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PETHZILERINA T4 v IREE I bDT
Hb, TIUVRGEE BARENICE % 2 HETH 5,

AFHSEER & LTl Coq b R flibN T3, Agda
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FHBEEHEZER L -a~y Fick 3820 &
L7fEWTid 2 X9 >Tw 5, GEHIERR O Hilik
%nEF, ZOMXY BBEITKD,

Z 2Tk Agda TOREHD SR L CHEG. FEIC,
Monad % fH\»%, Monad ZHf#$ 27202, Agda
BEDIHIMZ 20, 22 T2 2 Agda TDOWD
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2. ANIC&BEEHA

Agda TOFFHDFEBIZ A B HIIZ, RicH
%59 B OWTHRRTA L I,

BOEDOARITIIFE 3R D TR ICEhr T 5,
Monad % Hf3 % 7 &2k, B (Category)., B
F (Functor), HAZH (Natrual Transformation),
Monad 237 §BIF & HARAZLIOWE 2 BfiE L T,
Haskell ® Monad @ join DAL HI

f*(g*h)=(f*g)*h

PILT W

ZEFHT 2 2 EHERL E L K9, T 2Tl Intro-
duction to higher order categorical logic Z & L T
Mz,

B oE#IZ

Definition 1.1. A concrete category is a collection of two kind of
entities called object and morphisms. The former are sets which are
endowed with some kind of structure, and the latte are mappings,
tha is functions from one object to another, in some sense preserv-
ing that structure. Among the morphisms, there is atteched to each
object A the identity mapping 14: A — A such aht 14(a) = a for
all a € A.  More over, morphims f: A > B and g : b — ¢ may
be compoosed to producue a morphism gf: a — ¢ such hat (gf)a() =
g(f(a) for all a € A.

Lo Tw%, 22T, ZOMIPGERPEEL
DTEHCT, HRASHEICX2ERL, HLTRT
Agda TOEHRZNHZIE2-0ITRLTWS, B
IZ. object (%) & morphism (#) ZFi>Tw 3,
I CHEELZDIZ, (ghal) = g(f(a) VI FEEDE
#THD, ZITlE. object ¥ morphism 2¥[H> I
o EDFThRV, Agda TIRMIAHE, H5L L

DEAIIK S, MFOERIT

Definition 1.3. A cuntor F: A — B is first of all a morphism of
graph, that is, it sends objects of A to object so B and arrows of
A to arrows of B such that, if f: A — A’ then F(f):F(A) — F(A’).
Moreover functor preserves identities and compisition; thus

F(la) =1r(A), F(gf) = F(9)F(f)

ThH., WREFDZODEMRIC & Y HFIERS
NI hbrd

FIARAH D E 1T

Definition 2.1. Given functors F,G: A — B, a natural transfor-
matin t: F — G is a familty of arrows t(A): F(A) > G(A) in B, one

arrow for each object A of A, suc that the following square commutes

2014.1

for all arrows f: A — in A. that is to say, such that

G(Ht(A) = t(B)F(f).

EHEIPNTV L, INMMAPZIRT S LI,
DELRTH 6 TIREEL W,

X 51T, Monad 3BT T £ o0 AREBOMT
HYLUTDLEIITEEINTNLS

tiny Definition 6.1 A ‘51"1ple(T7 n, 1) on a cate-
gory A consists of a functor T: A — A and natural
transformation 1: 14 = Tand p:T? > T satifying
the equation

nmoln=1T=pnonT,pxouT=npnol pn

&&")TV)Z)O u_\_VC %?T Eﬁmﬁfﬁn@’%
BT n OEHIE
(T n)(A) = T(n (A))

(n T)(A) = n (T(A))

ThHD, IS DHEEX, KAVEE DD R
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Az, BHCERZ - T3 ARTIcE» T
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ERIZ, oD 10 BFREORICK S,

INSDERDHIEHT ERE L DL, join DFES
HTHY, join ZLATD L) IFiBE N3,

g * f =def 1 (A)T(g)f

DlEDERIZH L T,

£*(g*h)=(f*g)*h
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ﬁ%%waéo%#mﬁi@mﬁ X, oK
PR EN TS, Ziid, XEICK ZIEHDFRT

1$525 %% polymorphic (Zffibits 2 <‘: ZRLTW5,
DF D, ZNPERIN LI K o TH7 2 B
LT3,

2.1 BEF&EAH. BARZTHRLE [EAH

BTFIREZDED DB DD, Monad DD 5
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X, XFDOEEDVH - RIS, XFINR 7 74 V=il
5@; XFDEAIHLUT 2B 15, 774 VDE
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T2 L, HAZEZ T — 5D 5 57— 5 FIAD 4
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%39, FlZIE, SIISD7 74 LH 5 UTFE D7 7
A IWACEWT 27075 L nkf 13, HREWE LEZ
5B, FEBE. 7 7ANDS T 7 A VADEE, Hl A
13X grep 3% o 7zRfIZ, SJIS T SJIS MIED grep %
f#i>TH 5, nkf TUTFS DFERICEHT 2D L,
IZ nkf T UTF8 I2ZH#2 L T & UTF8 MIED grep #
5 D ERERIIFE U ThITFIUER 5 %\, Tl
HEThh, HRAERTH 271 0D5MIh%, 22T
1Z AR B BE UTFS % SJIS ORICHYS T 3,
grep word — nkf -w

nkf -w — grep word

CCTRERIFALTHZRELD, HIHZED grep 1&
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G(H)t(A) = t(B)F(f).
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fix, 2O8BEIE nkf TH 2,

D& BREDOFI A BIRIEERED S 13 H
TIhW,

L L, SIACTEELZDIZ, BETORMET2BTD
ShGERE . BAERORET 2 FEHITH D, 2
DA D ARG EBIZ A3 R v,
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2 HARETH V. Haskell Monad @D return (ZHHY
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f*(g*h)=(f*g)*h
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g* (fxh)=gx(uC)T(f)h)
= u(d)(T(9))(r(c)T(f)h)
= u(d)T(g)pu()T(f)h

(@ (AT = p(d)Tp(d)
w(T(d)T?(g) = T(g)p(c) naturality of .
(

w(d)Tu(d)T?(g) = p(d)u(T(d)T?(g) = u(d)T(g)pu(c)

LIELRY
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T2(d) &Y 72 (7(a)) 9 T2 ()
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Monad DEFED 5 HWHIZ join DFEAEAIZEL X
IBETNEEZLDL T EIZEEL VWS, EHEE KD
BB THPYRT v, L, 6% e
%%, ZIT, AEHSER BRI L BbNng,

6. Agda

T 2Tt Agda X o LIBT3, BIAILY O
X3h TV, Agda & Haskell &R U & 9 7k
XEFOAROESTH S, HlZIX, Agda D List %
DTFokIicks, 22 TH Agda DFIEIZY TR S
ZEMWTE S,

infixr 40 _::_
data List {a} (A : Set a) : Set a where
[] : List A

-iio: A — List A — List A
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ZAUZH LT append D70 75 LIFLTD XIS
%5,
infix]l 30 _4+4-
++4-: V {a} {A: Set a} — List A — List A — List A
I ++ ys=ys
(x = x8) + ys = x = (x5 ++ yo)

Zo7u 7 M, Haskell DEFREIZIZFAL TH
%, Haskell &EEWIIERZEMKET S 2 LITTE R,
F 7z, List DHEFEDOR A 23 Set & L THRI LT
%, D data List 2% List O 7 — ¥ 2 E&KL T
W%, append & +4 TEZRI NS,

2% 0., Agda TlE, —ODBKEEERT 2 DIC,
B E BB 2 E# T 208D H %, Agda DI,
F72, Agda DX TH D, ZNHEOROFEA M)
I, OOHAWMEERT DI, - THEER
LC, =T, ZDfE%EHRT %,

Haskell 1L #7220 Agda Tl&, HEXUCH L
bDrETL, ZNLTENEMS AT L 2R>T
W5, Bogddhic b MoBEANH D, fHiX, Z20ilid
INTHNHEET 20N H 5, DF D, Agda TD
BOBEIF—DOXDERICHN L CEfTbnhs Il L
275,

data T filed DEIZ I N—F vev F v T E2ED
ENTE, ZOHAIR. [ & oo DZODGANT
2o T3, @ FPESHEEFTHD.

_i_(a,b)

&

(a:: b)

FHELCbDZEFRL TS,

oA (AR B ) Ik 2Rl B
DEFKE . (ANBI-HIRD) TR SN2 B
N5,

ald, BEOGIETH D, WHHTIRHZHIRT 5
EWTES, TITIE, FHEDOLVEIFERICEG 2T
W3, V D THLEPMERED a TR D D
ZERBEWRL TS,

Agda TIXESD/NT Py 7 A% 570 ITES
DELIZ—2D FOL XIVDE/ITLR S, Set a lZL
)V a DESIZHE S, Set (suc a) X, Set a D—D
LEovvofiseRd, 22 TR, FREOLLD
HEHITHT B List ZE&EL T3,

infix], infixr SHPESEETH D, - DGIEDAL
EHERT, a++ b DEBETIE _++_ THH. ++-
ab EFRLCbDEERLTVS,

6.1 dataBlEfFE->&ES

Agda I21F, S EFIFRETPHRIERIND D,
[ Uz £TDICIE data BDMfEHIN S,

infixr 20 _==_
data —==_ {A : Set } : List A — List A — Set where
reflection : {x : List A} = x == x

FUCH%Z ZDOUWRTES 1D T — DY reflec-
tion ZHMET %, TIUIFFOKHE a= a ICHY
9%, data @ filed D reflection &, FFDaA v Ak
TIIREEZEZLILENTESL, DD, a% 525
Eia==a W) T—IHEZET, U, a==
a DFEANZRIGT 2 A TH H > T, Curry Haward
RIS 9 5,

ik, FEEEIC X, Relation .Binary .Proposi-
tionalEquality T =_ £ L TEHEEINTWEDT,
HOTERT 208380,

data B DfIZ record H D, Z D append DY
BTIEHb 023, PHLIRZ £ T 7 — & s & ft
L. BCHTFEZEET S L2TE S,

7. Agda TOIEHEAE

Agda |& Emacs & L TR S 112 2 & VE
I TWw5, Emacs 2% backend TH % agda % i)
L <. Emacs L C#HAFE%ZITI,

71 7 OEVWA

Agda TlE, £9, 7 74 V&HiAAA C-L (agda2-
load) £ 9% L, BERDOMMBF v 7 S, TR
Ins (K7.1),

eat

a

ec:

fa] (A : Sst a) : St a uhere
[
tA-List Ao ListA

++
3) TA rSeta) » List A+ List A5 List A
Hys = ys

ttys = x o0 (ks ++ous)

1 list-1

THELLERO % 7 TEESHAD L, 220
FRmERL TS,
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8. List @ append D#LE&EERIDEERE

AEHIC I, FTREHT A REX A/ E L TERT S,
ZOM%E 5.2 2 X ADNEHIZ % 5 DD Curry Howard
MNIETH 5,

list-assoc : {A : Set } = ( xs ys zs : List A ) —
((xs ++ys) 4+ 2s) == (xs ++ (ys ++ 25 ) )

list-assoc = ?

list-assoc (¥, AJTE LT A D list #HL%, ZL
T, WEBENZERTEA (2R LT -G ==

) #BF, ==_ 1. AL b0H6 LaES I LIRT
E0,

7,
70 : {A] : Set} (xs ys zs : List Aq) —

xs 4+ ys 44 zs == xs ++ (ys ++ zs)

EWIHRIE L Agda DA TS NBH, T, EF
I REMEZIRLTWRZTTIHOE Y FTidks
W,

List 1¥, =2® field 227 — I WiEH DT, Z
NEBEATTTEIENTES,
list-assoc [] ys zs = 7

list-assoc (x i xs) ys zs = ?

Z Ui, Haskell DY —v 2w F LRI TH
%, S,
20 : [ 44 ys ++ 28 == [ ++ (vs ++ 25
71 x o

xs ++ ys ++ zs == x 1 xs ++ (ys ++ 2zs)

El %, 70 DHFIE, A+ DEE ([ ++ys=ys
)5 ys ++ zs 1L 5, Z#UE, Emacs @ 70 ki
A=Y NzabE T,

A yszs =[] ++ ys ++ zs
Aoysazs =[] ++ (vs ++ zs)

%, ZNZN C-n (normalize ) $5 &, Mi/j,

A ysy zsy = ysy ++ zsy

RS, DFEVMHLIRAL SDHBDT, ==_ D2
VA b T 7% reflection ZfE> THERTE 3,

list-assoc [| ys zs = reflection

DF D, list-assoc [| ys zs DMZ LT 5 DD re-
flection T&H V. list-assoc [] ys zs 13 ys ++ zs ==
ys ++ zs TbdH 5,

71 x

xs ++ ys ++ zs == x : xs ++ (ys ++ zs)

DHIZ. 44 Db H—DODINY — v % fH 5 P
Hs, ZHoDMHAIE, Cn Z2lioTd
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A xq xsy ysy zsp — xq ¢ (xs] 4+ ysy 4+ zsq)

A oxq xsp ysp zsy — xq = (xs1 ++ (ys1 ++ zs1))

ERD, ZOFFEFTRFAICIKIE RS RV, L2L, =
DHHDEFIHHHT 2REREFECTHB 2 Likb
M5, List 3—2% < ZoTWw3DT, TaEBEIZEE
HENTWIREALZLTRY, [| OHEDOFEIIEE
Ho>TWVBEDT, kR SIFiFHEh T3, o
Eh, BAHDEWH.

(xs1 ++ ys1 ++ zs1) == (xs1 ++ (ys1 ++ zs1))
I3 list-assoc xs1 ys1 zs1 £DDDIZH% D, H L,

FICHDIZ xs1 % append LTHRILTHS Z &P
AEHTEIUE RV, DED,

eq-cons : ¥ {n} {A :Set n} {xy: List A} (a: A)>x==1y > (
anx)==(a:y)
ZIFHTENER WV,

ZD7HITlE, congluence Zffi), T, WU A
INCF U A RS ETHORLICA S L) RIS
5, ZE, ITO L) ICEEHI NS,

congl : V {a} {A:Seta} {b} { B:Setb} —

(f: List A > List B) > {x: List A } - {y : List A} > x ==y
- fx==fy

congl f reflection = reflection

Z T, congl DIRAIDGIBUIMEH S 2% f T,
TOHDBBE x ==y LWIXTH S, x==y T
==_ DT —IKHE T, reflection &\>9 field ZFio
TWw5,

congl f reflection

(=S

list-assco [] ys zs

ERU ANy —v=vF Il %, reflection DY
Ex==x%DT, x==y vy FLERIC x¢&
y LI NTHCDBDICE S, AL bDEDT,

fx=="fx

EWVHZ reflection ICK > TIEL Z L TE S,
3T congl DAFHNTEZ LTk B,

fiz A x> (ax=x) 29 & eqcons ZFEHT
&5,

eq-cons : V {n} {A :Set n} {xy: List A} (a: A)
>x==y—>(aux)==(a::y)

eq-cons az = congl (A x—= (a:x))z
AR 7 Al 1

list-assoc : {A : Set } = ( xs ys zs: List A ) =

((xs++ys) ++2s) == (xs ++ (ys ++28))
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list-assoc [| ys zs = reflection

list-assoc (x :: xs) ys zs = eq-cons x ( list-assoc xs ys zs )

EWIFEILE B, Fakhe, JHUIAICHEART
WEIRE AW, Agda TIRHERHANIC X 2 BRE
eI THARTWICT 2 2 EHREIC R > T
w3,

9. ALK
BREW M) £, ZOIAHBIUTDLI Tk B,

4 4-assoc: ¥ {n} (L :Setn) ( xsyszs: List L ) —
(xs ++ ys) ++ 25 == x5 ++ (ys ++ 25)

++-assoc A [] ys zs = let open ==-Reasoning A in
begin — to prove ([] ++ ys) ++ zs == [ ++ (ys ++ zs)

(0 ++ys) ++ zs

==( reflection )

ys ++ zs

==()

0 ++ (ys ++ 2s)
|

++4-assoc A (x :: xs) ys zs = let open ==-Reasoning A in
begin

((x :: xs) ++ ys) ++ zs

==()

(x i (xs ++ ys)) ++ zs

x i ((xs ++ y8) ++ 28)
=={( congl (::- x) (++-assoc A xs ys zs) )

x i (xs ++ (ys ++ 2s))

(x i xs) ++ (ys ++ zs)

#HAD ==( congl (i~ x) (++-assoc A xs ys zs)
) RETERIN TS, ==(reflection ) I, D
2 L CTivens, W5z 2 Bh o UIERE
THEIRITHEPTZEEL TS, ==() £EL L
b TE 5,

9.1 HAER DI

COHAEHEKE S Agda Tl I N T3,

module ==-Reasoning {n} (A : Set n ) where
infixr 2
infixr 2 ==(_)_ .==()_

infix 1 begin_

data _IsRelatedTo. (x y : List A) :
Set n where
relTo : (x~y : x == y ) - x IsRelatedTo y

begin_ : {x : List A } {y : List A} —
x IsRelatedTo y = x ==y

begin relTo xxy = xRy

2014.1

==()_: (x: List A ) {y z : List A} —

x ==y — y IsRelatedTo z — x IsRelatedTo z
- ==( x~xy ) relTo yxz = relTo (trans-list xxXy yxz)
==()-: (x: List A ) {y : List A}

— x IsRelatedTo y — x IsRelatedTo y
- ==() xRy = xRy
B (x:

List A ) = x IsRelatedTo x

A _ = relTo reflection

Z3UF List HHORE %2 EFH L T\ 5, trans-list
1. List TOERDOZBGREICR>TWw3, T,
ML AN S,

trans-list : V {n} {A : Set n} {xy z: List A}

S X==y o y==2"2>X==212

trans-list reflection reflection = reflection

relTo 25, &L K %2 RELEX 2> TWwC, Gt
DRBEETRT B _ D, ZBEETEY > TRTD
FEAPEL W E2ERT B, RERIC
IsRelatedTo_ % _==_IZ&¥1T 2%,

BAEVIEREOEFERIMEZ 20, AoHICHA RS
RARLTHEI TR, BT 2w ER D
—HEICER T 2 AR,

Agda @ module IZ1Z51%D3H D | BEERDG1E D fli
I ENTES,

begin_ 7%

10. record D{EWH

data 1% constructor 29 553, record IZEFH
WEDHFEZR R T, UTRY Ik 3BDEETH 3,

record IsCategory {cy co £ : Level} (Obj : Set cy)

(Hom : Obj — Obj — Set cg)

(_~-: {A B : Obj} — Rel (Hom A B) ¢)

(o-: {ABC:Obj} > Hom B C - Hom A B — Hom A C)
(Id : {A : Obj} — Hom A A) : Set (suc (c1 U cg U £)) where
field
isEquivalence : {A B : Obj} —
IsEquivalence {cg} {£} {Hom A B} _~_

identityL : {A B : Obj} —» {f: Hom A B} = (Id o f) ~ f

X2

identityR : {A B : Obj} - {f: Hom A B} > (fo Id) ~ f

o-resp-~ : {A B C : Obj} {fg: Hom A B} {hi: Hom B C}
>fxg—>h=xi—>(hof)~ (iog)

associative : {A B C D : Obj} {f: Hom C D}

{g: Hom B C} {h: Hom A B}

~ (fo(goh)) = ((fog)oh)

22T, BoEZEMWa AT 7 ¥ IsCategory
IHIZEINT WS, 2L, BN TIHE (23H) 23
field 12512 X 11T\ %, IsEquivalence (&, library ©
EBEINTVLEHOEFRHL T3,

field 1& data BIE ¥ D, WREAT 7L AT 2T
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JY R LTS, DT, record field X, 7%
F—vIZREAL e, BREL LS, TRV %
TRTCERT HMHENH 2, 20, BTHLI L%
AT AHE2 TR T I EE2RTHELRD S,
Bl 21X,
isKleisliCategory : IsCategory ( Obj A ) KHom _~_ _*_ K-id
isKleisliCategory = record { isEquivalence = isEquivalence
; identityL = KidL
; identityR = KidR
; o-resp-~ = Ko-resp
; associative = Kassoc

}

D X I 1T record DHT filed Z RHWEERT %,
(KidL % &1, BICE#EN T2 LT 3)

record Z AJNTfES & filed 1, TRTURESI N
%, DD, filed IZER L 72 E 2 R OB INFE R
RETSDZ LIS, 72DT, record . AN
ZERT B DITHEVLTY B,

Z 2T, Hom ZED arrow TH D, WR%Z D5
BE LMPOEAZETHEKE L TERIN TV S,
~_ X, arrow DHEFED, data BIE L TITERS
T T, Rel (Hom A B) ¢) &7Z%->Tw5,
Z#Z. Relation.Binary.Core IZEZR I LTV TC,

Rel : V {a} — Set a — (£ : Level) - Set (a U suc £)

Rel A=A — A — Set ¢

EoTw3, 2D arrow EHL k) ICEET
EZEINTVE, TITIE A LWHTRIZESH [ #%
ZoRb, o £EEZRTEETHDL, ToHw
T, arrow IZ1F _=_ 25 2 L TE R, SR
(FCHDICRUCBABZFEMIETOLHEL ) X, =_
ERELTVWDZDT, ZOBDEHRTIZ. SREEZH
IS Z 3 TE R, b L. arrow 25 Set THi
. HrviE, ~o - = 2RETHE. =_ %
I EWTE S,

11. infix operator

infix operator IZIZfEE D Unicode Z{#9 Z L 23T
g, BEo Lwilgzii) 2 EHRRICE > T 5,
Z Ui, Agda ?% monomorphism R EiETH 5729
12, MofAaabE I 402 HET 2 051D
ZIRDECTRRICERNIC 72 > T B,

associative : {A B C D : Obj} {f: Hom C D} {g: Hom B C} {h
. Hom A B}

~ (fo(goh)) ~ ((fog)oh)

Ti. _o_ % infix operator TH D, _ DFIHEIEL
OREUINZEL NS 5T 2R L Twb, Lo L, o i,
record Wi CER I LT\, record ? parameter

2014.1

OB ER>TW5S, FHEE, Category.o_ &,

A abc— Category.-o-

EVIHIBZR > THT, 58z =2F>Tw5, &
WDHIEZ record TH D, RD 2%, Hom (arrow)
TH5, DT, ¥4, infix operator ZEHEL TH,
record DT ) RFITIE, FIBBTHTLE ), 2
7T,

[0 : ¥ {c1 g £} — (C : Category ¢q cg £) = {a b c: Obj C} —
Hom Cbc—> Hom Cab— HomCac

C[fog]= Category.o.C fg

RELERTHILDPDHE, 2T, BCopT
DDA TH 2 Z L3brh, RRbREICE S,

Z D C X, module parameter 123 2% &, IEERD
e LT 2 EMTE, 2T import Category
T, _o. ZAKD infix operator & L THERL
T, T2 LATES,

12. record TOZEHDNE DFEIR

record Bz AJTCTH ) BE 13, record DI,
record TERI N B HFIIMEEZ ER L IRHCRE -
TWEBHENH 5, field IZFED 5 DX BIECT
FaxnRck B0, 21U, record DIWETITHRRT
b0, HADSIRET LI LIFTE R,

I record %Al & L CTEZRT BIFICIZ, record D]
BUIHETE T, field DEDAZIEETE %, record
DFIHUZ field DHRFDORDOFIDSPE 3,

BT % record TEHT 2RI, DD (WRD
HIR FObj £ H OB FMap) & field & L TERT
%, record IsFunctor TIZBIFD AT & HIITRIGT
% =D DL record DT> TV 5, — T,
record Functor TIZBIFD AT & BTGS2 =
DDEIZ record D field IZ%2> T3, ZDXkHIc
B CHBUAIRE R BT 5 L, HE LT field &,
NELELTD field 27BET 22 L3 TE 5,

fllZ. AJ1E 72 record DEIBUCERT 2 E TF
RTD, ZOHDFEIZH LT record BFET 55 &
WIFERIZZR D, AJ1E 7S record @ field IZEdub 9
% &, Trecord X, ZDMDMEEERT 5, kD,
BOT, ELHICHIRT 2 0hDRIEKRE,

record IsFunctor {cq cg £ cq’ co’ £’ : Level}

(C : Category c1 co £) (D : Category c1’ cg’ £°)

(FObj : Obj C - Obj D)

(FMap : {A B : Obj C} - Hom C A B > Hom D (FObj A) (FObj
B))

: Set (suc (cq Ueo UL Ucy’ Ucy’ U L)) where

field

~-cong : {A B: Obj C} {fg: Hom C A B} —

Clfag]—D[FMapf~ FMap g ]
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identity : {A : Obj C} = D |
(FMap {A} {A} (Id {-} {-} {-} {C} A)) = (1d {-} {-} {-} {D}

(FObj A)) ]

distr : {abc: Obj C} {f: Hom C a b} {g: Hom C b c}

= D[FMap (C[gof]) =~ (D[FMap go FMap f] )]
record Functor {cq cg £ c1’ cg’ £’ : Level}
(domain : Category ¢y cg £) (codomain : Category c1’ cg’ £°)
: Set (suc (c] Weg UL U ey  Weg' U L)) where
field
FObj : Obj domain = Obj codomain

FMap : {A B: Obj domain} - Hom domain A B - Hom codomain
(FObj A) (FObj B)

isFunctor : IsFunctor domain codomain FObj FMap

13. Agda TWREEFATERZWVWHD

—JEDFEHT, EEEHTE 2 i, postulate
EHOTIKELTLE) L) HEXBH S, £/, it
BT E TR VBT Z ATNCHRINZEEA L TH R, ?
TIET % &, ZZDEAPDOBERIRI NS KEDS
b5,

Wiz, Agda DSFEEHDE D > 7 EFRR (fild =7 —
EFRRLEWV) ELTH, INSDAHI N TRV
FHBE-THB LD D,

Agad IFEBEHERIETH D, FEHTE 200
KO0 H 5D, ZNLIINEL THREOEV, ZD X
9 RAmED—2F, AT OBIBOMEETH 5,
Extensionality a b = {A : Set a} {B: A — Set b} {fg: (x: A) —
B x}

S (Vxofx=gx)of=g-o(Ax>fx=Ax->gx)

DFhH, BATOMEICOVTHELVEL EES T, Z
DB BEGAD (= OFEKT) FLWwE W) T LEFE
HT2Z EIFTERY, 2, KETZ20ENH S,
BIEMRE Tld 72  FEBRITHER SN T0 2 b D 61F,
C DIREIZLE 2,

ZORIFZ, Agda DI A 77 VISR I LT T,
W7 51X Z % postulate THUTE >,

Rel TERINIEFEANS, =28 ZEHTE
7, b L, BoFEPEARSIEHO%ERIE =T
ERINDIRERZDOT, UTZEELTHRY, 5
WIZTBZRERDH B,
postulate ~-= : { ¢ co £: Level} { A : Category cy cg £ }
{ab:ObjA}{xy:HomAab} —

(xmy: Alxmy])>x=y

KHL 23 PBEETH D I E2ERTZDT,
TR EG 2RO L CEEHT %2, {TEOHE
WRLT, 2 & BBV E% e L CREE 9 2 2038
WBH 5,
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F 7. BEDUNDOBIRIZN T 2 SR D Bl CIEE
WTE e, Pl ETFoARMER. BIITIZRD
MWD T, BUND & 912 IsFunctor DA E T3
WD B,

~-cong : {A B : Obj C} {fg: Hom C A B}

- C[fxg]—>D|[FMapf~ FMap g ]

F7-.

a b : Set

DEEIC, a =b FHEATE R, =_1%. #o
PHEALHD (x = x ) ICHLTERTESZDT, &
W6 Bz AR D H 2 b DITIZEAL L 2\, Al
Mo, BB ZLETHELIFE, LHFEL VI, i
ZAXLAT OKHBEIF @ Full embededing 1,

FObj YonedaFunctor a = FObj YonedaFunctor b > a = b

COWTHHT 3 Z LIZTE R, WEG%Z EERIC
WEET 32 LIk o TLEEHTE R\,

14. Agda TDT/N\v Y
Agda IFETT 5 2 EBHNDZIETIIR LD T,

TNy Ay R4 NVBL I —IC L TORTIH,
X 7—ZMEHTH D,

BRI X L7 —Th b, Agda lF, IZLAEDY
&, MmOy IcEARHEKT S, Rt > =D
miflc A28k 5, 4L () & DARTH S, 22
AWV E—DDRER LRI N G, x=y T x=y &
VI —ODERTH B, Zhd, REEBICHKMNT 3
REICIEEEAP TV, 72, S F % Unicode DFEL
SEHBIEAS L VIR H B, LirL, EBEIC
i, X7 —ORPEFEADAINENTH 5,

b)) —DODL T —RFHOABETH D, T,
Emacs L THRTERINS, PEADOET % 2TEE
Wz, Z22I2H 2 REHLDODOHIPIRINE DT,
ZE AU R, USRI R S
I7—TbhH5s,

Bzl ZBEBIIRAINTRVEAD LT —
TH %, record D field WEZRINTHRVLDIZ, ZC
NDOZEPBHE LG AT EIL, ZFOE S BEOTER
INb, TNk, record DIRVEFTRI LI LD D
D, FRPDIEEL W,

COHEI, FTT2I T T IO EE IR
ThHd, THUTKDIRRT 22038 %, BTN
HUKRRZ, a oL LTEET %,

FALbDz#EYELRYT 2 2 L, FEo7a s
7 L TOERZEHOLTTIT) LIk 5D TEE
L%\, Agda THRILZEWEZ S, ZDDIC
Agda (T1X module 23% 5,

module |21 parameter 2% V. Z#1% module H
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THBRDOAE LTS 2 v Tc& %, — KT, ikH
T EREICKICHRIN D 2 RO T & L CEdb
LTHRW, EB56I1T500%, Agda @ Monomor-
phism 2> 53K % 23 H 5,

Agda i3—2D7 7 A VDT, Bix 3 BofFOR
BIIR L 2001 TH 208D 5, MHHEiL2FLC 4
HIOBZES 2 LI TE R, Z4iE, module %
Bl 2MCEBRIFOINT I ENTERVEV) Z L
ZHMWT %, module parameter Tlx7 <, {4 DX
DAITTUZE, module ZEERIMFOH T4 7 <
%5,

WEERDEEUIEF] T 223, LT & Agda DA E
VRN L, GEHOF 2y 7 05EL 7B, Z OB,
BRI ERICEZ D LR BAGEDH 5,

15. B\ D Bl

ZZETT, BoEE: BMToEEEH-oTE L,
HAREWDERIE, UTDLH kD,

record IsNTrans {cq cg £ ¢y’ cg’ £° : Level}

E}_Lt

(D : Category cj cg £) (C : Category c1’ cg’ £7)
(F G : Functor D C )
(TMap : (A : Obj D) » Hom C (FObj F A) (FObj G A))
: Set (suc (c;p Ueg UL Uecy’ Ueg’ U L)) where
field
commute : {a b: Obj D} {f: Hom D a b}
> C[C[(FMapGf)o(TMapa)]~ C|[(TMapb ) o (FMap
Fill
record NTrans {cq cg £ ¢’ cp’ £ : Level}
(domain : Category o cg £) (codomain : Category o1’ co’ £ )
(F G : Functor domain codomain )
: Set (suc (¢c] UWeg UL Ucy” Ueg’ U L)) where
field
TMap : (A : Obj domain) > Hom codomain (FObj F A) (FObj G
A)

isNTrans : IsNTrans domain codomain F G TMap

R, MR & 9 7 AR G T 5
F(a) 2% F )

lt(a) lt(b)

G(a) 57 GO)

SETERU EIICTOICHITTERL TV,
INZEfE->7T, Monad OFESMHEDREHZ LT D &
HINATHI T EDTE S, £F Monad ZEEKT 5,
record IsMonad {cq co £ : Level} (A : Category cq cg £)
(T : Functor A A )
(n : NTrans A A identityFunctor T )

(#: NTrans A A (T O T) T)

2014.1

: Set (suc (¢ U cg U £)) where

field

assoc : {a: Obj A} > A[ A [TMap # a o TMap # ( FObj T a )]
~ A[TMap 1 a o FMap T (TMap u a) ] ]

unityl : {a: Obj A} > A [ A [ TMap ¢ a o TMap 1 ( FObj T a )

~ 1d {-} {-} {-} {A} (FObj T a) |
unity2 : {a: Obj A} > A [ A [ TMap i a o (FMap T (TMap 1 a
NI
~ 1d {-} {-} {-} {A} (FObj T a)]
record Monad {cy cg £ : Level} (A : Category ¢y cg £)
(T : Functor A A) (7 : NTrans A A identityFunctor T)
(1 : NTrans A A (T O T) T)
: Set (suc (c; U cg U £)) where
field
isMonad : IsMonad A T n u
—gOf=p(c) T(e) f
join: {ab: ObjA} > {c: ObjA}—
(Hom A b ( FObj T c)) » ( Hom A a ( FObj T b)) > Hom A a
( FObj T ¢ )

join {_} {_} {c} gf=A[TMap tt co A [FMap T gof]]

1d ORIROIBE, T~ THET 208555 5, F
CEREE EVE

join M h (join M g f) & join M ( join M h g) f

Ths, ZOFMHBEUTDOLI A,
~hO(g0f)=mOg Of
Lemma9 : { abcd: Obj A }

(h: Hom A ¢ ( FObj T d) )

(g: Hom A b ( FObj T ¢) )

(f: Hom A a ( FObj T b))

— A [join M h (join M g f) ~ join M ( join M h g) f]
Lemma9 {a} {b} {c} {d} hgf=
begin
join M h (join M g f)
~()
join M h (( TMap ## co ( FMap Tgof)))
~()
(TMap # do (FMap Tho (TMap ## co (FMap Tgof))))
~( cdr ( cdr ( assoc )) )
(TMap # do ( FMap Tho (( TMap #t co FMap Tg)of)))
~(assoc) — (fo(goh))=((fog)oh)
((TMap # d o FMap Th ) o ( (TMap # co FMap T g) o f))
~( assoc )
(((TMap ¢t d o FMap T h ) o (TMap # c o FMap T g) ) o f)
~ 1 ( car assoc )
(( TMap #t do ( FMap T ho ( TMap st co FMap T g) ) ) o f)
~( car (cdr (assoc) ) )
((TMap £ do ( ( FMap T ho TMap ¢t ¢ ) o FMap T g) ) of)

=~ ( car assoc )

65



55

(((TMap t do ( FMap Tho TMap ¢ c) ) o FMap T g ) o f)
~( car (car ( cdr ( begin
( FMap T h o TMap ¢ c )
~( nat p )
( TMap 4 (FObj T d) o FMap T (FMap T h) )
|
) )
(((TMap # d o ( TMap # ( FObj T d) o FMap T ( FMap T h
))) o FMap Tg)of)
~ 1 ( car assoc )
((TMap # d o (( TMap # ( FObj T d) o FMap T ( FMap T h
))oFMap Tg))of)
~ 1 (car ( cdr assoc ) )
((TMap ## d o ( TMap s ( FObj T d) o ( FMap T ( FMap T h
)o FMap Tg)))of)
~ 1 (car (edr (cdr (distr T ))) )
((TMap # d o ( TMap ¢ ( FObj T d) o FMap T ( ( FMap T h
og))))of)
~( car assoc )
(((TMap # d o TMap # ( FObj T d) ) o FMap T ( ( FMap T
hog)))of)
~( car ( car (
begin
( TMap # d o TMap u (FObj T d) )
~( IsMonad.assoc ( isMonad M) )
( TMap # d o FMap T (TMap ¢ d) )
|
D)
(((TMap # d o FMap T ( TMap ¢ d) ) o FMap T ( ( FMap T
hog)))of)
~ 1 ( car assoc )
(( TMap ¢ d o ( FMap T ( TMap # d ) o FMap T ( ( FMap T
hog))))of)
~ 1 ( assoc )
(TMap # do ( (FMap T ( TMap # d ) o FMap T ( ( FMap T
hog)))of))
~ 1 (cdr (car (distr T )) )
(TMap ¢ do ( FMap T ( ( ( TMap # d)o (FMap Thog)))
of))
~0)
join M ( ( TMap t# d o (FMap Thog))) f
~()
join M ( join M h g) f

B where open ~-Reasoning (A)

Z 2T, assoc I3HDOARDIEEE 2> T, K
EEWLCHBIEERLTVDS, nat 1 1k, ARE
iy D commute HAZIFRHL T35, ~ 1 ()
L E DR, ~() IZTEA Y 5 LT U BA
R G2 oM TH 5, distr T 1EEF T 04l
HWHITH %, car & cdr 1F, FEIRD L LD OBTERS

2014.1

HERAEI 28 3 5 2 L 2”9, begin/m DREH
BANTICT 2 2 e TE T, NOREDHITICH L
T HEHL LT 22 L TE 2,
INHDERIIUTDOLIITB->TV S,
module x~-Reasoning {c] cg £ : Level} (A : Category cq cg £) where
o.:{abc:ObjA} (x:HomAab) (y: Hom A ca) — Hom
Acb
xoy=A[xo0y]
~_:{ab: ObjA}— Rel (Hom A ab) ¢
xxy=Alx~y]
infixr 9 _o_
infix 4 _~_
refl-hom : {ab: Obj A} {x: HomAab} —>x~ x
refl-hom = IsEquivalence.refl
(IsCategory.isEquivalence ( Category.isCategory A ))
car : {abc: ObjA } {xy: HomAab} {f: Hom Aca } —
x~y—>(xof)=x(yof)
car {f} eq = ( IsCategory.o-resp-~ ( Category.isCategory A ))
( refl-hom ) eq
cdr: fabc: ObjA } {xy: Hom Aab } {f: Hom Abc } —
xx~y—>fox=xfoy
cdr {f} eq = ( IsCategory.o-resp-~ ( Category.isCategory A ))
eq (refl-hom )
assoc : {abcd: Obj A}
{f: Hom A ¢ d} {g: Hom A bc} {h: Hom A a b}
~fo(goh)~ (fog)oh
assoc = IsCategory.associative (Category.isCategory A)
distr : { cq cg £ : Level} {A : Category cq cg £}
{c1” cg” £ : Level} {D : Category c1’ cg’ £’}
(T : Functor D A) > {abc: Obj D} {g: Hom D b c} { f: Hom
Dab}
- A[FMap T (D[gof])~ A [FMap T go FMap T f] ]
distr T = IsFunctor.distr ( isFunctor T )
open NTrans
nat : { ¢; cg £: Level} {A : Category cy cg £}
{c1” cg” £ : Level} {D: Category c1’ co’ £’}
{ab: Obj D} {f: Hom D a b} {F G : Functor D A }
— (n : NTrans D A F G )

> A[A[FMap G foTMap na]~ A[TMap n bo FMap F f]

nat n = IsNTrans.commute ( isNTrans 0 )

IsMonad.assoc ( isMonad M) I%, Monad D#iér
AfEbN T LT TH 5,

COFEHIZ, bBEAAFTOIEH, EHE X IR
ER—TH 3., ZDdHZ RS & Monad OEIHIC
I, BEAHDOAREMESTWE ZLBbh %, ARE
Hap Akl 2 &, T O4yEiHlZ o> Tw
2285,

FEHZOAHRS D REVH, 22 TOAD
WIE Agda SEEICZ > TRESTW S, F74, F
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HZBREL TR, 7 2o/ B—{LANERE &
%, ROEETIZ, ad-hoc BidEnfEb s, FE
B, Tk, HOBBENROBEBTHRL T 23fibin
TWEH, 23 aUhoTns, 2tk n?
ik, Zie ) OEE %R BENH 55, Agda T
& FMap, FObj 7 ETHRINIZX I I N T 5,

16. Agda OB

Agda % Haskell OF§Z & OIS S D | Haskell
ZHI>TwiuE, OFFHEER L D TR TV E
Bbnsz,

APLHDOFEHE R D,
ZEAETRTEGEHL % LAEH D5

FEHDSERED D D> B
U fEL
2,

RPN Z2 W2 2 L8 TE 20T, AWIDONK
MEBETE S, RICRALBE2ME) 2L XD, FEHD
W E LT E 5,

Wk B2HE—~L ICKDiFHE RO 2 2 &8 TE
%, Lo L., Agda ZHEILT 2 HEWNT LA EHE
LD T, TXRCAFTIHAT 206805 %,

Monomoprhism 23% ., MFRLEFE2EATS
EDILLfTbT\w» 3, X512, record EFER mod-
ule ERITEREDDH O, FEHIZERD TREARZ b D
1272 %, module % # D F {9 DISHCHEHZ LG T
B EREEL Y, AEBTIER . ARk ) EREE
BT 285413, Coq & FBRICHRZRTEDEEE
HizZ->TLE ),

Agda \ZFFICBEFROFPICAVGTE D, Monad %
Kan extension % [FFHH & LT, BT 272012136
MchrEBbns, LarL, iHZEMATZ Z L1
B HR ST 5 8 L3RRS, EE EFLEM
g 5L LDEBD D, BimOhald, ETNMIES
77 THH, BTIOUIICHFET 2 2 L LFEHD S HfE
TEIEDX vy FIINE 0,

Bl 212, BAE o ik, SR LS Y e Al
MWTHY, 205 —v 2T 5 2 EBHRS R
MRS Lici 3,

HC Agda CiFAZHEEE T 2 2 L1k, DX
. HEVIEFFEMEO L) RboTh D, ZRAKDS
MR E LT CNTws, Thid, EEn ey
BREERE ) AR5 T0 B, EEE, Agda D
)%y —nkETH, BEXEFHET IR EDHE
T, FeAio 2z Litiud, Bere s 3 2
EWETER, Agda 1, ZOBRICEE 227 —%1F
LTS NBEDT, RAGHBEPIC I LITE S,

SEHDORFRE & 87— iF. FREARDSECETEE
HOEMMITdH . Agda 25 Z Lick b, 2D
BHIZOT NG T EBARE L, AREHO A%
TR CRER T2 2 LA b T 525, Agda
TR & Z2huR, BF L ARLOKD Y —

2014.1

vERD,

Monad % Hf#$ 2 DI, join DFEEMEZHET 2
ZEPREPEVIE, ZOLHI BRI EIERY, L
A, ZNUDPEETHSH I EETRL TS HEHIZAD %
W, L2l

o T 2PF (F— i)

o return HAZ N (0T L)

o join HARZE iy (70T T L)

&) S & BRE L 72 1 1uUE, Monad %l 9 B
FHMRTE R\, FEEE. Monad IIRRL X)L E XS
LAV OXGHE (BEFEREF) DB 7z b DIz o
T3,

17. SEOER

Agda 13, Emacs ICEEICRE D\ 7o 2360 2 GEH
SRR, B0 7v 7 v JiciRs L A7
W7 DI BB HE L 5, 1 HICH T 517
% 100 FTOSRFUCIT . BE L W TIE—A1TICEH
P05 LbH B,

Bz MR T 2 DI Agda WERITH S Z Lidb
fJ’O 7”’75\ Iz AN (B2 18)Haskell © 7 1 7

WIGHT 2 12iE, AN, & % WIREIEBREEN %
3?’\4‘7 TH 5,

#lZ 11X, Monad X, #DilAGHE% Monad I
T2 DLV EBHSNTY 5, Monad Dffl
AEbE HEIE, Haskell TEN 223, fladbE7
join 23, JL®D join &, E)BIRD B0 %R T DIFEE
LV, ZNZRTICIE Agda 7 ED T AT LDMEITAL
Db s,

S, X512 Agda TOREEROIEE D 2 Lt
i, EANAR 7077 LAoEHER D 2 DIC Agda
(BDVIE, THUTHEBIL T AT L) MEZ 2029
PEFARTOLSFETH S,
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