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An Automatic Integration Scheme for Infinite Range
Integrals Involving Bessel Functions

FENG Sut and TAKEMITSU HASEGAWAT

Let order v (real) Bessel functions J, (z) and Y, (x) be such that M(z) = J, (z) + Y, (z) =
e'®g(x), where g(z) is infinitely differentiable for all large 2 and is non-oscillatory at infinity.
With the given appropriate expansions of M (z), we develop an efficient automatic quadrature
procedure for numerically computing the infinite range integrals of the form fooo Ju(wz) f(t)dt
(v = 1/4), where the function f(¢) is smooth and non-oscillatory at infinity. The procedure
involves automatic schemes used for Fourier integrals and for the product type integration and
the modified W-transformation due to Sidi used for computing oscillatory infinite integrals.
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Table 1 Computed results for the integrals Inty, Inte and Int3 involving Bessel

functions Ji /4 (wz).

e=10"0 e=10""Y e=10"12
Present QOoura Present Ooura Present Ooura
Int.| a w N error M N error N error M N error N error M N error
1/4101 2-10°°% 6[103 2-1078 [141 3.10°1T 9[154 81072 [201 1-1071% 11209 3.10~1°
1/8 1 | 82 2:107% 6[102 2:1078 |124 1.107'2 9|154 9.107'2|152 1-107'% 11|209 3.101°
4 | 66 21008 6| 51 1.107% | 88 2.107'2 9| 77 5.107'2|116 1-10°' 11|105 4.1071°
16 | 47 5-1072 6| 51 1-107% | 71 3.10°'2 9| 77 6.107'2| 95 2.10°™ 11|105 4.1071°
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16| 31 21008 5| 51 1-107'1| 39 5.10°'* 9| 77 7.107'*| 49 2.1073 12|105 1.10716
(x+1)/2)0000 -1 <z<10000000 0000®,(z) 000 [-1,1] 00000 py(z)0 O
0c¢c=5000000000%(x) 00000000 ooag pN+N/U(x)DDDDDDD[ID[I[I RxO OGO
000 py(zx) (21)00000 pyinse(z) (31)00 00 Rnt+n/o00 2(e2/3)/(Tmagrir — Tmiqr) (¢ =
000000000 Ry 4300000 Ryinye 0,1) 000 2(e2/3)/(xm —c/w) (¢=-1) 00000
(44)00 2€1/(c/w) 000000 Opy(x)D 0000 0000000000000000

Prnin/e(z)00000000000000

00 F(Kq)(g = —1,0,1) (1990000 ¢(¢)
f(g(wt) DO0DDOOODO0 o) 0000 ¢ = 00000000000000000000000
0,1 0000 Py(z) = p((Tmtgr+r — Tmiqr)T/2 + 0 J(wz)(v =1/4) 00000000 [0,00) OO
(@mtarsr+Emiqr)/2)000 ¢=—-10000 ®y(z) 00500000 Inty = [[° fal2)Jo(we)dz(v =
= o((Tm —c/w)z /24 (Tm+c/w)/2)00 0000 00 1/4) (n = 1,2,3,4,5)'7000000000000
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Table 2 Computed results for the integrals Inty and Ints involving Bessel functions Ji /4 (wz).
e=100 e=10" e=10"12
Present Ooura Present Ooura Present Ooura
Int. a w N error M N error N error M N error N error M N error
1/4]117 2.107%  6]101 4.107% [153 3.10~11 9[153 2.10- 11 [201 2-107% 11209 7.10~1°
1/8 1 | 82 11008 6[101 3.107% [120 2.1071 9|153 1.10711|168 1.-1071* 11|209 5.10718
4 | 72 1-100% 6| 51 11078 | 88 7-107'2 9| 77 7107|112 2-107'* 11|209 3.1071°
16| 45 11008 6| 51 81077 | 67 4.107'2 9| 77 4.107'2| o1 2.107'* 11|105 3.10°1°
1/4] 85 2.107% 6[101 4-107° [109 3-10~F 9153 210711 [145 3.107™* 11[209 5.10~T°
4 12 1 | 62 11008 6| 51 21078 | 92 4.10712 9| 77 1107|116 2-107'* 11209 4.1071®
4 | 50 31079 6| 51 1.107% | 68 81072 9| 77 6.-107'2| 88 1.10°' 11|105 4.1071°
16 | 37 9-1078 6| 51 3.100° | 47 5.107'2 10| 77 2:107'2| 75 2.107'° 113|105 1.1071°
1/4] 69 2.107% 6| 51 2:107° [ 93 2.10°% 9| 77 1.107 M [125 2.1071% 11[209 6.-10°1°
2 1|5 6107° 6|51 221078 76 510012 9| 77 8.107'2|100 3-107'* 11[105 6-1071°
4 | 40 2:1008 7| 51 4.100° | 64 4-107*2 10| 77 3-107'2| 84 3.107'5 13|105 2.10°1°
16 | 31 1-1072 5| 51 3-10719| 43 2.107' 10| 77 1-10783| 72 1-107'* 114|105 3.10716
1/4] 61 2:10°° 6| 56 3-10°° | 81 1-10°19 9| 84 1107 [115 2:10° 1% 11113 4.10"1°
—3/4 1| 50 1.107% 6| 56 2.107% | 70 2.107'2 9| 84 8.107'2|100 2.107'* 11|113 3.1071°
4 | 52 1.1008 6| 56 11008 | 68 7-1071 9| 84 6-107'2| 92 9.10715 11|113 2.10°1°
5 16| 39 2:107° 6| 56 9.1072 | 55 3-107'1 8| 84 4.107%2| 75 8.107'* 10|113 1.-1071°
1/4| 53 1.10°% 7| 52 9.10°% | 71 91072 9f 78 5.107 M| 95 7.107™* 11[106 3.10 1%
—1/4 1 | 44 3.107° 7| 52 3.107%| 66 3-107'3 9| 78 2.107'1| 80 3-107'* 11|106 1.1071¢
4 | 42 810710 6| 52 1.1078 | 60 4-107't 8| 78 6.-10712| 84 9-107'° 11|106 4.1071°
16| 37 1.100% 6| 52 4.107° | 47 9.107'2 8| 78 2.107'2| 63 4.107'* 10|106 1-1071°
1/4| 55 2-10°7 7| 51 1.10~7 | 77 810~ 9| 77 6-10711[115 9.107™* 11[105 4.10"1%
—1/8 1 | 46 2-107% 7| 51 4.107% | 58 2.107'' 9| 77 2.107''| 88 4.107'* 11|105 1.1071¢
4 | 44 51009 6| 51 1.100% | 60 5-10°' 8| 77 6.107'2| 76 3.10°'° 11|105 4.1071°
16| 35 8102 6| 51 3-100° | 47 91072 8| 77 2.107'2| 63 3.-107' 10|105 1.-1071°
1/4| 57 3.10=7 7| 51 2-10°7 [ 79 1-10°1Y 10| 77 1-107'W[115 4-107™ 12[105 6.10° 1%
1/8 1 | 46 21078 7| 51 4.107% | 58 2.1071 9| 77 2.10711| 88 4.107'* 11|105 1.10714
4 | 42 1.1008 6| 51 81072 | 60 5-10°'* 8| 77 5.107'2| 76 2.10°' 11|105 2.1071°
16 | 35 2:100% 6| 51 2.1072 | 45 1.107'2 8| 77 1-100%2| 63 1-107'* 10|105 5.10716
1/4] 61 41077 7| 51 21077 | 75 110~V 10| 77 1.1071%[115 2.107%° 12[105 5.10° 1%
1/4 1 | 48 2107 7| 51 3.107% | 66 9.107*2 9| 77 2.107'1| 88 4.107'* 11|105 1.10714
4 | 40 2:100% 6| 51 61002 | 60 4-10°'F 8| 77 4.107%2| 76 3-107'* 10|105 2.1071°
16| 35 21078 6| 51 11072 | 45 5.107%2 8| 77 8.107'3| 63 5.10°'° 10|105 3.10716
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Intlz/ 1/(a* + a®)2J, (wz)da

0

=1,/2(aw/2)K, j2(aw/2),

a>0,w>0,

Intgz/ exp(—ax)J, (wz)dz
0
w ' (Va? +w? —a)”

a>0,w>0,

Intgz/oo exp[—(a® + 2*)'/?]
. Verz

=L3(5 (b= 1)Ko (5 (b+1)),

b=+v14+w?2 a>0 w>0,

T

Bl v+1
Inty= —
* /0 2 + a?

Jy(wz)dz

Jy(wz)dr=a"K, (aw),

a>0, w>0,
Int5:/ z*Jy (wx)dx
0

a1 D(1/24v/24a/2)
N1/2+v/2—a/2)’
—v—1<a<1/2, w>0,

=2%
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