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and KATSUMASA WATANABEf

Even though quantum computation is useful for solving certain problems, classical com-
Thus, it is significant to compare the abilities
of quantum computation and its classical counterpart, based on such a simple computation
model as automata. In this paper we focus on the quantum pushdown automata which were
defined by Golovkins in 2000, who showed that the class of languages recognized by quantum
pushdown automata properly contains the class of languages recognized by finite automata.
However, no one knows the entire relationship between the recognitive abilities of quantum
and classical pushdown automata. As a part, we show a proposition that quantum push-
down automata can deterministically solve a certain problem that cannot be solved by any

putation is more powerful in some cases.

deterministic pushdown automata.

1. Introduction

In computational model theory, some quan-
tum counterparts of classical computational
models, such as quantum finite automata, have
been proposed. These restricted quantum Tur-
ing machines may tell us the essential power
of quantum computation, that is, the gap be-
tween quantum and classical computations. In
particular the considerations of quantum fi-
nite automata)?) and quantum counter au-
tomata ?)~6) are conspicuous. In general, the
quatum computational model is considered to
be stronger than the classical one, however, the
power of the quantum computation varies ac-
cording to the setting, e.g., 1 way quantum fi-
nite automata are properly weaker than 1 way
classical finite automata®. In this paper, we
focus on quantum pushdown automata, QPAs.

QPAs were introduced by C. Moore and
J.P. Crutchfield?, but the authors were ac-
tually dealing with generalized QPAs whose
evolution does not have to be unitary. Thus,
M. Golovkins ' reintroduced QPAs including
unitarity criteria. The author showed that
the class of languages recognized by finite au-
tomata is properly contained in the class of lan-
guages recognized by QPAs, and further that
QPAs can recognize some languages that can-
not be recognized by deterministic pushdown
automata, DPAs. Specifically, QPAs can rec-
ognize:

e cvery regular language with probability 1;

e amnon-regular language Lo—p={w€ (a,b)" |
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|wla = |wl|p} with probability 1;

e anon-context-free language Lo—p—. = {w €
(a,b,¢)* | |w|a =]|w|p =|w|c.} with probabil-
ity 2/3; and

e a non-context-free language Lo = {w €
(a,b,¢)* | |w]a = |w|p x0r |W]s = |wl|c} with
probability 4/7,

where |w|, denotes the number of occurrences
of a in the string w.

His results show that bounded-error QPAs
can be more powerful than DPAs. It remained
open whether QPAs can be more powerful than
classical pushdown automata in a fair setting,
i.e., both in a bounded-error setting or both
in a deterministic setting. In this paper, we
answer the latter case affirmatively, that is,
QPAs can be more powerful in a determinis-
tic case. We show that there exists a prob-
lem that can be solved by QPAs determinis-
tically, but cannot be solved by DPAs. This is
the strict gap between the power of QPAs and
their classical counterpart. The problem is a
promise problem and cannot be directly related
to a language. Instead, we use the setting that
there are “acceptable”, “rejectable”, and “don’t
care” inputs, and discuss whether the accept-
able and the rejectable are correctly recognized.
Promise problems are discussed to show gaps of
the power of quantum Turing machines. The
Deutch-Jozsa promise problem ') and Simon’s
problem '), for example. And also sometimes,
in the automaton model ») and communication
complexity 1617

Our main idea utilizes the Deutsch-Jozsa al-
gorithm 'V to construct a QPA that can solve
the problem. Pop operations, which delete the
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stack top symbol, are restricted in QPAs since
delete operations are not unitary in general.
Therefore, it is not trivial to employ the algo-
rithm. For the proof that the problem cannot
be solved by DPAs, we utilize the generalized
Ogden’s lemma '¥. It should be noted that we
need to modify the lemma for our purpose since
it is a promise problem.

This paper is organized as follows: following
this introduction, Section 2 defines QPAs, their
configuration and behavior. Section 3 defines a
certain problem and constructs a QPA that can
deterministically solve it. Section 4 introduces
the generalized Ogden’s lemma and shows that
there are no DPAs that solve the problem. Fi-
nally, Section 5 describes conclusions and future
outlooks.

2. Preliminaries

2.1 Definitions

We cite the definition of QPAs, which are
called simplified QPAs, from Ref. 10). “Simpli-
fied” means that the moving directions of the
input tape head are always related to the next
visiting states. We also cite the definition of
their configuration and evolution.

Definition 2.1. A Quantum Pushdown Au-
tomaton, QPA, is defined as the following 8-
tuple. A= (Qa %, T, qo, Qaccu Qrej7 D, 6) is spec-
ified by a finite set of states Q, a finite input
alphabet ¥, a finite stack alphabet T, an initial
state qo € Q; sets Qacc C Q7 Qrej - Q Of ac-
cepting and rejecting states, respectively, with
Qacc N Qrej = ¢; a fUTLCt’iOTL D: Q — {la _>}7
where {|,—} is the set of directions of input
tape head, remaining at the current position or
moving one cell forward, and a transition func-
tion 6 : @ xT' x A x Q@ x A" — C, where
['= X U {#,8} is the input tape alphabet of A
and #,$ are endmarkers not in 3, A = TU{z}
1s the working stack alphabet of A, and z ¢ T
1s the stack bottom symbol. O

The transition function is restricted to the
following requirement:
If 6(q,, 8,q',7) # 0, then
(1) |r] <2, and
(2) TepT*if|r|#0.

Definition 2.2. The configuration of a QPA is
denoted as |c¢) = |v;qjvk, 1), where the automa-
ton is in a state q; € Q, vy, € #X*$ is a finite
word on the input tape, 7 € ZT™ is a finite word
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on the stack tape, the input tape head is above
the first alphabet of the word vy, and the stack
head is above the last alphabet of the word 7;. O

Let C be the set of all configurations of a
QPA. Set C is countably infinite. Since ev-
ery configuration |c¢) denotes a basis vector in
Hilbert space Ha = l2(C), a global state of A
in space Hy has a form |[¢)) = > a.|c), where

ceC
a. € C denotes the probability amplitude of a
configuration |c), and Y |a.|? = 1.
ceC

Definition 2.3. Let |c) = |vgjovg, iT). A
linear operator U, is defined as follows:
Uale)=
6((1]7 0,T,q, T/) ‘f(|C>, q)7TlT/>7
(a,7)€Qx{e,A,A?}
where f(|vigjovi, TiT) ,q
vigovy, if D(g)="1"
vioqug, if D(g)="—

For QPA A= (Q7 27 Tu q0, Qacca Qrej> D7 6)7
we define Cacc = {|Viqj1/k;7—l> € C‘Qj € Qacc}a
Crej = {lvigjve,m) € C | ¢; € Qrej}, and
Cnon = C\ (Cacc U Crej)- Eacc; ET€j7 and Enon
are subspaces of H 4 spanned by Cycc, Crej, and
Chon, respectively. We use the observable O
that corresponds to the orthogonal decomposi-
tion Ha = Egee ® Erej @ Enon. The outcome of
each measurement is either “accept” or “reject”
or “non-halting.”

The computation of QPA A proceeds as fol-
lows. For an input w € ¥* we assume that com-
putation starts with configuration |go#w$, z).
Each computation step consists of two parts.
First, linear operator Uy is applied to the cur-
rent state, and then the resulting superposi-
tion is measured with respect to the observ-
able O defined above. Let the state before the
measurement be Y a.|c), and then the prob-

= ’

O

ceC
ability that the resulting superposition is pro-
jected into subspace E;, i € {acc,rej,non}, is
> |ae]?. Computation continues until the re-
ceCy
sult of a measurement is “accept” or “reject.”

A QPA is considered valid in terms of quan-
tum theory if its evolution operator is unitary.

Well-formedness conditions.
(1) Y(q1,01,71) € QxT xA,
16%(q1, 01,71, ¢,w)[* = 1.
(q,w)EQXA*
(2) For all triples (q1,01,71) # (2,01, 72) in
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QxT x A,
> 0(qu, 01,71, q,w) X
(q,w)EQ X A*
5((12,(71,72,%60) =0.
(3) V(qi,01,71,72) € Q x I x A?,
Z |5(q70—177->q17w)‘2

(¢,7,w)EQ X Ax{e, T2, 7172}
=1.

(4) V(ql,()'l,Tl),(QQ,Ul,Tg)EQXFXA,VTgéA,
(a‘) Z 6*(QIvalaTlvan) X
(g,7)EQXA
3(q2,01, 72,4, 737) +
Z 5*(q170-177-17qa€) X
q€Q
6(q2501aTQaQ7T3) :Oa

(b) Z 5*(QI7017717(175)><
q€Q
5(q2’ 01,72, Q77—27—3) =0.

Theorem 2.1. Well-formedness conditions are
satisfied iff evolution operator U, is unitary.

Proof. See the literature ). O

Throughout this paper, we consider only uni-
tary QPAs that satisfy Well-formedness condi-
tions.

3. QPAs That Solve a Certain Prob-
lem Deterministically

In this section, we show that QPAs can solve
the following problem deterministically.

Problem I
[Input] A string w = 2%y%2%y' %2, where
% is a separator symbol, T = Z,Tp_1-*-T1, Y
= Y1Y2 - Ym, and z=z129 -2 are sequences
of n,m, and [ letters in {a,b, c}, respectively,
and y', 2" € {a,b,c}*. Let i be an index such
that 2129251 = y1y2 - -yi—1 and x; # y;.
Let j be an index such that zizo---z;_1 =
z129 -+ zj—1 and x; # z;. It is promised that
¥i,2j 7 a and w satisfies either of the following
two:

(Pl) Y=Y 1¥ir2 - Yml=m — 1,

2’| =zj+12j42 - 2| = 1—j, and i=j;

(2) |y'|#m —iand |2/|#1—j.
[Output] Decide whether the input satisfies
(pl) and y; = z;. In that case the automa-
ton accepts the input. If (pl) and y; # z;, or
(p2) is satisfied, the automaton rejects it.

Problem I is a promise problem and we use
the following setting : we decompose the set
of input strings into “acceptable,” “rejectable,”
and “don’t care” inputs, and we identify only
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Fig.1 QPA that solves Problem I deterministically.

the “acceptable” and “rejectable” inputs cor-
rectly.

Theorem 3.1. There exists a QPA that solves
Problem I deterministically.

Proof. We construct a QPA M = (Q, %, T, qo,
Qace; Qrej, D,d) that solves Problem I deter-
ministically as follows. @ = @ UQ_,, where
Ql = {QO7qi7q7Z~ej} and Q—> = {CI;} (1 <i< 4)
1 S] S 6)? Y= {a7bvca%}? T = {a7bvcau}a
Qacc = {Q2}7 Qrej = {Q47q7l«ej}a D(q) == if
q € Q_,, otherwise ‘|’. Transition function ¢
is defined as Fig. 2. Our main idea utilizes the
Deutsch-Jozsa algorithm V). We sketch out the
transition along with the algorithm:

0) 1)
fﬁ%{u\@(\o>—\1>)+|M1>(|0>—|1>)} (1)

U, Mo (0 FO)~1 @ F(0))+
M) (0 F) 118 FON), (@)
S(-1/O0) + (~1)/ OO 1))
2(10) - 1), ()
H

)OO e FONL, @
~ [(=1)7©@ 0y |1) if f is constant, 5
B {(—1)f(0) [1)]1) if f is balanced. (5)

Let My and M; represent 0 and 1, respectively,
and Uy : [1)]y) — |2)ly@ f(2)), where £(0) —
9(yi), f(1)=g(z;), 9(b) =0, and g(c)=1.

QPA M consists of two independent sub-
QPAs, My and M; (cf. Fig.1), which have
analogous behaviors. After reading the left
endmarker, M goes to the superposed state of
a1.4%, ¢}, and ¢f with amplitudes +3, —3, +3

29
and —3, respectively. Expression (1) is con-

2
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sidered to be this transition, e.g., |Mp,0) rep-
resents state g (to be exact, the configura-
tion at gf containing the stack information and
the position of the input tape head). My is
a subautomaton that starts in the superposi-
tion of ¢f and ¢?, searches for i such that y;
first discords from z;, and examines whether
[Yid1 - ym| = |¥'|. My is also a subautomaton
that starts in the superposition of ¢; and gf,
searches for j such that z; first discords from
xj, and examines whether |zjy1---2z| = [#/].
My and M; run simultaneously. As will here-
inafter be described in detail, My and M; go
to states ¢¢,...,qs at the same time iff i = j,
[Yi+1 - ym| =[], and |2i41 -+~ 2| = [¢]. Note
that if y;(z;) is b, the amplitudes of ¢i and g2
(g3 and ¢§) are +1 and —1, while if y;(z;) is c,
then —% and —l—%. These transitions correspond
to Exp. (2), that is, the application of Uy de-
notes the simultaneous running of My and M;.
For example, suppose that i = j, y; = b, and
zj=c, the configuration of M

SAad)~1a3)) + Clad)+ab),
corresponds to Exp. (2)

%{IM(D (10) = 1)) + [My) (|1) = 0))}. (6)

By applying the Hadamard transform to
Exp. (6), |1)|1) is obtained, corresponding to
q4, namely, a rejecting state.

Note that this algorithm successfully func-
tions iff condition (p1) is satisfied, since the two
sub-QPAs must be in the superposed state of
four ¢4’s at the same time and with the same
stack configuration so that the interference of
the second Hadamard transform is performed
well. Thus, M can properly handle inputs that
satisfy (pl). Before considering case (p2), we
illustrate the sub-QPAs (cf. Fig. 2).

Since they have analogous behaviors as pre-
viously described, we will explain only one of
them, My. Sub-QPA M,

(1) reads z and puts it into the stack, re-
maining at ¢ and ¢3;

(2) reads % and goes to the superposed state
of g3 and ¢3;

(3) keeps retrieving a stack top symbol one
by one at the superposed state until dis-
cordance between the stack top symbol
and the input letter occurs, namely, y; is
read;

(4) reads y; and pushes u into the stack, and
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goes to
(a) g3 from gi and ¢3 from ¢3 if y; = b,
(b) ¢ from ¢3 and ¢3 from ¢3 if y; = ¢;

(5) continues pushing a into the stack at the
states while reading v;41 - - Ym,

(6) reads %, goes to the superposed state of
qi and ¢7, and skips z at the state;

(7) reads %, goes to the superposed state of
¢t and ¢2, and keeps retrieving a stack
top one by one while reading 3/;

(8) reads %, goes to ¢ and g2, and skips the
remainder of the input.

Note that if the input satisfies (p1), My and
M; go to gi’s at the same time. Consider (p2).
If y; 11 - - - ym is shorter than y'; at step (7) sym-
bol u must show up at the stack top before read-
ing through ¢y’ and M goes to qi;j, namely, re-
jecting states. If y;41 - - - ypm, is longer, the stack
top symbol will never be u when reading the
right endmarker, and then the automaton goes
to qi;j. Remember that M; has a similar be-
havior. Thus it is easy to show that the input
satisfying (p2) leads both My and M; to the re-
jecting states; disagreement of arrival timings
have no need to be discussed. Therefore, M
accepts input (pl) and rejects input (p2) with
certainty.

Finally, we discuss the unitarity of the evolu-
tion of M. Obviously, the transition of M is re-
versible deterministic except for two Hadamard
transforms. Thus, it is straightforward that the
undefined transitions of  can be defined prop-
erly to satisfy Well-formedness conditions. [

Further, we emphasize that this theorem also
holds for 1way QPAs. Our QPA can be seen
as a lway QPA since the tape head always
goes right except when it reads $, or the finite
state control comes to the accepting or rejecting
state.

4. No DPAs Can Solve Problem I

In this section, we show that no DPAs can
solve the problem defined in the previous sec-
tion. We first present the generalized Ogden’s
lemma '), which is one of the most useful re-
sults to give a proof that a language is not
context-free.

Lemma 4.1. For any context-free language L,
dn € N such thatVz € L, if p positions in z are
“distinguished” and q positions are “excluded,”
with p > nTY, then Ju, v, w, x,y, such that z =
uvwzy and;
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)

Fig.2 The behaviors of the sub-QPAs. (o,7/7’) represents the transition
that when the input symbol is ¢ with the stack top 7, 7 is retrieved
and 7/ is pushed into the stack, where 0 € ¥ and 7 € T'.

(1) wx contains at least one distinguished po-
sition and no excluded positions;

(2) if p' is the number of distinguished po-
sitions and q' is the number of excluded
positions in vwx, then p’ < nd T1;

(8) VieN, wiwrly € L.

Proof. See the literature '4). O

It is straightforward to see that the lemma
can be applied not only to a string of termi-
nal symbols but also to a string including non-
terminal symbols or a string derived from a non-
terminal symbol by a context-free grammar G.
Thus, it is obvious that the following corollary

holds.

Corollary 4.1. For any context-free grammar
G, In € N such that for all z € (TUV)* de-
rived from a non-terminal symbol (including a
start symbol) X which is in itself derived by G,
where T and V are sets of terminal and non-
terminal symbols, respectively, if p positions in
z are “distinguished” and q positions are “ex-
cluded,” with p > n9t1, then Ju, v, w, z,y, such
that z = wvwzry and
(1) wz contains at least one distinguished po-
sition and no excluded positions,
(2) if p' is the number of distinguished po-
sitions and ¢’ is the number of excluded
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positions in vwx, then p’ < nq/+1,
(3) VieN,w'wz'y is derived from X by G.

Since DPAs are special cases of non-
deterministic pushdown automata, NPAs, the
following theorem indicates that there are no
DPAs that solve Problem 1.

Theorem 4.1. There exist no NPAs that solve
Problem 1.

Proof. (Outline) If there were NPAs that
solved Problem I, there would exist a context-
free grammar G that derives every acceptable
input string of the problem and some “don’t
care” strings, and does not derive any rejectable
inputs. Thus, by Ogden’s lemma, for any string
z derived by G, there exists a decomposition
z = wowzy such that for all ¢ > 0, uwv'wzty is
also derived by G. (cf. Fig. 3) We call such a
decomposition a good decomposition. We will
show that there exist no good decompositions,
that is, G is not context-free.

However, Lemma 4.1 is insufficient for our
purpose. Since Problem I is a promise prob-
lem, an awkward problem emerges that there
can be a decomposition such that for some i,
wolwz'y is a “don’t care” input derived by G.
The modified Ogden’s lemma, that is, Corol-
lary 4.1 can be applied to the string to which
the lemma or the corollary is already applied,
so that such an awkward problem can be re-
solved as follows. If such an awkward decom-
position is a good decomposition, there exists
a non-terminal symbol X such that uXy =
wwXay =N uvwzry = z, where ‘A % B repre-
sents that A is derived from B by one or more
applications of the production rule of G. For
such a z, we consider 2z’ =uXy or 2’ = w. By
Corollary 4.1, similarly, there exists a decom-
position 2’ = u'v'w'z’y’ such that for all j > 0,
v w'xy’ is also derived by G. (cf. Figs. 4
and 5) In this way, by implementing the in-
dependent multiparameter of iterations, say 4
and j such that (uviwz®.)vw'z"y’ in Fig.4,
we show the contradiction that for a certain
string derived by G, there are no good decom-
positions.

(Details) Let Ly be the set of YES instances
of Problem I and Ly be the set of NO instances,
with L1 N Ly =¢. We show that no NPAs can
recognize any language that contains all s €
Ly but does not contain any s € Ly. Assume
that there exists a context-free grammar G by
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Ogden’s lemma

——

Fig.3 Syntax trees of z = wowzy and wwiwz'y
generated by G.

. Ogden’s lemma
(V) ——
A\ &
SN— y _—

Fig.4 Syntax trees of 2/ = uXy and
(uwv'wz®..)v"w'z'7y’ generated by G.

‘®* Ogden’slemma (¥

[

Fig.5 Syntax trees of z’ = w and
u/ v (Lw'wzt. )z y" generated by G.

which all s € L; and no s € Ly are derived. By
Lemma 4.1, we can decompose s € Ly, where
|s| > n and n is the constant of the lemma,
as s = wvwxy such that for all i, wviwa'y is
derived by G. .

We consider a string s1 = ac{vb{\]%bé\’gévbbév%
by A be %bd %cd € Ly, where b; and b repre-
sent the letters ‘b’ and ¢; does ‘c’. Hereafter,
throughout this proof, we let a, b, %, and both
end letters of b;’s and ¢;’s be excluded. Let
the number of the excluded be p (=27) and let
N =nP*tl 4+ 3. Let each letter of by’s be distin-
guished except both end letters (which are ex-
cluded). By Lemma 4.1, Juy, vy, w1, x1, y1 such
that s1 = uyviwiay; and Vi > 0, uyviw iy
is derived by G. We consider the following three
cases as candidates of good decompositions and
show that none of them are good decomposi-
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O o O OeeeO O O (ol e) O O O [o] [eJNe) O O O O 0O O O 0o (o]
ac...cb..b%b...bc...cbb...b%b..bc...cbc...c%hb...b%ec...c

Casel H———H

v oW, X
Case2 H H o excluded
( H—H o distinguished
Case3< H I
\ H H

Fig.6 Decompositions of Cases 1, 2, and 3.

O OeeeO O o0 oo

(ol o] 0O o0 O
ac...cb...b%b..bc...cbb...

[olNe)

T o
o o

b%b... c%b...b%ec..c
v W, Xy
Vs i wWa ! X
Casel-1H : 1 H o excluded
( H— () ! e distinguished
1 :II
H
Case1—2< ;; i »
H H
H —
\ H H

Fig.7 Decompositions of Cases 1-1 and 1-2.

tions, leading to a contradiction.

Case 1: vy =b/, x1=>b7, and |v1|=|x1];
Case 2: v;=b], 71=b;, and |vy|=|z];
Case 3: otherwise.

Figure 6 illustrates intuitively how each case
decomposes s1. Consider Case 1:

sp=acl¥by.. ... .by%ba.. ... .back ..l

U1 v1 w1 1 Y1

Note that for all i, uiviwixiy; & Lo. Thus
we consider the string u; Xjy;, where Xj is
a non-terminal symbol such that u; Xy, &
wv X1y & vy Let so = w1 X1y
and let each letter of c¢;’s except both end
letters be distinguished. By Corollary 4.1,
Jug, v2, we, T2, y2 such that so = ugvawaxays
and Vj > 0, ugvdwazdys is derived by G. We
consider the following two cases as candidates
of good decompositions (Fig. 7).

s1

decomposition

—{ casel casel-1
casel-2 ‘

casel-1-1 casel-1-1-1

casel-1-1-2 ‘

casel-1-1-3
casel-1-1-4

casel-1-2 ‘

Fig.8 Layered decomposition.

Case 1-1: vy=c], za=c, and |vo|=|z2;
Case 1-2: otherwise.

Afterward, in this way we employ a layered de-
composition as shown in Fig. 8. If none of the
lower layers are good decompositions, it is as-
sured that the upper layer is not a good decom-
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o o o 0 O oo (ol o) O o0 O O O O o O O o0 o O O QOQeeeO O O o
ac...cb..bhb.bc..cbb..bhb..bc..cbc..chb.bbhec..c

U1 Wy Xy V3 W3 X3
; T { H H Casel-1-1
! 1 P
o excluded | — o
e distinguished ! . |
' ! | 1
: | [
, T 1
| ll [
T LI
Casel-1-2

Fig.9 Decompositions of Cases 1-1-1 and 1-1-2.

[oJe] O O O 0O o O O 0o o0 0o O OeeeO O O O OO0 O OO [o]
ac...cb...b%b..bc...cbb...b%b..bc...cbc...c%b...b%c..c
U Wy Xy V3 wWs X3
I V2 Wy X2 I I! il
3 vwi s~ Casel-1-1-1
o excluded | ——— Casel-1-1-2 !
« distinguished | 1 Casel+1-1-3
1 |

L f }Case1—1—1—4

Fig.10 Decompositions of each case.

position. Consider Case 1-2 ((i) in Fig. 7).

Sg=acy.. e ..Clbl.. e ..bQCQ.. X1 ..
uz

.Cs.

V2 w2 Z2 viwi1Ty

For i = 1 and j = 0, ugvjwaz)(ujviwixiy)
= acN=lv2l pN=le2l GpN - NppN % pN N peN
%bN %N, where the round brackets stand for
the substring y,. This string satisfies (p2) and
so is in Lo. Thus, this is not a good decomposi-
tion. Similarly, all of the others in Case 1-2 are
not good decompositions. Consider Case 1-1.
Note that for all i and j, ugvy(..uiwizt..)zhys
¢ Ly. Let X5 be a non-terminal symbol such
that U2X2y2 $ UQ’UQXQLL‘QyQ ;r> U2V2W2X2Y2.
Let s3 = usXsy, and let each letter of bs’s
except both end letters be distinguished. By
Corollary 4.1, Jus, v3, w3, x3,y3 such that s3=
uszvzwsxsys and Vk > 0, u3v§w3x§y3 is derived
by G. We consider the following two cases as
candidates of good decompositions (Fig.9).

Case 1-1-1: wv3=b], 23=0b7, and |vs|=|z3];
Case 1-1-2: otherwise.

In Case 1-1-2, it can be shown that there exist
some i, 7, and k such that respective decompo-

sitions are not good decompositions. Consider
Case 1-1-1. Note that for all 4, 7 and &,
(ugvy(-uiwyxt )y vkwsahys & La. Let X3
be a non-terminal symbol such that uzXsys
;r> ’U,37)3X3£L'3y3 ;; U3V3W3Tr3Ys. Let S4 = W3
and let each letter of c3’s except both end
letters be distinguished. By Corollary 4.1,
Juy, vq, wa, Tq,ys such that s; = ugviwazsyy
and VI > 0, U4in4xiy4 is derived from X3 by
G. We consider the following four cases as can-
didates of good decompositions (Fig. 10).

Case 1-1-1-1: v4x4:c§;
Case 1-1-1-2: 114:b;f, 1:420;;
Case 1-1-1-3: vy=cy, v4=cj;
Case 1-1-1-4: otherwise.

Consider Case 1-1-1-1. Note that for all 4,5, k
and 1, (ugvd (-ubwy 2t )2l ok (Lubwazl.)akys
¢ Lo. Let X5 be a non-terminal symbol such
that U5X5y5 ;; U5’U5X5l’5y5 ;; U5V5W5T5Y5.
Let s5 = uzXsys and let each letter of c¢5’s
except both end letters be distinguished. By
Corollary 4.1, Jus, vs, ws, T5, y5 such that s5=
usvsWsTsYs and Vm > 0, usvg'wszg'ys is de-
rived by G. We consider the following five cases
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oA vy w; z,
| | L L
: Vy Wy Xy 3 ! i V5 W5 X5
- ! : VW, 24 : H (7)
o excluded ! ! !
e distinguished | ! ‘ ®)
‘ 3 H H ()
| ' H (10)
L H (1)

Fig.11 Decompositions of (7)..(11).

(Fig. 11).
vsTs=c3, (7)
vs=bd and z5=cy, (8)
vs=b3 and z5=cy, (9)
vs=c3 and x5 :c;r, and (10)
vs=c] and x5=c7. (11)

As shown below, for each of the above there ex-
ist 4, 7, k, I, and m such that the iterated string
isin Lo.

In case (7), for i = j = k = 1, (I —
D)|vgxs| = (m—1)|vszs|, acNbN %bN N op™v
%bN eN1beN %bN %cN2 € Lo, where Ny =
N+(1—1)|vgzy| and No =N+ (m—1)|vsxs].

In case (8), for i = j = k = 1, 1 =
m = 0, acVbN%bNcNobN %bYN cN1beN %
bN2%cNs € Ly, where Ny = N — |vg2y],
NQZN— |1)5| and N3:N— |$5|

In case (9), for it = j = kK = 1, 1 =
m = 0, acVbN%bNcNobN %bN cNapeN
%bN %cN: € Loy, where Ny = N — |vs],
NQZN— |1}4I4‘ and NgZN — ‘I5‘

In case (10), for i = j = k =1 = 1,
and m = 2, acVoN %N N obN %bN N beN
%bN %cN2 € Lo, where Ni = N+ |vs| and
N2:N+ |1}4I4‘.

In case (11), for i = j = k = 1 = 1,
and m = 0, acVoN %N N obN %bN N beN
%bN %cN2 € Lo, where N; = N — |vs| and
NQZN— |1}4I4‘.

The same goes for Cases 1-1-1-2, 1-1-1-3, and
1-1-1-4. Thus, Case 1 is not a good decomposi-
tion. Cases 2 and 3 are also similar to Case 1.
Therefore, there exist no good decompositions
on s1 € L. O

5. Conclusions and Future Works

In the third section, we showed that QPAs

can solve a certain problem deterministically.
The inputs of the problem are strings in the
form of z%y%z%y %z'. To construct such
QPAs, we utilized two sub-QPAs, where one ex-
amined some relationships among = and y and
1/, and the other examined some relationships
among = and z and 2z’. We ran the two sub-
QPAs in parallel and utilized the Deutsch-Jozsa
algorithm, which is a deterministic quantum al-
gorithm for Deutsch’s XOR problem, when we
got a deterministic solution.

Furthermore, in the fourth section, we
showed that no DPAs can solve the problem
by using extended generalized Ogden’s lemma.

We should consider languages recognized by
QPAs but not by DPAs, as future work.
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