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Error Analysis of Recurrence Technique for the Calculation
of Repeated Integral of Bessel Functions J,,(x)

TOSHIO YOSHIDAT

The repeated integral frn(x) of Bessel functions J,(z) can be expressed by
frn(2)=27)/(r — 1)! Zzio (r+k—1!/k" Jrjnior(x) (r > 1). The approximation to
frn(x) is obtained by substituting approximations to J,4y42x(x) computed by recurrence
technique into the truncated form of the above expansion. In this paper, we describe the error
analysis of this method and give an estimate of error.
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Table 1 Py, 1 (2),Ee, ¥ n,m(z),Ey and Eg — Ey for x = 10,n = 0 and m = 30
where Eg is estimate of @ () and Ey is that of ¥y n m(x).

(a)y r=1 (b) r=2 (e)r=3
Approximation 1.06701130395638 - 10° 4.94137434149069 - 10* 4.94137434149069 - 10*
Relative error —3.33.10713 —3.55-10713 —5.10 - 10712
By () 1.75-10718 1.75-10718 1.75-107 18
Eg 1.57-107 13 1.57-10713 1.57-1012
Py (2) 5.09 - 10713 5.30 - 10713 5.27 - 10712
Ey 4.56 - 10713 4.75-107 13 4.72-1012
Dy i ()= Ty () —3.33-10713 —3.55-10713 —5.10 - 10712
Eg — Ey —2.99.10713 —3.18-10713 —4.57 10712
(d)yr=5 (e) r =10 (f)y »=20
Approximation 3.92142136392223 - 102 2.02699448166748 - 10% 3.71794886755064 - 10*
Relative error —5.25-10" 1! —5.73-107° —2.78 -107%
Dy (T) 1.75-10713 1.75-10713 1.75-10713
Eg 1.57-10713 1.57-10713 1.57-10713
Dy () 5.27 1071 5.73-107° 2.78 1074
Ey 4.72 .10 5.11-107° 2.38-1074
Doy o (€)= Ty () —5.25.10" 11 —5.73.107° —2.78 1074
E¢ — Ey —4.70-10~ 1! —5.11-107° —2.38-107%

02 z=50r=20000 & m(z) 00000000 Eg 000 @ ppm(z) 000
00000 Ey 000 $ppn(2)— Yron.m(z)0 Es — Eyg
Table 2 Py 1 (2),E¢, ¥r n,m(x),Ey and Eg — Ey for x =5 and r = 2 where Eg
is estimate of @, ,,(x) and Ey is that of ¥, , m(x).

(b)yn=2 m=18 (e)n=4 m=16

(@) n=0 m =20
Approximation 5.21445527685530 - 10°
Relative error —4.96 - 10712
By () 1.65 - 10712
Eg 1.55- 10712
Uy () 6.61 10712
Ey 6.23 10712
Dy ()= Vrom,m () —4.96 - 10712
E¢ — Eyg —4.68-10712

2.85926173422604 - 10°
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Table 3 m for computing f, ,(z) with 16 significant digits.
n=20 n=1 n=2 n=23 n=4
T r r r r r
1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
1 14 16 16 13 15 15 14 14 16 13 15 15 14 14 16
2 18 18 20 17 19 19 18 18 20 15 17 19 16 16 18
3 22 22 24 19 21 21 20 20 22 19 21 21 18 18 20
4 24 24 26 23 23 23 22 22 24 21 23 23 20 22 22
5 26 26 28 25 25 27 24 24 26 23 25 25 22 22 24
6 28 28 30 27 29 29 26 26 28 25 27 27 24 24 26
7 30 30 32 29 31 31 28 28 30 27 29 29 26 26 28
8 32 32 34 31 31 33 30 30 32 29 31 31 28 28 30
9 34 34 36 33 33 33 32 32 34 31 31 33 30 30 32
10 36 36 38 35 35 35 34 34 36 33 33 33 32 32 34
20 52 52 52 51 51 51 50 50 52 49 49 49 48 48 50
30 66 66 68 65 65 65 64 64 66 63 63 63 62 62 64
40 80 80 80 T 79 79 78 78 78 75 77 T 76 76 76
50 92 92 94 91 91 91 90 90 92 89 89 89 88 88 90
60 104 104 106 103 103 103 102 102 104 101 101 101 100 100 102
70 116 116 118 115 117 117 114 114 116 113 115 115 112 112 114
80 128 128 130 127 129 129 126 126 128 125 127 127 124 124 126
90 140 140 142 139 139 139 138 138 140 137 137 137 136 136 138
100 152 152 154 151 151 151 150 150 152 149 149 149 148 148 150

00000 Vol.35, No.5, pp.917-925 (1994).
6) 0000D0000$MO00 000000 0

p.22500000000 (1968).

7) Andrews, G.E., Askey, R. and Roy, R.: Special
Functions, p.200, Cambridge University Press,
Cambridge (1999).
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