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Fast Execution of Linear Recurrences
on Vector Computers and Its Parallelization

HIDEYUKI KAWABATA,t KOUICHI YUNOUE® and TAKAO TSUDAt

In this paper, we propose a new technique to calculate fast first-order linear recurrences on
vector computers. Our method is intended to reduce redundant vector load and/or store oper-
ations. The objective is accomplished by restructuring recurrent loops with information such
as the length of vector registers in mind, not relying on automatic strip-mining by vectorizing
compilers. Although it has been said that unrolling approach is suitable for linear recurrences
to run fast on vector computers, appropriateness of the unrolling factor hasn’t been mentioned
specifically in general. We construct a simple model of a vector machine to compare ordinary
unrolled code and code created by our method. On the model, it is explained that codes
by our method can perform as well as unrolled codes with optimal (typically unrealistically
large) unrolling factors. Experimental results on the NEC SX-4 show that our code runs 1/4
times as fast as the peak performance of the machine, which is also predicted by the model.
The results confirm that our method is efficient and our model of a vector processor is proper.
In addition, we show that our method can be easily parallelized. Speedup ratio of 5.9 on 8
processors has been observed.
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real*8 a(0:N)

doi=1, N
@i =Ppi-@i-1+ g
enddo

01 00000000

Fig.1 First order linear recurrence.
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doi=1, N, 5 N
* — stepl Y
V=g
U = pi
V=Pir1t U+ Qit1 stepl
U =Pit1- U

V= Pit2r U+ qit2
U = pi+2- U
V= DPi+3- U+ Qit+3
U = Ppi+3- U
U= Pipd U+ Qita
U = Pit4° U

* — step2
Aitq = U Gj—1 + 0V
enddo
doi=1, N, 5
* — step3

Qi =Pi-Gi—1+ G

Qi1 = Pit1 G + git1

QAi4+2 = Pi4+2 - Qit+1 + git2

Qi+3 = Pi+3 - Gi+2 + Gi+3
enddo

02 0000000000000 O00O0OOOO0O00O0O00

Fig.2 Unrolled first-order linear recurrence.
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Fig.3 Dataflow of unrolled linear recurrence.
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doi=1, N, Vi ~ NVHDDODD0D
VLD VRL, p; VLD VIMA vst \|
VLD VR2, g (VIMADDO LODOO000000) )‘
VIMA VRS3, a;—1, VR1, VR2 2+L0000
VST VR3, a; :
enddo time

00 :@+LNVHOODD

05 040000000000
Fig.5 Execution of the code of Fig. 4.

04 0O1000000000O000ODO
Fig.4 Simple vector code for Fig. 1.

0000000000000 00000O0DO0O00 doi=1, N, 5Vy
000000000 000000000000000 # — stepl )
VLD VRO00, g; # stride 5
Ostep20 0000O0O00OOOOO VLD VROL, p; # stride 5
3. D0 onoboboobuooobobouoo VLD  VRI2, pis1 # stride 5
ooooooono VFMP VRI13, VR12, VROO
VLD VRI4, git1 # stride 5
000000000000 00000000000 VFAD VRI15, VR13, VR14
D00000000000000000000000 VEMP VR16, VR13, VRO1
000000000000000000000000 VLD  VR42, pij4 # stride 5
oooooon VFMP VR43, VR42, VR35
VLD VRA44, git4 # stride 5
3.1 tooooooooodn VFAD VR45, VR43, VR44
0000000000000000 vOooooo VFMP VR46, VR43, VR36
e 00JDDDDDODODOD Vg OOOO
# — step2
e 0OO0OOOD/00000000COD 20000 VIMA VR50, a;_1, VR45, VR46  # stride 5
0ooOoOooooQg VST VRS0, ajiq # stride 5
e 000D0DODONDOODOONOOOOODDON enddo
doi=1, N, 5Vyg
00 10000000000000000 4 step3
e 0000000 /0000000O00000O0O VLD  VROO0, a;—1 # stride 5
0000000000 00000000000 VLD VRIO, p, 4 stride 5
e NIDDODDDOOOO VLDODOOO VSTOO VFMP VR11, VR10, VR0O
0O VFMPO OO VFADOOOOODOOOOOO VLD VRI2, g; # stride 5

0000000000 VIMAODCOOVIMA O VFAD VR13, VR1L, VR12

VST VRI13, a; # stride 5
000000000000000000000 .
e DIDDO V(LVy)DOOD 100000000 VLD VR0, pit3 # stride 5
VFMP VRA41, VR40, VR33
00000000000000000VOO0O00 VLD VRAZ giss 4 stride 5
00000 t(V)=ts+t,-VOOOO00OD0O0O VFAD VR43, VR41, VR42
00 ¢, 000 ¢, 0000000VIMAODOODO AfT VR43, aiy3 # stride 5
en (o)

0000 L(>1)000000000 L-t(V)0
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Fig.6 Vectorized unrolled code.
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Fig.7 Execution of the code of Fig. 6.
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Fig.8 Theoretical estimation of unrolling on model V.
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* — stepl
doi=1,V
Vi = q14(i—1)-B
Ui = P14(i—1)-B

enddo
doj=1,B-1
doi=1,V

Vi = P14j+(i—1)-B " Vi T q14j4+(i—1)-B
Ui = P14j+(i—1)-B " Wi

enddo
enddo
* — step2
doi=1,V
G;.B = Ui - Q(;—1).B + Vi
enddo
* — step3
doi=1,V
Wi = A(;—1)-B
enddo
doj=0,B-2
doi=1,V

Wi = P14j+(i—1)-B " Wi + q14j+4(i—1)-B
A14j+(i—1)-B = Wi

enddo
enddo
() D00D00OD
* — step3
doj=0,B-2
doi=1,V

A1 4j4(i—1)-B = P14j+(i—1)-B " Aj+(i—1)-B
Fq145+(i-1)-B
enddo
enddo

(b)) D00OD0 wOOODODOOO step3

09 000O000000000O0oOoooOoooo
Fig.9 A fast algorithm for first-order linear recurrence.
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Fig.10 Dataflow of the fast algorithm.
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# — stepl
VLD VRO, @1 # stride N/V
VLD VRI1, p; # stride N/V
VSTt VRO, v # stride N/V
VSTt VRI, u # stride N/V
doj=1,N/V
VLD VR2, pji1 # stride N/V
VFMP VR3, VR2, VR1
VLD VR4, gjt+1 # stride N/V
VFAD VRO, VR3, VR4
VFMP VRI1, VR2, VR1
enddo
VSTH VRO, v # stride N/V
VST VRI, u # stride N/V
# — step2
VLDf VRO, v # stride N/V
VLD! VRI1, u # stride N/V
VIMA VRS, ag, VR1, VRO
VST VRS, a’i+N/V
# — step3
VLD VRS, ag # stride N/V
VSTt VR6, w # stride N/V
doj=0,N/V -1
VLD VR7, pji1 # stride N/V
VFMP VRS, VR7, VR6
VLD VRS9, gj41 # stride N/V
VFAD VR6, VR9, VRS
VST VR6, aji1 # stride N/V
enddo
VSTt  VR6, w # stride N/V

t000 000000000000 000O

011 09000000D00OO0O0OOO
Fig.11 Vectorized code for Fig. 9.
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o= (o) (1] (F-1)2)

== 2 < .
sy tLty (V<VeDOOoo)

U00000000000 trese OO
2Sfast :Cfast’tc(v)
TN 3
= (gprr+s) Lm
(V<VygOOO)O (5)
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0 (5)0000000000000000000
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Yy 00000000 2Vu/t(Ve) 000000
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00DV >Vy;0000000000000000
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ts =10 x 107°[0)0t, = 1 x 107°[0]
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Fig.12 Execution of the proposed code of Fig. 11.
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Fig.13 Execution of the code of Fig. 9 where V> Vp.
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Fig.14 Theoretical estimation of fast first-order linear

recurrence algorithm on model V.

000000000000000000000000
000000000000000000000000
00000000000000000000 Ovr1280
vr256 0000 00000000000000000
NODOODODODOODOOODOO0Ovr1280 vr2s5600
00000D0000000000000000000
00000000000000000000000)/
0000000000
43 000000000000
00000000 NOOODOOOOOOOOO0O
0000 VOOO BOOOOOOODOOOOODO
0 V/OBO0100000000000000000
00000000000000000V 0000 Vi
0 NOODOVy O NODOOOOOOODOOOOO
0000000000000 9(:)00000000
000000000000000000000000
0ooooooooo
00000000000000000000
000000000000000000
(1) V<VygOOoOoo
(2) B~ |N/V|]0OOO BOOOOOOOO BO
00000 B—B-10000 BOOOOOOO
(3) R—«N-B-VOOOOR>00000
(4) R=00000B <0,V «— 0000000
R>00000B <3000V« |R/B'| DO
000000 1<R<2V-10000V' <V O
000

o 09(a) 0D0O0D0OOODDOODOODDOOOOOOOODOOO
oOoo00oO0000Oo0O000000O0000000000oooO
0000000000000 NECSXODODOOOOO SHORT-
roorpuooOooOOoOoOoOOO0DOOO0OD0OOO0OOOOOOO
ooooooooooooo

Apr. 2002

015 000000000000000000000
Fig. 15

Naive parallelization of the recurrence algorithm.
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