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Regular Paper

“Approximate Zero-points” of Real Univariate Polynomial

with Large Error Terms

Akira Terui† and Tateaki Sasaki†

Let P (x) be a given real univariate polynomial and let P̃ (x) = P (x) +∆(x), where ∆(x) is
the sum of error terms, that is, a polynomial with small real unknown but bounded coefficients.
We first consider specifying the “existence domain” of the values of P̃ (x), or the domain in
which the value of P̃ (x) exists for any real number x, by the coefficient bounds for ∆(x),
and then introduce a concept of an “approximate real zero-point” of P̃ (x). We present a
practical method for estimating the existence domain of zero-points of P̃ (x) by applying
Smith’s celebrated theorem. We next consider counting the number of real zero-points of
P̃ (x). If all the zero-points are sufficiently far apart from each other, the number of real
zero-points of P̃ (x) is the same as that of P (x), and we derive a condition for which we can
assert that P (x) and P̃ (x) have the same number of real zero-points. We calculate the actual
number of real zero-points by Sturm’s method, which encounters the so-called small leading
coefficient problem. For this problem, we show that, under some conditions, small leading
terms can be discarded. Furthermore, we investigate four methods for evaluating the effect
of error terms on the elements of the Sturm sequence.

1. Introduction

In traditional computer algebra on polynomi-
als, we usually assume that the coefficients of
polynomials are given rigorously by integers, ra-
tional numbers, or algebraic numbers, and that
manipulation on the polynomials is also exact.
However, in many practical applications or real-
world problems, the coefficients contain errors;
that is, polynomials have “error terms.” In
such cases, many of the traditional algorithms
in computer algebra break down.
This paper considers the real zero-points of

a real univariate polynomial with error terms,
or “approximate polynomial,” where the coef-
ficients of error terms can be much larger than
the machine epsilon εM . In fact, even if the ini-
tial errors in coefficients are as small as εM , the
errors can become much larger than εM after the
calculation. Furthermore, in approximate alge-
braic calculation, we handle polynomials with
perturbed terms that are much larger than εM
in general.
If a polynomial P (x) has error terms, we can-

not draw the graph of function y = P (x); all
we can draw is the “existence domain” of P (x),
or the domain in which values of P (x) can ex-
ist. Similarly, in such a case, the positions of
its zero-points cannot be determined exactly;
all we can handle is the domains in which zero-
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points can exist. Therefore, in this paper, we in-
troduce a concept of an “approximate real zero-
point” by defining a minimal interval outside of
which no real zero-points can exist. Although
the existence domains of real zero-points can be
calculated rigorously, we propose methods for
calculating them approximately and efficiently
by using Smith’s theorem on the error bounds
of zero-points of a polynomial 11).
Next, we consider calculation of the number

of real zero-points of an approximate polyno-
mial by Sturm’s method. If all the zero-points
are single and well separated, the number of real
zero-points is definite unless some error term
is quite large, although the positions of zero-
points are changed by the error terms. How-
ever, in the calculation of the Sturm sequence,
the leading coefficient of some element may be-
come too small to determine whether it is equal
to zero or not. Since the sign of the leading
coefficient in the Sturm sequence is essential in
determining the number of real zero-points, this
is a serious problem. Our answer to it is that,
under some conditions, we may discard the
small leading term and continue further calcu-
lation of the Sturm sequence. Shirayanagi and
Sekigawa 10) also attacked this problem, and
proposed an interval arithmetic method with
zero rewriting. We will investigate the Sturm
sequence with interval coefficients in Section 5.
In Section 2, we investigate the existence do-

mains of the values of a real approximate poly-
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nomial, then define an approximate real zero-
point. In Section 3, we propose a practical
method for calculating the existence domains
of the zero-points of an approximate polyno-
mial. In Section 4, on the assumption that the
polynomial does not have multiple or close zero-
points, we derive a sufficient condition for the
number of real zero-points not to be changed
by error terms. In Section 5, we propose and
investigate several methods for checking the ef-
fect of the error terms of a given polynomial on
the Sturm sequence.

2. Approximate Polynomials and Ap-
proximate Real Zero-points

Let P (x) be a given univariate polynomial
with real coefficients such that

P (x) = cnx
n + · · ·+ c0x

0, (1)
and let P̃ (x) be a real univariate polynomial
such that

P̃ (x) = P (x) + ∆(x), (2)

where ∆(x) represents the sum of real “error
terms,” that is, a polynomial with unknown
small real coefficients. Hence, we know neither
P̃ (x) nor ∆(x); what we know usually is an
upper bound for each coefficient in ∆(x). Rep-
resenting ∆(x) as

∆(x) = δn−1x
n−1 + · · ·+ δ0x

0, (3)
we assume that we know upper bounds
εn−1, . . . , ε0 such that

|δi| ≤ εi, i = n− 1, . . . , 0. (4)
Throughout this paper, we write P̃ (x | δi =
ε′i (i = n− 1, . . . , 0)) to denote that the values
of δn−1, . . . , δ0 in P̃ (x) are specified as δn−1 =
ε′n−1, . . . , δ0 = ε′0, and so on.

2.1 Existence Domain of Values of
P̃ (x)

Supposing that the variable x is fixed to x0

and that δn−1, . . . , δ0 are changed continuously
under the restrictions in Eq. (4); the value of
P̃ (x0) moves continuously inside an interval.
By changing x0 in R, we will have the minimal
domain outside of which there is no possibility
of the existence of the value of P̃ (x).

Definition 1 (existence domain) Let x0

be a real number and δi move continuously in
the whole interval [−εi, εi] for i = 0, . . . , n− 1.
Define PU (x0) and PL(x0) as

PU (x0) = max
δi∈[−εi,εi]
i=0,...,n−1

P̃ (x0), (5)

PL(x0) = min
δi∈[−εi,εi]
i=0,...,n−1

P̃ (x0). (6)

By changing the value x0 in R, we obtain a
domain

{[PL(x), PU (x)] | x ∈ R}. (7)
We call this domain the “existence domain of
P̃ (x).” ✷

The existence domain of P̃ (x) can be speci-
fied rigorously by using P (x).

Lemma 1 Let the value of δi in P̃ (x) be
changed continuously within the range [−εi, εi],
while the values of δj ’s (j �= i) are fixed, and, for
each real value of x, define PUi

(x) and PLi
(x)

as
PUi

(x) = max
δi∈[−εi,εi]

P̃ (x), (8)

PLi
(x) = min

δi∈[−εi,εi]
P̃ (x). (9)

Then, we have

PUi
(x) =




P̃ (x | δi = εi)
if x ≥ 0 or i is even,

P̃ (x | δi = −εi)
if x ≤ 0 and i is odd,

(10)

PLi
(x) =




P̃ (x | δi = −εi)
if x ≥ 0 or i is even,

P̃ (x | δi = εi)
if x ≤ 0 and i is odd.

(11)

Furthermore, for any real value x0, P̃ (x0) moves
all the points inside [PLi

(x0), PUi
(x0)].

Proof. Let x0 be any real number. We see that
−εi|x0|i ≤ δi|x0|i ≤ εi|x0|i, and since δi|x0|i
moves all the points inside [−εi|x0|i, εi|x0|i], we
obtain the lemma. ✷

This lemma directly leads us to the following
theorem:

Theorem 2 Let the polynomials P (x) and
P̃ (x) be as above; then the functions PU (x) and
PL(x) in Eq. (7) are given as follows:

PU (x) =




P̃ (x | δi = εi

(i = n− 1, . . . , 0))
for x ≥ 0,

P̃ (x | δi = (−1)iεi

(i = n− 1, . . . , 0))
for x < 0,

(12)

PL(x) =




P̃ (x | δi = −εi

(i = n− 1, . . . , 0))
for x ≥ 0,

P̃ (x | δi = (−1)i+1εi

(i = n− 1, . . . , 0))
for x < 0.

(13)

Furthermore, for any real number x0, the
values of P̃ (x0) move all the points inside
[PL(x0), PU (x0)]. ✷
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Fig. 1 Existence domain of an approximate real zero-point.

2.2 Approximate Real Zero-points and
Their Existence Domains

We first define a concept of “approximate real
zero-points” and their existence domains.

Definition 2 (approximate real zero-
point) A real number ζ is an “approximate
real zero-point of P̃ (x)” if there exist num-
bers ε′i ∈ [−εi, εi] (i = n − 1, . . . , 0) such
that P̃ (ζ | δi = ε′i (i = n − 1, . . . , 0)) = 0.
Let [ζ1,1, ζ1,2], . . . , [ζr,1, ζr,2], with ζ1,1 ≤ ζ1,2 <
· · · < ζr,1 ≤ ζr,2, be the set of all the approx-
imate real zero-points of P̃ (x). Then, we call
each interval [ζi,1, ζi,2], 1 ≤ i ≤ r, an “existence
domain” of the approximate real zero-point of
P̃ (x). ✷

Theorem 2 tells us that the existence domains
of all the approximate real zero-points can be
specified rigorously by drawing graphs of PL(x)
and PU (x). Suppose [ζ1, ζ2] is an existence do-
main of an approximate real zero-point. Since
ζ1 and ζ2 are real zero-points of PU (x) and/or
PL(x), and since PL(x0) < PU (x0) for any real
number x0, the graphs of PL(x) and PU (x)
around this interval can be classified into one
of the following four cases:
(a) PL(ζ1) = PU (ζ2) = 0, PL(x) < 0 for

ζ1 < x ≤ ζ2, PU (x) > 0 for ζ1 ≤ x < ζ2, and
there exists δ > 0 such that PL(ζ1−x) > 0 and
PU (ζ2 + x) < 0 for any x ∈ [0, δ],
(b) PU (ζ1) = PL(ζ2) = 0, PU (x) > 0 for

ζ1 < x ≤ ζ2, PL(x) < 0 for ζ1 ≤ x < ζ2, and
there exists δ > 0 such that PU (ζ1−x) < 0 and
PL(ζ2 + x) > 0 for any x ∈ [0, δ],
(c) PL(ζ1) = PL(ζ2) = 0, PU (x) > 0 for

ζ1 ≤ x ≤ ζ2, PL(x) < 0 for ζ1 < x < ζ2, and
there exists δ > 0 such that PL(ζ1−x) > 0 and
PL(ζ2 + x) > 0 for any x ∈ [0, δ],
(d) PU (ζ1) = PU (ζ2) = 0, PL(x) < 0 for

ζ1 ≤ x ≤ ζ2, PU (x) > 0 for ζ1 < x < ζ2, and
there exists δ > 0 such that PU (ζ1−x) < 0 and
PU (ζ2 + x) < 0 for any x ∈ [0, δ].
Figure 1 illustrates these four cases conceptu-

ally. Cases (a) and (b) usually correspond to a
single zero-point, while Cases (c) and (d) cor-
respond to multiple zero-points.
We now give a simple example of approxi-

mate real zero-points and their existence do-
mains. We will see that one of the existence
domains is fairly wide, which indicates that the
concept of approximate zero-point is indispens-
able in handling polynomials with error terms.

Example 1 Let F (x, y) be
F (x, y) = x3 − x2 + y2. (14)

We calculate a singular point of F (x, y) with
approximate arithmetic of precision εM = 1.0×
10−6. First, let us calculate the discriminant
R(y) of F (x, y) with respect to x:

R(y) = res(F, dF/dx)
= 27y4 − 4y2.

(15)

R(y) has zero-points at y = 0 and ±2√3/9. As-
sume that we have calculated the value of y =
2
√
3/9 approximately as 0.384900. (Note that if

deg(R) ≥ 5 then use of approximate arithmetic
is necessary in general to solve R(y) = 0.) Let
P (x) and P̃ (x) be

P (x) = x3 − x2 + (0.384900)2,
P̃ (x) = P (x) + δ0,

(16)

where |δ0| ≤ 1.0 × 10−6, and let us calculate
the approximate real zero-points of P̃ (x). From
Theorem 2, we have

PU (x) = x3 − x2 + 0.148149,
PL(x) = x3 − x2 + 0.148147. (17)

PU (x) has a real zero-point at x 
 −0.333334,
and PL(x) has real zero-points at x 

−0.333332, 0.665595, and 0.667738. From
Definition 2, the existence domains of ap-
proximate real zero-points of P̃ (x) are in-
tervals [−0.333334,−0.333332], and [0.665595,
0.667738]. Therefore, with an approximate
arithmetic of precision εM = 1.0 × 10−6, the
singular point (x0, y0) of F (x, y) can be spec-
ified only vaguely as y0 ∈ [0.384899, 0.384901]
and x0 ∈ [0.665595, 0.667738]. ✷
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3. Bounding Existence Domains by
Using Smith’s Theorem

Although we have defined rigorously the ex-
istence domain of only real zero-points, we
present in this section a method for bounding
the existence domains of both real and complex
zero-points by means of discs in the complex
plane, because the method is common to both
of them.
A key to bounding existence domains is

Smith’s celebrated theorem. (For the proof, see
Smith 11).)

Theorem 3 (Smith) Let P (x) be as
above. Let x1, . . . , xn be n distinct numbers in
C and r1, . . . , rn be defined as

rj =

∣∣∣∣∣ nP (xj)
an

∏n
k=1, �=j(xj − xk)

∣∣∣∣∣,
j = 1, . . . , n.

(18)

Let Dj (1 ≤ j ≤ n) be a disc of radius
rj with its center at xj . Then, the union
D1 ∪ · · · ∪ Dn contains all the zero-points of
P (x). Furthermore, if a union D1 ∪ · · · ∪ Dm

(m ≤ n) is connected and does not intersect
with Dm+1, . . . , Dn, then this union contains
exactly m zero-points. ✷

3.1 Single Zero-points
Without loss of generality, we assume that P

and P̃ are monic. Let ζ1, . . . , ζn and ζ̃1, . . . , ζ̃n

be the zero-points of P (x) and P̃ (x), respec-
tively:

P (x) = (x− ζ1)(x− ζ2) · · · (x− ζn), (19)
P̃ (x) = (x− ζ̃1)(x− ζ̃2) · · · (x− ζ̃n). (20)

First, we consider the case in which ζ1 is a
single zero-point such that |ζ1 − ζj | � εM for
j = 2, . . . , n. Let z1, . . . , zn be approximate
values for ζ1, . . . , ζn, respectively. (Actually,
we may determine z1, . . . , zn by solving equa-
tion P (x) = 0 numerically, and hence approx-
imately, with accuracy εM .) Using Theorem 3,
we can formally calculate the domain that con-
tains ζ̃1 in C, as follows. Let R1 be

R1 = n · |P̃ (z1)|∣∣∣∏n
j=2(z1 − zj)

∣∣∣ , (21)

then ζ̃1 is contained in the disc of radiusR1 with
its center at z1. Although we cannot calculate
P̃ (z1) explicitly, we have

|P̃ (z1)| ≤ |P (z1)|+ |∆(z1)|
≤ |P (z1)|+

n−1∑
j=0

εj |z1|j . (22)

Therefore, R1 is bounded as

R1 ≤ n · |P (z1)|+
∑n−1

j=0 εj |z1|j∣∣∣∏n
j=2(z1 − zj)

∣∣∣ . (23)

In ordinary numerical computation, we calcu-
late an error bound by the above formula with
εj = 0, which gives a good estimate such that
the magnitude of the error bound is only sev-
eral times larger than the true error. Therefore,
we expect that the above formula gives a good
bound.

3.2 Multiple or Close Zero-points
Next, we consider the case of multiple or close

zero-points. Without loss of generality, let ζ1 

· · · 
 ζm (m ≤ n) and assume that ζm+1, . . . , ζn

satisfy |ζj −ζ1| � m
√
εM for j = m+1, . . . , n. In

this case, we cannot apply Eq. (23) directly, for
the following reason. Let z1, . . . , zn be the same
as above and assume that we have calculated
them by a numerical method. Then z1, . . . , zm

usually satisfy |zj−z1| 
 m
√
εM for j = 2, . . . ,m;

hence, in Eq. (23), we have∣∣∣∣∣∣
n∏

j=2

(z1 − zj)

∣∣∣∣∣∣ 
 εM ·
∣∣∣∣∣∣

n∏
j=m+1

(z1 − zj)

∣∣∣∣∣∣ .(24)
Therefore, if |∆(zi)| � εM , an upper bound cal-
culated by Eq. (23) will be an overestimate.
We determine z1, . . . , zm so that the radius

R1 in Eq. (21) becomes as small as possible.
(The determination method is the same as that
described in the literature; for example, see
Iri 5); the only difference is that our setting of
error terms is different from the conventional
ones.) We express P (x) as

P (x) = (x− ζ1) · · · (x− ζm) ·Q(x). (25)
From our assumption, we have

Q(z1) =
n∏

j=m+1

(z1 − ζj)



n∏

j=m+1

(z1 − zj);
(26)

hence R1 defined by Eq. (21) can be approxi-
mated as follows:

R1 = n ·

∣∣∣∏n
j=1(z1 − ζj) + ∆(z1)

∣∣∣∣∣∣∏n
j=2(z1 − zj)

∣∣∣ (27)


 n ·

∣∣∣∏m
j=1(z1 − ζj) + ∆(z1)/Q(z1)

∣∣∣∣∣∣∏m
j=2(z1 − zj)

∣∣∣ .

(28)
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If z1, . . . , zm are distributed equally on a disc
of radius r with its center at (ζ1 + · · ·+ ζm)/m,
we have∣∣∣∣∣∣

m∏
j=1

(z1 − ζj)

∣∣∣∣∣∣ ≈ rm,

∣∣∣∣∣∣
m∏

j=2

(z1 − zj)

∣∣∣∣∣∣ = mrm−1,

(29)

and Eq. (28) can be evaluated as

R1 
 n · r
m + C

mrm−1
, (30)

where C = |∆(z1)/Q(z1)|. We can almost min-
imize the magnitude of R1 by setting r as

r = m
√
(m− 1)C. (31)

With the above consideration, we calculate an
upper bound for R1 as follows:
( 1 ) Calculate r from Eq. (31).
( 2 ) Let β = (ζ1 + · · ·+ ζm)/m and

zj = β + r exp(2πji/m) (32)
for j = 1, . . . ,m. The approximate val-
ues z1, . . . , zm are distributed equally on
a disc of radius r with its center at β.

( 3 ) Substitute z1, . . . , zm into Eq. (23) to ob-
tain a rigorous bound of R1.

4. Calculating the Number of Real
Zero-points of a Real Approximate
Polynomial

If a real approximate polynomial has multi-
ple or close zero-points, they may change sig-
nificantly, or some real zero-points may become
complex, when the coefficients are changed
slightly. Therefore, it is not adequate to count
the number of real zero-points of a real approx-
imate polynomial that may have multiple or
close zero-points. On the other hand, if a poly-
nomial has only single zero-points, the number
of its real zero-points rarely changes, although
their positions may change considerably, when
the coefficients are changed slightly. In this sec-
tion, we focus on calculating the number of real
zero-points of a real approximate polynomial
containing only single zero-points.

4.1 Sufficient Condition for Fixing the
Number of Real Zero-points

We first derive a sufficient condition for as-
serting that P (x) and P̃ (x) have the same num-
ber of real zero-points.

Theorem 4 Let P (x) and P̃ (x) be as in
Eqs. (1) and (2), respectively. The number of

real zero-points of P̃ (x) is the same as that of
P (x) if the discriminant of P̃ , or res(P̃ , dP̃ /dx)
does not become zero for any values δn−1, . . . , δ0
satisfying Eq. (4).
Proof. As the coefficients of P̃ (x) change contin-
uously, the number of real zero-points of P̃ (x)
changes only if there exist δi ∈ [−εi, εi] for
i = 0, . . . , n − 1 such that P̃ (x) has real mul-
tiple zero-points. Its contraposition shows the
validity of the theorem. ✷

Theorem 4 tells us that we can calculate the
number of real zero-points of an unknown poly-
nomial P̃ (x) by calculating the number of the
real zero-points of P (x), so long as the dis-
criminant res(P̃ , dP̃ /dx) does not become zero
for any values δn−1, . . . , δ0 satisfying Eq. (4).
Therefore, we can check the definiteness of the
number of real zero-points by checking whether
or not res(P̃ , dP̃ /dx) becomes zero because of
the error terms.

4.2 Problem of Small Leading Coeffi-
cient in the Sturm Sequence

Below, the leading coefficient and the degree
of P (x) are denoted as lc(P ) and deg(P ), re-
spectively. Let ζmax be the maximum of the
absolute values of real zero-points of P (x).
The p-norm of P (x), with P (x) given in

Eq. (1), is defined as

‖P‖p =

(
n∑

i=1

|ci|p
)1/p

,

p = 1, 2, . . . ,∞.

(33)

In this paper, we use the 2-norm for polynomi-
als.
Assuming that P (x) and P̃ (x) satisfy the con-

dition in Theorem 4, ‖P‖2 
 1, and ‖P̃‖2 
 1,
let us consider calculation of the number of real
zero-points of P̃ (x) by application of Sturm’s
famous method to P (x). Sturm’s theorem is as
follows (for the proof, see Cohen 3), for exam-
ple):

Theorem 5 (Sturm) Let P (x) be a real
square-free polynomial of degree n, and define
a polynomial sequence (the Sturm sequence)

(P0(x), P1(x), . . . , Pn(x)) (34)
as 


P0 = P (x),
P1 = d

dxP (x),
Pi = −rem(Pi−2, Pi−1)

for i = 2, . . . , n,

(35)

where rem(Pi−2, Pi−1) denotes the remainder of
Pi−2 divided by Pi−1. For a real number x, let
N(x) be the number of sign changes, counting
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from the left to the right without counting ze-
ros, in the sequence (34), and let s and t be real
numbers satisfying s < t. Then, the number of
the real zero-points of P in the interval [s, t] is
equal to N(s)−N(t). ✷

Note that we can calculate the number of all
the real zero-points of P by putting s = −∞
and t = ∞ in Theorem 5. In the following, the
zeros of the Sturm sequence and its modifica-
tions are not counted as sign changes.
Consider calculation of the Sturm sequence

of P (x) by means of floating-point arithmetic.
During the calculation, we may encounter the
leading coefficient problem: (1) it is hard for us
to decide whether or not a very small leading
coefficient is equal to zero, and (2) the division
by a polynomial by a small leading coefficient
will cause large cancellation errors in the coef-
ficients of the remainder polynomial.
Let P , s, and t be the same as in Theorem 5.

A Sturm sequence of P with Pn ≡ (constant) �=
0 has the following properties (for example, see
Cohen 3)):
1◦ For any real number x, consecutive ele-

ments Pi−1(x) and Pi(x) do not simulta-
neously become zero.

2◦ If Pj(x) = 0 for some j (1 ≤ j < n) and
x ∈ R, then we have Pj−1(x)Pj+1(x) <
0.

3◦ Pn has no real zero-point.
With Property 1◦, we can calculate the number
of sign changes by investigating each Pi sepa-
rately. Let Pj(xj) = 0 for some xj ∈ R; then
Property 2◦ means that Pj−1 and Pj+1 have
no zero-point in the neighborhood of x = xj .
Property 3◦ is trivial in our case, because Pn =
(constant), but it is not trivial for the general
Sturm sequence. The above three properties
are sufficient for determining the number of real
zero-points, and a sequence that has those prop-
erties is called a general Sturm sequence.
We note that the sign change of Pj(x) at

x = xj , j ≥ 1, does not affect the number of
sign changes in the sequence (34); the value of
N(x) changes only when the evaluation point x
passes a real zero-point of P0(x) (= P (x)). Fur-
thermore, we can prove the following property
of the Sturm sequence:

Lemma 6 Let P (x) and P0, . . . , Pn be the
same as in Theorem 5, and assume that Pk(x) =
0 (1 < k < n) at x = xk,1, . . . , xk,lk , where
lk < deg(Pk) and |xk,j | > ζmax for j = 1, . . . , lk.
Define P ′′

k (x) as

P ′′
k (x) =

Pk(x)
(x− xk,1) · · · (x− xk,lk)

, (36)

and let s and t be real numbers satisfying s < t.
For real number x, let N(x) be the same as in
Theorem 5, and let N ′′

k (x) be the numbers of
sign changes in the sequence

(P0(x), . . . , Pk−1(x),
P ′′

k (x), Pk+1(x), . . . , Pn(x)).
(37)

Then we have
N ′′

k (s)−N ′′
k (t) = N(s)−N(t). (38)

That is, N ′′
k (s)−N ′′

k (t) is equal to the number
of real zero-points of P (x) in the interval [s, t].
Proof. Property 1◦ assures us that there exists
a small positive number δ such that [xk,j1 − δ,
xk,j1 + δ] ∩ [xk,j2 − δ, xk,j2 + δ] = ∅ for 1 ≤
j1 < j2 ≤ lk and Pk±1(x) �= 0 for any x ∈
[xk,j − δ, xk,j + δ]. We show N ′′

k (x) = N(x)
for any x ∈ [xk,j − δ, xk,j + δ]. Consider
a case in which dPk/dx < 0 at x = xk,1,
Pk−1(xk,1) > 0, and Pk+1(xk,1) < 0. Prop-
erty 2◦ says that the sequence of signs of
polynomials (Pk−1(x), Pk(x), Pk+1(x)) at x =
xk,1 − δ, x = xk,1 and x = xk,1 + δ are
(+,+,−), (+, 0,−) and (+,−,−), respectively;
hence the number of sign changes of the se-
quence (Pk−1(x), Pk(x), Pk+1(x)) is equal to 1
for any x ∈ [xk,1 − δ, xk,1 + δ]. Now, as-
sume that P ′′

k (x) > 0 for x ∈ [xk,1 − δ, xk,1 +
δ]; then the sequence of signs of polynomials
(Pk−1(x), P ′′

k (x), Pk+1(x)) is (+,+,−) for any
x ∈ [xk,1 − δ, xk,1 + δ]. Therefore, we have
N ′′

k (x) = N(x) for any x ∈ [xk,1 − δ, xk,1 + δ].
The other cases can be proved similarly. ✷

Theorem 7 Assume the same hypotheses
as in Lemma 6, and define a polynomial se-
quence

(P0(x), . . . , Pk−1(x), P ′′
k (x), . . . , P ′′

n′′(x)) (39)
as


P ′′
k =

Pk(x)
(x− xk,1) · · · (x− xk,lk)

,

P ′′
k+1 = −rem(Pk−1, P

′′
k ),

P ′′
i = −rem(P ′′

i−2, P
′′
i−1)

for i = k + 2, . . . , n′′,

(40)

where deg(P ′′
n′′) = 0. For a real number x, let

N ′′(x) be the number of sign changes in the
sequence (39), and let s and t be real numbers
satisfying s < t. Then, the number of real zero-
points of P (x) in the interval [s, t] is equal to
N ′′(s)−N ′′(t).
Proof. From Lemma 6, we need not consider
xk,1, . . . , xk,lk for calculating the number of
real zero-points of P (x). Let xk be any zero-
point of P ′′

k ; hence Pk−1(xk) �= 0. Then,
Pk−1(xk) · P ′′

k+1(xk) < 0 because −P ′′
k+1(x) =
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Pk−1(x) − Q′′
k(x)P

′′
k (x). Repeating this argu-

ment for P ′′
k+1, P

′′
k+2, and so on, we see that the

new polynomial sequence (39) satisfies Proper-
ties 1◦, 2◦, and 3◦ described above, and that
the sequence (39) is a general Sturm sequence
of P (x). Thus, we can count all the real zero-
points of P (x) by using the sequence (39). ✷

Remark 1 Properties 1◦, 2◦, and 3◦ are
enough to prove Theorem 7, and Lemma 6 is
unnecessary. We introduced Lemma 6 to help
the reader to understand what happens when
large real zero-points of Pk are removed. ✷

In Theorem 7, calculating the general Sturm
sequence by using P ′′

k in Eq. (40) is theoretically
simple but not practical, because we have to
calculate the real zero-points of Pk rigorously.
We next show that, if a polynomial has small
leading terms, these terms correspond to zero-
points of large magnitudes.

Lemma 8 Let εn, . . . , εn−s+1 be real num-
bers such that 0 < |εj | � 1, and, without loss
of generality, let Q(x) be

Q(x) = εnx
n + · · ·+ εn−s+1x

n−s+1

+ bn−sx
n−s + · · ·+ b0x

0,
(41)

where |bi| ≥ 1 (i = n− s, . . . , 0) for bi �= 0. Let
x1, . . . , xn be the zero-points of Q(x) such that
|x1| < · · · < |xn|. Then we have

lim
(εn,...,εn−s+1)→(0,...,0)

|xj | = ∞,

j = n− s+ 1, . . . , n.
(42)

Proof. Define QI(x) as
QI(x) = xn ·Q(1/x)

= b̄nx
n + · · ·+ b̄0x

0,
(43)

and let x̄1, . . . , x̄n be the zero-points of QI(x)
with |x̄1| < · · · < |x̄n|. Then we have b̄n−j = εj

for j = n, . . . , n − s+ 1 and x̄n−i+1 = 1/xi for
i = 1, . . . , n. We have |x̄i| → 0 (i = n, . . . , n −
s + 1) for |b̄n−j | → 0 (j = n, . . . , n − s + 1);
hence |xi| → ∞ for εj → 0. ✷

Remark 2 Although Lemma 8 is a limit-
ing case of (εn, . . . , εn−s+1) → (0, . . . , 0) and
is sufficient to prove Theorem 9, we investigate
the location of zero-points of QI(x) in the ap-
pendix. ✷

Theorem 7 and Lemma 8 lead us to an idea
of discarding the small leading terms to calcu-
late a general Sturm sequence in practice. Since
the zero-points of Pk(x) are moved slightly by
discarding the small leading terms, we must be
more careful than in Theorem 7.

Theorem 9 Define P (x) and P̃ (x) as in
Eqs. (1) and (2), respectively. Let (P0 = P (x),
P1 = dP/dx, P2, . . . , Pi, . . .) be the Sturm se-
quence of P (x) and assume that Pk(x) has small

leading terms as
Pk(x) = εk,nk

xnk + · · ·
· · ·+ εk,nk−s+1x

nk−s+1

+ bk,nk−sx
nk−s + · · ·

· · ·+ bk,0x
0,

(44)

where
max{|εk,nk

|, . . . , |εk,nk−s+1|}
� min

bk,j �=0
{|bk,nk−s|, . . . , |bk,0|}.

Define a polynomial sequence
(P0(x), . . . , Pk−1(x),
P ′

k(x), . . . , P
′
n′(x))

(45)

as 


P ′
k = bk,nk−sx

nk−s + · · ·
· · ·+ bk,0x

0,
P ′

k+1 = −rem(Pk−1, P
′
k),

P ′
i = −rem(P ′

i−2, P
′
i−1)

for i = k + 2, . . . , n′,

(46)

where deg(P ′
n′) = 0. For a real number x, let

N ′(x) be the number of sign changes in the se-
quence (45), and let s and t be real numbers
such that s < −ζmax and ζmax < t. Then, if
P̃ (x), Pk−1(x), and Pk(x) satisfy the following
two conditions, the number of real zero-points
of P̃ (x) is equal to N ′(s)−N ′(t):
(1) The resultant res(P̃ , Pk) does not be-

come zero for any values δn−1, . . . , δ0
satisfying Eq. (4) or when the values of
εk,nk

, . . . , εk,nk−s+1 are changed to zero.
(2) The resultant res(Pk−1, Pk) does not be-

come zero when the values of εk,nk
, . . . ,

εk,nk−s+1 are changed to zero.
Proof. Even if Pk(x) has real zero-points whose
magnitudes are larger than that of any zero-
point of P̃ (x), Lemma 8 and Condition (1)
assure us that these real zero-points will be
“safely removed” from Pk(x) by changing the
values of εk,n, . . . , εk,n−s+1 to 0. We also see
that the removed zero-points do not affect the
calculation of the number of real zero-points, as
Theorem 7 shows. Next, changing the values of
εk,j ’s to 0 will change the values of the other
zero-points of Pk(x) slightly. However, Condi-
tion (2) assures us that none of the real zero-
points of Pk(x) passes through the real zero-
points of Pk−1(x); hence the sequence (45) is a
general Sturm sequence. Therefore, as in The-
orem 7, we can calculate the number of real
zero-points of P̃ (x) by using the sequence (45).

✷
Theorem 9 tells us that the problem of small

leading coefficients reduces to checking whether
or not any resultants become zero. We will pro-
pose several methods for this in Section 5.
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We explain Theorem 9 by means of an exam-
ple with exact arithmetic.

Example 2 Let P (x) and P̃ (x) be

P (x) = x5 + 4x4 + 6401
1000x

3

− 20x2 + 5x+ 1,
P̃ (x) = P (x) + δ0,4x

4

+ δ0,3x
3 + · · ·+ δ0,0x

0,

(47)

where numbers δ0,4, . . . , δ0,0 are unknown but
bounded as

|δ0,j | ≤ ε = 1/10000. (48)
We obtain (P0, . . . , P5), the Sturm sequence of
P (x), as follows:

P0 = P (x),
P1 = d

dxP (x)
= 5x4 + 16x3 + 19203

1000
x2

−40x+ 5,
P2 = − 1

2500
x3 + 94203

6250
x2

− 52
5
x− 1

5
,

P3 = − 7099837085603
1000

x2

+ 4898974540x+ 94210995,
P4 = − 1838986143841703970

50407686642103700749873609
x

+ 581470528239934409
50407686642103700749873609

,
P5 = − (3156650856766728652582995

769441472408792519708557)

/ (3381870037241780324384640

993113760900000).

(49)

Therefore, we have N(−∞)−N(∞) = 3.
In Eq. (49), P2 has a small leading coefficient.

(Correspondingly, P2(x) has a real zero-point
at x 
 37680.5.) The conditions in Theorem 9
are satisfied as follows. First, the existence do-
mains of approximate zero-points of P̃ (x) in
the neighborhood of x = 0 are the intervals
[−0.12992,−0.12989], [0.44536, 0.44541], and
[0.19803, 0.19810], while the existence domains
of approximate zero-points of P2(x) when we
change the value of the leading coefficient con-
tinuously from −1/2500 to 0 are the intervals
[−0.01877227 · · · ,−0.01877227 · · ·], [0.708722,
0.708735], and [37680.5,∞). Therefore, the
existence domains of the real zero-points of
P̃ (x) and P2(x) do not overlap; hence we
have res(P̃ , P2) �= 0. Second, the exis-
tence domains of approximate zero-points of
P1(x) are the intervals [0.134731, 0.134738],
and [0.910227, 0.910260]. Therefore, the exis-
tence domains of the real zero-points of P1(x)
and P2(x) do not overlap; hence we have
res(P1, P2) �= 0. Since P (x), P̃ (x), P1, and P2

satisfy the conditions in Theorem 9, we can cal-
culate P ′

2, . . . , P
′
4 as follows:

P ′
2 = 94203

6250
x2 − 52

5
x− 1

5
,

P ′
3 = 14367059719609325

835976753303427
x

− 18170016322960675
3343907013213708

,
P ′

4 = (6544015983161815588348053

0106785213)

/ (3302598479789132420606890

0312900000).

(50)

We have N ′(−∞) − N ′(∞) = 3 = N(−∞) −
N(∞). ✷

5. Evaluating the Effects of Error
Terms

Theorems 4 and 9 show that some impor-
tant problems in counting the number of ap-
proximate real zero-points can be reduced to
checking whether or not some resultants be-
come zero owing to the error terms. In this sec-
tion, we consider how to evaluate errors in the
resultant of an approximate univariate polyno-
mial. We investigate four methods: (1) eval-
uating the “subresultant determinant” by us-
ing Hadamard’s inequality, (2) calculating the
Sturm sequence with the coefficients of interval
numbers, (3) solving a linear system on polyno-
mial coefficients and evaluating errors in the so-
lution by a standard method in numerical anal-
ysis, and (4) calculating the Sturm sequence
with parametric error terms. The experiments
were performed with GAL (General Algebraic
Language/Laboratory, a LISP-based computer
algebra system) on NS-LISP (Nara Standard
LISP) running on a SPARC Station 5 (CPU:
microSPARC II, 70MHz) and SunOS 4.1.4.

5.1 Evaluation of the Subresultant De-
terminant

Except for the overall signs of polynomials,
the Sturm sequence is the same as the polyno-
mial remainder sequence (PRS) for which the
subresultant theory has been developed. (For
subresultant theory, see Mishra 7), for exam-
ple.) With this theory, we can express the
elements in the Sturm sequence by the de-
terminants of the coefficients of two consecu-
tive elements. Let (P0 = P, P1 = dP/dx,
P2, . . . , Pk−1, Pk, . . .) be a Sturm sequence, and
assume that

Pk−1(x) = alx
l + · · ·+ a0x

0,
Pk(x) = εmxm + · · ·

· · ·+ εm−s+1x
m−s+1

+ bm−sx
m−s + · · ·+ b0x

0,

(51)

where
max{|εk,nk

|, . . . , |εk,nk−s+1|}
� min

bk,j �=0
{|bk,nk−s|, . . . , |bk,0|}
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as before.
Let Si(Pk−1, Pk) be the following determi-

nant:
Si(Pk−1, Pk) =∣∣∣∣∣∣∣∣∣∣∣∣∣

al · · · · · · · · · · · ·
. . .

al · · · · · ·
εm· · ·εm−s+1bm−s · · ·

. . . . . . . . .
εm · · · εm−s+1

· · · · · · al−2i+1 x
i−1Pk−1

...
...

· · · · · · al−i x0Pk−1

· · · · · ·bm−2i+1 xiPk

...
...

bm−s· · · bm−i+1 x0Pk

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

(52)

Si(Pk−1, Pk) is called the i-th subresultant of
Pk−1(x) and Pk(x), and we have Pk+i(x) =
γiSi(Pk−1, Pk), with γi a constant. For exam-
ple, if deg(Pk−1) = deg(Pk) + 1, we have

Pk+1(x) = S1(Pk−1, Pk)

=

∣∣∣∣∣∣
al al−1 Pk−1(x)
εm εm−1 xPk(x)

εm Pk(x)

∣∣∣∣∣∣ .
(53)

Below, we consider only the leading coef-
ficients of Pk+1, Pk+2, and so on. Apply-
ing Hadamard’s inequality to the subresultant,
we can bound the effect of εm, . . . , εm−s+1 on
lc(Pk+i), as follows:

Proposition 10 Define P ′
k and L as fol-

lows.
P ′

k = Pk − (εmxm + · · ·
· · ·+ εm−s+1x

m−s+1)
= bm−sx

m−s + · · ·+ b0,
(54)

L = ‖Pk‖(i−1)
2 ×{

(i− s) |al|s ‖Pk−1‖(i−s)
2

+
s∑

j=1

|al|(j−1)‖Pk−1‖(i−j+1)
2

}
.

(55)

If lc(Si(Pk−1, Pk)) �= 0 and
{|εm|+ · · ·+ |εm−s+1|} · L
< |al

s · lc(Si(Pk−1, P
′
k))|,

i = s, . . . ,m,
(56)

then
lc(Si(Pk−1, Pk))×
al

s · lc(Si(Pk−1, P
′
k)) > 0. (57)

Proof. Note that
lc(Si(Pk−1, Pk)) =∣∣∣∣∣∣∣∣∣∣∣∣∣

al · · · · · · · · · · · ·
. . .

al · · · · · ·
εn · · · εm−s+1 bm−s · · ·

. . . . . . . . .
εm · · · εm−s+1

· · · · · · al−2i

...
· · · · · · al−i−1

· · · · · · bm−2i

...
bm−s · · · bm−i

∣∣∣∣∣∣∣∣∣∣∣∣∣
,

(58)

and
lc(Si(Pk−1, P

′
k)) =∣∣∣∣∣∣∣∣∣∣∣∣∣

al · · · · · · · · · al−2i+s

. . .
...

al · · · al−i−1

bm−s · · · · · · · · · bm−2i

. . .
...

bm−s · · · bm−i

∣∣∣∣∣∣∣∣∣∣∣∣∣
,

(59)

where aj = bj = 0 for j < 0. By expanding
the determinant in Eq. (58) with respect to the
(i+ 1)-th row as∣∣∣∣∣∣

· · · · · ·
εm · · · εm−s+1 bm−s · · · bm−2i

· · · · · ·

∣∣∣∣∣∣
=

∣∣∣∣∣∣
· · · · · ·

εm · · · εm−s+1 0 · · · 0
· · · · · ·

∣∣∣∣∣∣
+

∣∣∣∣∣∣
· · · · · ·

0 · · · 0 bm−s · · · bm−2i

· · · · · ·

∣∣∣∣∣∣ ,

(60)

and expanding the last determinant similarly,
we finally obtain

lc(Si(Pk−1, Pk))
= al

s · lc(Si(Pk−1, P
′
k))

+
i+1∑
j=1

det(Ri,j),
(61)

where



Vol. 41 No. 4 “Approximate Zero-points” of Real Univariate Polynomial 983

Ri,j =


al · · · · · · · · · · · ·
. . . · · · · · · · · ·

al · · · · · ·
bm−s · · ·

. . .

εm · · ·
εm

· · · · · · · · · · · ·
· · · · · · · · · · · ·
· · · · · · · · · · · ·
· · · · · · · · · · · ·
· · · · · · · · · · · ·
bm−s · · · · · · · · ·

εm−s+1 0 · · · · · ·
· · · εm−s+1 bm−s · · ·
. . . · · · . . . . . .

εm · · · εm−s+1

· · · · · · al−2i

...
· · · · · · al−i−1

· · · · · · bm−2i

...
· · · · · · bm−2i+j−2

· · · · · · 0
· · · · · · bm−2i+j

...
bm−s · · · bm−i




.

(62)

Expanding det(Ri,j) with respect to the (i+j)-
th row, or the row

(0 · · · 0 εm · · · εm−s+1 0 · · · 0), (63)
we have

det(Ri,j)
= (−1)i+2jεm det(R̃i,j,j) + · · · (64)

· · ·+ (−1)i+2j+sεm−s+1 det(R̃i,j,j+s),
where R̃i,j,q is a 2i × 2i submatrix obtained
by removing the (i + j)-th row and the q-th
column from Ri,j . After removing several top-
left diagonal elements al’s of R̃i,j,q, and apply-
ing Hadamard’s inequality to det(R̃i,j,q), with
inequalities |al|2 + |al−1|2 + · · · + |al−2i|2 ≤
‖Pk−1‖2

2 and |εm|2+ · · ·+ |εm−s+1|2+ |bm−s|2+
· · ·+|bm−2i|2 ≤ ‖Pk‖2

2, we finally obtain the fol-
lowing inequality:

| det(Ri,j)|
≤ Mi{|al|(j−1) ‖Pk−1‖(i−j+1)

2 }, (65)
j = 1, . . . , s,

| det(Ri,j)|
≤ Mi{|al|s ‖Pk−1‖(i−s)

2 }, (66)
j = s+ 1, . . . , i+ 1,

where
Mi = {|εm|+ · · ·+ |εm−s+1|} · ‖Pk‖i

2.(67)
From the assumption (56), we have∣∣∣∣∣∣

i+1∑
j=1

det(Ri,j)

∣∣∣∣∣∣ ≤
i+1∑
j=1

|det(Ri,j)|

≤ {|εm|+ · · · |εm−s+1|} · L
< |al

s · lc(Si(Pk−1, P
′
k))|.

(68)

Therefore, from Eqs. (61) and (68), we obtain
Eq. (57). ✷

From the fundamental theorem of subresul-
tants 2), we have

Si(Pk−1, P
′
k) = P ′

k+h lc(P
′
k+h)

dk+h−1−1

×
h∏

l=1

{
lc(P ′

k+l−1)
(dk+l−2+dk+l−1) (69)

×(−1)(nk+l−2−nk+h)(nk+l−1−nk+h)
}
,

where h = i − s, nk+j = deg(P ′
k+j) and

dj = nj − nj+1. Therefore, we can calculate
lc(Si(Pk−1, P

′
k)) easily from lc(P ′

k+h).
Proposition 10 shows that, so long as εm,

. . . , εm−s+1 satisfy the condition (56), dis-
carding terms εmxm, . . . , εm−s+1x

m−s+1 in Pk

does not change the signs of leading coeffi-
cients of the subresultants Si(Pk−1, P

′
k) for i =

0, . . . ,m − s − 1. However, in actual calcula-
tion of the Sturm sequence, the number L in
Eq. (55) seems to become too large, hence the
condition (56) is not useful in practice.

5.2 Utilization of Interval Arithmetic
In this method, we transform the coefficients

of the given polynomial into interval numbers
each of which includes the corresponding error,
and calculate the Sturm sequence by using in-
terval arithmetic.
By observing how the widths of intervals in-

creased during the calculation, we found that
the increase of the width of each interval was
about one decimal-digit for each remainder
computation. In fact, the division of polynomi-
als of degree difference 1 requires two “polyno-
mial × number” multiplications and two poly-
nomial subtractions. The width of an interval
is increased to about twice that of the origi-
nal interval by one arithmetic operation if the



984 IPSJ Journal Apr. 2000

operands are of almost the same widths; hence
the width increases by about 24 = 16 times
after the polynomial division. Thus, for a poly-
nomial of degree 10, for example, the width of
an interval in the last element of the Sturm
sequence may become about 1010 times larger
than the initial widths, which shows that this
method is not useful in practice.

5.3 Standard Method in Numerical
Analysis

In numerical analysis, we have a good method
of error estimation for the solution of a system
of linear equations. Calculation of the resultant
can be reduced to solving a linear system.
Usually, the norm of vectors and matrices are

defined as follows. Let x = (x1, . . . , xm)T be a
vector in Rm. Then, the p-norm of x is defined
as

‖x‖p =

(
m∑

i=1

|xi|p
)1/p

,

p = 1, 2,∞.

(70)

Let A = (aij) be a real (m,m)-matrix. Then,
by using the norm of a vector, we define the
p-norm of A as

‖A‖p = max
x �=0

‖Ax‖p

‖x‖p
. (71)

In this paper we use only ‖A‖1 and ‖A‖∞.
Let F (x) and G(x) be
F (x) = fmxm + · · ·+ f0x

0, (72)
fm �= 0,

G(x) = gnx
n + · · ·+ g0x

0, (73)
gn �= 0,

where m ≥ n. Calculation of the PRS is equiv-
alent to eliminating the terms of higher degrees
of F and G to derive Rs, a polynomial of degree
s, for 0 ≤ s ≤ n − 1. For each Rs, there exist
polynomials Us and Vs such that

UsF + VsG = Rs,
deg(Us) ≤ n− s− 1, (74)
deg(Vs) ≤ m− s− 1.

We consider calculating R0 = res(F,G). Let
U0 and V0 be expressed as

U0 = un−1x
n−1 + · · ·+ u0x

0, (75)
V0 = vm−1x

m−1 + · · ·+ v0x
0. (76)

From the relation U0F + V0G = R0, we obtain
a system of linear equations on the coefficients
in U0 and V0, as follows:




fm gn

... fm

... gn

...
...

. . .
...

...
. . .

...
...

... fm

...
...

... gn

f0

...
...

... g0

...
...

...

f0

...
... g0

...
...

. . .
...

. . .
...

f0 g0




×




un−1

un−2

...
u0

vm−1

vm−2

...
v0




=




0
...
...
...
...
0
R0



. (77)

U0 and V0 can be normalized in any way so
long as U0 and V0 satisfy the above relation.
Therefore, we normalize U0 and V0 as un−1 =
gn and vm−1 = −fm. With this normalization,
we can rewrite the relation (77) as



fm gn

...
. . .

...
. . .

...
... fm

...
... gn

f1

...
... fm g1

...
... gn

f0
. . .

...
... g0

. . .
...

...
. . .

...
...

. . .
...

...

f1

... g1

...
f0 f1 g0 g1







un−2

...

...
u0

vm−2

...

...
v0




=




gn−1fm − fm−1gn

...
gn−mfm − f0gn

0
...
0



, (78)

where gj = 0 for j < 0, and
R0 = f0u0 + g0v0. (79)

The linear system (78) is of the form
Ax = b, (80)

where A is a “coefficient matrix,” and x and
b are vectors of unknowns and given numbers,
respectively. We briefly describe a perturbation
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Table 1 Condition number of the matrix in Eq. (78) computed for 10
polynomials with random-number coefficients.

Degree Condition number
of 1-norm ∞-norm

P (x) Maximum Minimum Average Maximum Minimum Average

10 8.73× 103 1.69× 102 2.55× 103 7.96× 103 2.92× 102 2.99× 103

20 2.57× 106 4.44× 103 2.95× 105 8.51× 105 1.83× 103 1.08× 105

30 1.16× 107 4.97× 104 2.46× 106 5.97× 107 2.45× 104 1.18× 106

40 5.37× 107 1.48× 105 7.44× 106 4.76× 107 6.01× 104 6.00× 106

50 1.47× 108 1.56× 105 2.25× 107 6.42× 107 7.38× 104 8.09× 106

theory for linear system. (The theory can be
found in various works on numerical analysis;
see Higham 4) for example.) Assume that b has
an error ∆b that causes an error ∆x1 in the
solution x. Then we have

A(x + ∆x1) = b + ∆b. (81)
Using Eq. (80), we can easily evaluate the mag-
nitude of ∆x1 as

‖∆x1‖
‖x‖ ≤ ‖A‖ ‖A−1‖ ‖∆b‖

‖b‖ . (82)

Furthermore, assume that A has an error ∆A
and that the error of x becomes ∆x1+∆x2, as
follows:

(A+∆A)(x+∆x1+∆x2) = b+∆b.(83)
Using Eq. (81), we derive the following evalua-
tion of ∆x2.

‖∆x2‖
‖x + ∆x1 + ∆x2‖
≤ ‖A‖ ‖A−1‖ ‖∆A‖

‖A‖ .
(84)

Equations (82) and (84) lead us to the following
evaluation:

‖∆x1‖+ ‖∆x2‖
‖x‖+ ‖∆x1‖+ ‖∆x2‖
≤ ‖A‖ ‖A−1‖

{‖∆A‖
‖A‖ +

‖∆b‖
‖b‖

}
.

(85)

The number ‖A‖ ‖A−1‖, which is called the
“condition number,” specifies how the initial er-
rors are magnified in the solution.
Although we did not consider rounding errors

in floating-point arithmetic in the above evalu-
ation, the evaluation of rounding errors can eas-
ily be included by adding ∆R, a term represent-
ing rounding errors, into A. It is known that, if
we solve Eq. (80) by Gaussian elimination with
pivoting, for example, the errors ∆x1 +∆x2 in
the solution x are well bounded by Eq. (85) (see
Higham 4)).
Applying Eq. (85) to the linear system (78),

we can bound the errors |δu0 | and |δv0 | of the so-
lutions u0 and v0, due to the perturbations δfi

of fi (i = 0, . . . ,m) and δgj
of gj (j = 0, . . . , n).

Equation (79) tells us that if |f0u0 + g0v0| �
|f0 ·δu0 |, |g0 ·δv0 | then we can say definitely that
R0 �= 0 for the perturbations of the coefficients
of F and G. If |f0u0 + g0v0| � |f0u0|, |g0v0|
then this case corresponds to F and G hav-
ing mutually close zero-points, and the above
method cannot be applied to such cases. If
|f0u0 + g0v0| is not small, then we can apply
the above method so long as |δu0 | and |δv0 | are
not large. Equation (85) shows that the mea-
sure of largeness of |δu0 | and |δv0 | is the con-
dition number. Therefore, in order to check
whether or not the above method is useful,
we check the largeness of the condition num-
ber for polynomials of degrees from 10 to 50.
We generate a real univariate polynomial P (x)
with random coefficients, and construct the ma-
trix in the left-hand-side of Eq. (78) by putting
F = P and G = dP/dx. We generate each
coefficient c of P (x) to satisfy |c| ≤ 10. We
set deg(P ) = 10, 20, 30, 40, 50, and generate
10 polynomials for each degree. We used the
LAPACK library 1) linked to GAL to estimate
the condition number (for estimating the con-
dition number, see Natori 8), for example).

Table 1 shows the result of computations.
For each degree of polynomial, we show the
maximum, minimum, and average values of our
estimates of 10 condition numbers. We see from
this result that, for a polynomial of degree 10,
for example, the error in res(P, dP/dx) may be-
come 103 or 104 times larger than the error in
the initial polynomial. Although these numbers
are rather large, they are much smaller than the
increase of the interval width explained above.

5.4 Calculating Error Terms Paramet-
rically

The method described in this subsection gives
good estimates of errors in the Sturm sequence,
but the calculated value does not give the rig-
orous error bound.
For simplicity, we assume that P (x) is monic

in Eq. (1), and express P̃ (x) in Eq. (2) as
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Table 2 ‖P̃n(x, δn−1, . . . , δ0)‖/‖P̃n(x, 0, . . . , 0)‖ for 10 polynomials, where
P̃n is the last element of the Sturm sequence.

Degree Polynomial norm
of 1-norm ∞-norm

P̃ (x) Maximum Minimum Average Maximum Minimum Average

10 2.57× 104 1.02× 102 5.97× 103 1.52× 104 1.68× 102 5.00× 103

20 2.83× 105 1.34× 105 1.81× 105 3.65× 105 3.44× 105 2.62× 105

30 2.68× 109 7.01× 108 1.13× 109 4.75× 109 1.78× 109 1.76× 109

40 3.50× 1013 2.99× 1011 5.39× 1012 1.60× 1014 1.42× 1011 3.65× 1012

50 2.80× 1017 7.81× 1015 9.19× 1016 2.47× 1017 1.32× 1016 1.36× 1017

Table 3 Computing times for calculating Sturm sequences with and
without parameterized error terms.

Degree Computing time (msec.)
of With error terms Without error terms

P̃ (x) Maximum Minimum Average Maximum Minimum Average
10 70 50 55 10 < 10 < 10
20 420 400 403 10 < 10 < 10
30 1420 1330 1357 20 10 11
40 3280 3210 3244 50 10 31
50 6080 6030 6050 50 30 37

P̃ (x, δn−1, . . . , δ0)
= xn + (cn−1 + δn−1)xn−1 + · · · (86)

· · ·+ (c0 + δ0)x0,

where δn−1, . . . , δ0 are parameters representing
errors in the coefficients. Exact calculation of
the Sturm sequence of a parametric polyno-
mial P̃ exactly is extremely time-consuming,
because P̃ is (n+1)-variate. However, if we ne-
glect all the quadratic and higher-order terms
with respect to δn−1, . . . , δ0, then the compu-
tation cost is only O(n) times larger than that
of a numerical Sturm sequence. Therefore, we
calculate the i-th element P̃i of the Sturm se-
quence as

P̃i(x, δn−1, . . . , δ0) 
 P̃i(x, 0, . . . , 0)
+ P̃i,n−1(x, 0, . . . , 0)δn−1 + · · · (87)

· · ·+ P̃i,0(x, 0, . . . , 0)δ0,
where P̃i,j = ∂P̃i/∂δj (j = n− 1, . . ., 0). Then,
by neglecting the terms of order O(δ2), we can
approximately bound the effect of error terms
fairly well, as

|P̃i − Pi|
� |P̃i,n−1(x, 0, . . . , 0)| εn−1 + · · · (88)

· · ·+ |P̃i,0(x, 0, . . . , 0)| ε0,
where |(polynomial)| denotes a polynomial with
the coefficients replaced by their absolute val-
ues.
Actually, the calculation is performed by

introducing the total-degree variable t for
δn−1, . . . , δ0 as δi → δit (i = 0, . . . , n − 1). We
calculate the Sturm sequence only up to the

total-degree 1, and substitute 1 for t after the
calculation.
We calculated the Sturm sequences with and

without parameterized error terms. For this ex-
periment, we used the same polynomials as in
Section 5.3.

Table 2 shows the value ‖P̃n(x, δn−1, . . . , δ0)‖
/‖P̃n(x, 0, . . . , 0)‖, where P̃n(x, δn−1, . . . , δ0) is
the last element of the Sturm sequence, andTa-
ble 3 shows the computing times of Sturm se-
quences with and without parametric errors. In
Table 2, for each degree of polynomial, we show
the maximum, the minimum, and the average
of 10 ratios. Note that the values in Table 2
show how the initial errors are magnified by
the computation of Sturm sequence, just as the
values in Table 1 show. Comparing with Ta-
ble 1, we see that the numbers are too large for
polynomials of higher degrees. Table 3 shows
the maximum, minimum, and average values of
the computation times for ten examples. We
see that, very roughly speaking, the computa-
tion time for a parameterized sequence is about
deg(P ) times larger than that for a numerical
sequence. These results indicate that we can
use this method only for polynomials of low or
medium degrees.

6. Discussion

In this paper we have considered the real
zero-points of a real univariate polynomial with
error terms whose coefficients may be much
larger than εM . For such an approximate
polynomial, we introduced the concept of an
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“approximate real zero-point” and proposed a
method for calculating the existence domains of
zero-points fairly accurately and simply.
Next, we considered how to calculate the

number of real zero-points of an approximate
polynomial by Sturm’s method. We gave a suf-
ficient condition for the number of real zero-
points to be definite. We also derived a suffi-
cient condition for the small leading coefficients
in the Sturm sequence to be discarded, and
showed that these problems can be reduced to a
problem to that of estimating the errors in the
resultants of univariate polynomials.
Finally, in order to estimate the errors in the

Sturm sequence, we investigated four methods:
(1) evaluating the “subresultant determinant”
by using Hadamard’s inequality, (2) calculat-
ing the Sturm sequence with coefficients of in-
terval numbers, (3) solving a linear system on
polynomial coefficients and evaluating errors in
the solution by a standard method in numeri-
cal analysis, and (4) calculating the Sturm se-
quence with parametric error terms. Method 1
is theoretically correct, but the calculated up-
per bound is too large, and with method 2 the
width of each interval number grows too rapidly
during the calculation of the Sturm sequence;
hence methods 1 and 2 do not seem to be use-
ful in practice. Method 3 gives a rather prac-
tical estimation, and thus seems to be useful
in practice. Method 4 gives the errors rather
accurately, and we have seen that calculating
the resultant by PRS gives much larger errors
than method 3. This means that the errors con-
tained in the resultant depend on which method
we have used to calculate the resultant, and
method 3 seems to be the best for evaluating
the errors.
We still have a problem in cases where P (x)

has multiple or close zero-points. Let us briefly
mention what happens if P (x) has close zero-
points. Let ‖.‖ be an appropriate norm of
a polynomial defined by Eq. (33), and assume
that ‖P‖ = 1 and Pk contains m close zero-
points of closeness δ, 0 < δ � 1, around the
origin. Then, Sasaki and Sasaki 9) tell us that
‖Pk‖ = O(δ0) and ‖Pk+1‖ = O(δ2), ‖Pk+2‖ =
O(δ3), . . . , ‖Pk+m‖ = O(δm+1). Therefore, if
these close zero-points can be separated and
counted as m single zero-points, we must have
‖Pk+m‖ � εM or δ � m+1

√
εM . On the

other hand, if we change coefficients of P (x)
slightly, the positions of these close zero-points
are changed considerably. Thus, the treatment

of close zero-points is not easy and remains an
open problem.
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Appendix: On the Zero-points of
Eq. (43)

Let 0 < ε � 1 and let P (x) be
P (x) = cnx

n + · · ·+ cm+1x
m+1

+xm + εm−1x
m−1 + · · ·+ ε0,

(89)

where n > m and cn, . . . , cm+1, εm−1, . . . , ε0 are
numbers such that

max{|cn|, . . . , |cm+1|} = 1, cn �= 0,
|εm−i| ≤ ( m

√
ε)i (i = 1, . . . ,m). (90)
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We choose ε to satisfy m
√
ε = max{ i

√|εm−i| |
i = 1, . . . ,m}. Putting e = m

√
ε, we prove the

following theorem in this appendix:
Theorem 11 Let ζ1, . . . , ζn be the zero-

points of P (x), where
|ζ1| ≤ · · · ≤ |ζm|
< |ζm+1| ≤ · · · ≤ |ζn|. (91)

If e = m
√
ε ≤ 1/9 then |ζm| and |ζm+1| are

bounded as
|ζm|
<

1 + 3e
4

[
1−

√
1− 16e

(1 + 3e)2

]
,

|ζm+1|
>

1 + 3e
4

[
1 +

√
1− 16e

(1 + 3e)2

]
.

(92)

Furthermore, we can approximate the right-
hand-side expressions of Eq. (92) as

|ζm|
< 2e ·

[
1

1 + 3e
+

16e
(1 + 3e)3

]
,

|ζm+1|
>

1
2
− e(1− 9e)

2(1 + 3e)
− 32e2

(1 + 3e)3
.

(93)

✷

Before the proof, we investigate the zero-
points of P (x) roughly. Put

P ′(x) = xm + εm−1x
m−1 + · · ·

· · ·+ ε1x+ ε0,
P ′′(x) = cnx

n−m + · · ·
· · ·+ cm+1x+ 1.

(94)

Note that P (x) ≈ P ′′(x)P ′(x). Using the
following well-known theorem (see Mignotte 6)

for example), we can bound the zero-points of
P ′(x) and P ′′(x) easily as in Corollaries 13 and
14 below.

Theorem 12 Let A(x) = anx
n+an−1x

n−1

+ · · · + a0, with ana0 �= 0, be a polynomial
with complex coefficients and with zero-points
ζ1, . . . , ζn. Then, we have the following bounds
for the zero-points of A(x):

max{|ζ1|, . . . , |ζn|}
≤ |an|+max{|an−1|, . . . , |a0|}

|an| ,

min{|ζ1|, . . . , |ζn|}
≥ |a0|

|a0|+max{|a1|, . . . , |an|} .

(95)

✷

Applying Theorem 12 to ε−1P ′( m
√
εx) and

P ′′(x), respectively, we obtain the following
corollaries:

Corollary 13 Let the zero-points of P ′(x)
be ζ ′1, . . . , ζ ′m; then we have max{|ζ ′1|, . . . , |ζ ′m|}

≤ 2 m
√
ε. ✷

Corollary 14 Let the zero-points of P ′′(x)
be ζ ′′m+1, . . . , ζ

′′
n ; then we have min{|ζ′′m+1|, . . . ,

|ζ ′′n |} ≥ 1/2. ✷

These corollaries show that P (x) has m zero-
points of magnitude � 2 m

√
ε and that the other

(n−m) zero-points have absolute values � 1/2.
We now prove Theorem 11.

Proof of Theorem 11. We first consider
the zero-point ζ of Eq. (89), such that |ζ| �
2 m
√
ε. Applying the transformation ζ = eζ̄ (=

m
√
εζ̄) to P (ζ) = 0, we obtain

cne
n−mζ̄n + · · ·+ cm+1eζ̄

m+1

+ ζ̄m + (εm−1/e)ζ̄m−1 + · · ·
+(ε0/em)ζ̄0 = 0.

(96)

We are considering the zero-point ζ̄ such that
|ζ̄| � 2, hence the zero-point is determined
mostly by the terms of degree ≤ m and the
terms cm+je

j ζ̄m+j (j = 1, . . . , n−m) contribute
only as small correction terms because e � 1.
(We can state this situation as follows. Con-
sider a set of equations of degree m:



amzm + (cm−1/e)zm−1 + · · ·
· · ·+ (c0/em)z0 = 0,

am ∈ {1 + cm+1ez̄ + · · ·
· · ·+ cne

n−mz̄n−m |
|z̄| ≤ ζ̄max},

(97)

where ζ̄max is an upper bound of |ζm/e|. Ob-
viously, ζ̄ = ζm/e is a solution of one equation
in this set. For the solution of any equation in
this set, we can derive an upper bound.) Thus,
rewriting the above equation as

(cne
n−mζ̄n−m + · · ·+ cm+1eζ̄ + 1)ζ̄m

+ (εm−1/e)ζ̄m−1 + · · · (98)
· · ·+ (ε0/em)ζ̄0 = 0,

we can regard Eq. (98) as an equation of de-
gree m with the leading coefficient am = 1 +
cm+1eζ̄ + · · · + cne

n−mζ̄n−m ≈ 1. Therefore,
from Theorem 12, we obtain

|ζ̄| ≤ 1 + max{|εm−1/e|, . . . , |ε0/em|}/|am|
≤ 1 +

1
1− |eζ̄| − · · · − |eζ̄|n−m

< 1 +
1

1− |eζ̄|/(1− |eζ̄|) (99)

=
2− 3|eζ̄|
1− 2|eζ̄| ,

or

|ζ| < 2e− 3e|ζ|
1− 2|ζ| . (100)

Inequality (100) gives us
2|ζ|2 − (1 + 3e)|ζ|+ 2e > 0. (101)

Let z− and z+ be the solutions of equation 2z2−
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(1 + 3e)z + 2e = 0 with z− ≤ z+. We see that
z± are real if and only if e ≤ 1/9, and z− 
 2e
and z+ 
 (1 − e)/2 for |e| � 1. Therefore, we
have

4|ζ| < (1 + 3e)

×
[
1−

√
1− 16e

(1 + 3e)2

]
(102)

for e ≤ 1/9. Using the inequality
√
1− x >

1 − x/2 − x2/2, which is valid for 0 < x < 1,
and putting x = 16e/(1 + 3e)2, we obtain

4|ζ| < (1 + 3e)

×
[

8e
(1 + 3e)2

+
128e2

(1 + 3e)4

]
, (103)

or

|ζ| < 2e ·
[

1
1 + 3e

+
16e

(1 + 3e)3

]
. (104)

This inequality is valid for 16e/(1 + 3e)2 < 1,
or for e < 1/9.
Next, we consider the zero-point ζ of Eq. (89),

such that 1/2 � |ζ|. Dividing P (ζ) = 0 by ζm,
we obtain the equality

cnζ
n−m + · · ·+ cm+1ζ + 1

+ εm−1/ζ + εm−2/ζ
2 + · · · (105)

· · ·+ ε0/ζ
m = 0.

Since we are considering the zero-point ζ such
that 1/2 � |ζ|, the terms εm−j/ζ

j (j =
1, . . . ,m) contribute only as small correction
terms because |εm−j | � 1. Thus, following the
same reasoning as for Eq. (98), we can regard
Eq. (105) as an equation of degree n −m with
the constant term a0 = 1 + εm−1/ζ + · · · +
ε0/ζ

m ≈ 1. From Theorem 12, we obtain

|ζ| ≥ 1
1 + max{|cn|, . . . , |cm+1|}/|a0|

≥ 1
1 + 1/(1− |e/ζ| − · · · − |e/ζ|m)

>
1

1 + 1
1−|e/ζ|/(1−|e/ζ|)

(106)

=
1− 2|e/ζ|
2− 3|e/ζ| .

Inequality Eq. (106) gives us
2|ζ| − (1 + 3e)|ζ|+ 2e > 0. (107)

Solving Eq. (107) with condition e ≤ 1/9, we
obtain

4|ζ| > (1 + 3e)

×
[
1 +

√
1− 16e

(1 + 3e)2

]
. (108)

Using the inequality
√
1− x > 1 − x/2 − x2/2

again, we obtain
4|ζ| > (1 + 3e)

×
[
2− 8e

(1 + 3e)2
− 128e2

(1 + 3e)4

]
, (109)

or

|ζ| > 1
2
− e(1− 9e)

2(1 + 3e)
− 32e2

(1 + 3e)3
(110)

for e < 1/9. ✷
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