Then dg/4 is an
integer and z=3dpqg/4(4p+q). :
Lemma 3. Let (p,q)=1 and s be an integer. Then
(I) when g is an odd integer,
m=4(p+q) (4p+qg)s,n=(16p+q) (4p+qg)s ((4p+gq)/3:not integer)
or m=4(p+q) (4p+q)s/3,n=(16p+q) (4p+q)s/3 ((4p+qg)/3:integer)
(I1) when g=2q' (q' is an odd integer),
m=4(p+2q'){(2p+q')s,n=2(8p+q') (2p+q')s ((2p+gq')/3:not integer)
or m=4(p+2q’')(2p+q')s/3,n=2(8p+q')(2p+q')s/3 ((2p+g')/3:integer)
(I1I1) when g=4q",
m=4(p+4q") (p+q")s,n=4(4p+q" ) (p+q")s ((p+g")/3:not integer)
or m=4(p+4q")(p+q")s/3,n=4(4p+q") (p+q")s/3 ((p+q")/3:integer).
Notation 2. Let A and B be two sequences of the same size such as
A: a,,az,...,ay
B: b,,bz,...,bs.
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If b;=a;+c (i=1,2,...,u), then we write B=A+c. If b;=((a:+c) mod w

) (i=1,2,...,u), then we write B=A+c mod w, where the residuals a;
+c mod w are integers in the set {1,2,...,w}.
Lemma 4. (p,qg)=1 and g is an odd integer

m=4(p+q) (4p+g)s, n=(16p+q) (4p+q)s
===> K, », has an Sg-factorization.

Proof.(Algorithm I) Put s=1. Let x=(4n-m)/15, y=(4m-n)/15, t=(m+
n)/5, r=5mn/4(m+n). Then x=4p(4p+q), y=9(4p+q), t=(4p+q)?, r=(p+
q)(1l6p+q). Let rn.=p+q, I,=16p+q, mo=m/r,=4(4p+q), no=n/r,=4p+q.
Consider two sequences R and C of the same size 16(4p+q). '

R: 1,1,1,1,2,2,2,2,...,4(4p+q),4(4p+q),4(4p+q),4(4p+q)

C: 1,2,...,16(4p+q)-1,16(4p+q).
Construct R;=R+4(i-1)(4p+qg) (i=1,2,...,p).
Construct C;=(C+4(i-1) mod 16(4p+q))+16(i-1)(4p+q) (i=1,2,....p).
Consider two sequences R' and C' of the same size 4(4p+q).

R': ry,r2,...,Tacan+a>, wWhere r;=(i-1)p+1 mod 4(4p+q) (i=1,2,.
,4(4p+q))

C': ¢1,C2,+.-.,Cacap+a>r, Where c;=n-(i-1)qg mod q(4p+q) (i=1,2,...
,4(4p+q)) .
Construct R;'=R'+4(i-1)(4p+q)+4p(4p+q) (i=1,2,...,q).

Construct C;'=(C'-(i-1) mod q(4p+q))+16p(4p+q) (i=1,2,...,q).
Consider two sequences 1 and J of the same size 4t.

I: R:,Rz,...,R;,Ry;",R2", ... Ry

J: C,.,Cz,...,C,C",C",...,Cq" .
Let i, and jx be the k-th element of I and J, respectively
(k=1,2,...,4t). Join two vertices i, in V, and j,. in V. with an
edge (ix,Jjx) (k=1,2,...,4%t). Construct a graph F with two vertex
sets {ix} and {jx} and an edge set {(ix,Jx)}. Then F 1is an
Ss-factor of K, .. This graph is called an Ss-factor constructed

with two sequences I and J.
Construct I; such that I;=I+(i-1)mg mod m (i=1,2,...,Tn).
Construct J; such that J;=J+(j-1)no mod n (j=1,2,...,T.).

Construct Sgs-factors F,; with I, and J; (i=1,2,...,rn;3J=1,2,...,
r,). Then F;; are edge-disjoint and their sum 1is an Ss-
factorization of K, .. By Lemma 2, K, ., has an Sgs-factorization

for every positive integer s. O
Lemma 5. (p,g)=1 and g=29' (g' is an odd integer)
m=4(p+2q')(2p+q')s, n=2(8p+q')(2p+q')s
=> K, » has an Sg-factorization.
Lemma 6. (p,q)=1 and g=4q"
m=4(p+4q")(p+q")s, n=4(4p+g")(p+g")s
===> K, » has an Sc-factorization.
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