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Block Red-Black Ordering for Parallelized ICCG Solver
with Fewer Synchronization Points

TAKESHI IWASHITAT and MASAAKI SHIMASAKIt

A use of parallel ordering is one of typical strategies for parallel processing of the Incomplete
Choleskey Conjugate Gradient (ICCG) method. While various parallel ordering techniques
have been proposed, “the large-numbered multi-color ordering method,” which is one of the
most effective techniques, achieves both fast convergence and high parallelism. In addition to
convergence and parallelism, the present paper considers synchronization points in parallelized
ICCG method. Consequently, a new parallel ordering, “block red-black ordering,” is proposed
for a parallelized ICCG solver with fewer synchronization points and a high convergence rate.
The new method, which has only one synchronization point in each substitution, attains ap-
proximately the same convergence as the large-numbered multi-color ordering method. In the
method, nodes in an analyzed grid are divided into several blocks, and red-black ordering is
applied to the blocks. Several blocks are assigned to each processor and the substitution is
carried out in parallel. For evaluation of the new method, we perform analytical investigation
by means of the ordering graph theory and computational tests on a scalar parallel computer.
The analytical investigation shows that a convergence rate can be improved by an increase
in the block size. The analytical study also presents the optimal block size that depends
on the number of processors. Computational tests show that the proposed method attains
both fast convergence and effective utilization of data cache on scalar parallel computers and
that it achieves a 14.3-fold speed-up by 16 processors on an finite difference analysis with
approximately 106 degrees of freedom.
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Fig.8 Convergence behavior in multi-color ordering
method.
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Fig.9 Convergence behavior in block red-black ordering
method.
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32 x 32 2 760.5 997 1.49
32 x 32 8 167.4 994 6.78
32 x 32 16 85.4 997 13.29
64 x 64 2 662.0 985 1.71
64 x 64 8 158.3 990 7.17
64 x 64 16 79.5 992 14.3
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ooo oooo oooo oooo
ooo (sec)
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8 176.6 1267 6.43
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Table 3 Computation time of one ICCG iteration (msec).

OO0 | MC | MC | MC | MC
ICCG | (4) () 8) | (16)
1180 1807 2493 3213 3179

BRB BRB BRB
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Fig. 10 Speed-up in block red-black ordering method.
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A1l 00000O0O0OO0OO0OO
00000000000000000000000
y=D'(r—Ly)00000000000000O
000000000000000000000000
0000000000000O0

myid: 000000000

ntr(myid): 00 0000000000000

ntb(myid): 00 O000O0O0OO0OCOO0OO0OO

rbs(myid, inrb, 1 or 2): OO0 O00O0O0O0OO

x, y0OOOO (0O nx-1, 0 O ny-1)

rbe(myid, inrb, 1 or 2): OO0 OOO0OO0O0DOO x, y
oooog

bbs(myid, inrb, 1 or 2): OO0 O0DO0O0O00O0O %, y
oooog

bbe(myid, inrb, 1 or 2): OO0 O0DOO00O00O0O x, y
oooo

' 0O00ooao
' ooood

do inrb=0,ntr(myid)-1
llx=rbs(myid,inrb,1)
1lly=rbs(myid,inrb,2)
rux=rbe (myid, inrb,1)
ruy=rbe(myid, inrb,2)

1001
y (11y*nx+11x)=r (11y*nx+11x) /diag (11y*nx+11x)
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y(1)=(r(i)-b(i-1)*y(i-1)-c(i-nx) *y(i-nx) &

' 00 11 -b(i)*y(i+1))/diag(i)
do i=lly*nx+1lx+1,lly*nx+rux enddo
y(1)=(x(i)-b(i-1)*y(i-1))/diag(i)
enddo ! 00O VIII
ii=ruy*nx+rux
1 00 III y(ii)=(r(i1)-b(ii-1)*y(ii-1) &
do i=(1ly+1)*nx+11lx,ruy*nx+llx,nx —c(ii-nx) *y (1i-nx)-b(ii)*xy(ii+l) &
y(i)=(r(i)-c(i-nx)*y(i-nx))/diag(i) -c(ii)*y(ii+nx))/diag(ii)
enddo
enddo
100 (D0 13080 13000)

do iy=lly+1,ruy
do ix=11x+1,rux (00 1402013000)
i=iy*nx+ix

y(1)=(r(1)-b(i-1)*y(i-1)-c(i-nx) *y(i-nx)) & 00 OoOoooooo

/diag(i)
enddo 004600000 1000000
enddo Oo00o0o0ooooOoooooooa
godooooo 1oooooooao
enddo
goooooboooooooood
’?ﬁg?ﬁ“ 00000 12000000000
]
' OO000o0o0o0oooooooobooooooooo
do inbb=0,ntb(myid)-1 000000D0000D0oooooooOodOoAMG
11x=bbs(myid,inbb,1) OO0o0000oo0oOooooooooooooooog
1ly=bbs (myid, inbb,2)
rux=bbe (myid,inbb, 1) 0000 MIEEED0OOOO00O AEMOOOOO0O
ruy=bbe (myid, inbb,2)
== OO0 OO0o0ooooo
L ogv i
do iy=11y,ruy-1 ﬁ’nﬁw 001800000 4600000
do ix=11x,rux-1 Ty [0000000000000O000

4

i=iy*nx+ix

& 3
(D)= (x (1) -b(i-1) %y (1-1)~c (i-nx) ¥y (i-nx)) & W<y 0[DOOO046000000D000
Jdiag(i) ‘\sf /.DDDDDDDDDDDDDDDDDD
enddo o 0000000000000000
enddo 000000 90000000000000000
00 v 000 MO00000000000000000000
do i=ruy*nx+llx,ruy*nx+rux-1 000000000000 00000000o0oo0O

y(1)=(r(1)-b(i-1)*y(i-1)-c(i-nx) *y(i-nx) &

S (i) wy (i) ) /diag (1) 000000000000 0000000D0O0DOO

enddo 000000000000 D0000OODooooo
R 0000000000000 OACMOIEEEDSIAM
' oooQg

do i=lly*nx+rux,ruy*nx+rux-nx,nx




