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Generalized Correspondence of Synchronous Circuit
and State Machine using Category Theory

Shunji Nishimura1,a) Motoki Amagasaki1,b) Toshinori Sueyoshi1,c)

Abstract: In this paper, we propose a new model that describes circuit and its behavior with adopting
category theory. On the model, we define a new class of synchronous elements GLatch, and show that for
any GLatch synchrounous circuit, there is a state machine that behaves similarly to the circuit. This novel
correspondence is generalized one that for any D-FF synchrounous circuit, there is a state machine that
behaves similarly to the circuit. The correspondence provides one can see a D-Latch synchronous circuit as
a state machine in particular.
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*1

dom, cod f

dom f f cod f f

dom f = a, cod f = b

f : a→ b a
f−→ b

a ida :

a → a cod f = dom g

g ◦ f : dom f → cod g

ida ◦ f = f, f ◦ ida = f

(f ◦ g) ◦ h = f ◦ (g ◦ h)
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A,B A B

A B

F

F (ida) = idF (a), F (g ◦ f) = Fg ◦ Ff
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u1 ◦ u0 t0 t2

u1 u1 ◦ u0 t2
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2(a)

f : A× S → B × S

A B S

D FF

(a) (b)

2 D-FF

f f∗ f∗

f∗ : A× S → B

f∗ : A× S → S

2.2
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S

P (S) P (S)

S

S P (S)

S

S+

g : X × S → Y

g+

g+ : X × S+ → Y +

g+(x, ss) :=⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ss �= φ⇒ { g(x, s) | s ∈ ss }
ss = φ⇒⎧⎪⎪⎨

⎪⎪⎩

∀s0, s1 ∈ S . g(x, s0) = g(x, s1)

⇒ { g(x, s0) }
others ⇒ φ

φ ∀s0, s1 ∈
S . g(x, s0) = g(x, s1)

S S+

g g+

A,S,B

A, S,B

f : A× S → B × S

3 �

a f

a : T → A

f : A× S → B × S

T τ

Γ : (T → S)→ (T → S)

Γ(σ)(t) :=⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∃ t→ t ∈ τ

⇒ lim
i→∞

(λs.f∗(a(t), s))i

⎛
⎜⎜⎝

⋃
t′→t∈ τ
t′ �= t

f∗(a(t′), σ(t′))

⎞
⎟⎟⎠

¬∃ t→ t ∈ τ

⇒
⋃

t′→t∈ τ
t′ �= t

f∗(a(t′), σ(t′))

Δφ : T → S

Δφ(t) := φ

lim Γ

fτ
a∗ := lim

j→∞
Γj(Δφ)

a
τ
� f : T → B

(a
τ
� f)(t) := f∗(a(t), fτ

a∗(t))

(lim)

lim
i→∞

xi = x ⇔ ∃j . ∀k . ( j < k ⇒ xk = x )

3

a
τ
� f

3 f

2.3

• t0 → t1

t0 → t1 τ

fτ
a∗(t1) = f∗(a(t1), fτ

a∗(t0))

fτ
a∗

3

•

3

•
1(b)

fτ
a∗(t) = f∗(a(t), fτ

a∗(t0)) ∪ f∗(a(t), fτ
a∗(t1))

•

τ

τ id

3ⓒ 2014 Information Processing Society of Japan

Vol.2014-SLDM-166 No.12
2014/5/29



IPSJ SIG Technical Report
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[5] Ideal Delay

Feedback-Delay Model

3

T t Path(t)

Path(t) :=

{ p : n→ T | p(0) = t, ∀i. p(i+ 1) �= p(i), n ∈ N }
N n {0← · · · ← n}

1

a
τ
� f

(a
τ
� f)(t) =

⋃
p∈Path(t)

(a
p
� f)(t) (1)

acc(t) :=

⎧⎨
⎩

∃ t→ t ∈ τ ⇒ lim
i→∞

(λs.f∗(a(t), s))i

¬∃ t→ t ∈ τ ⇒ id

3 Γ

Γ1(Δφ)(t0) =

acc(t0)

⎛
⎜⎝

⋃
t1→t0
t1 �= t0

f∗(a(t1), φ)

⎞
⎟⎠

...
Γk(Δφ)(t0) =

acc(t0)

⎛
⎜⎜⎝

⋃
t1→t0
t1 �= t0

f∗(a(t1), ··· acc(tk)

⎛
⎜⎜⎝

⋃
tk→tk−1
tk �= tk−1

f∗(a(tk), φ)

⎞
⎟⎟⎠ ···

⎞
⎟⎟⎠

Γ k

fτ
a∗(t0)

= Γk(Δφ)(t0)

=
⋃

tk→···→t0
tk �= ···�= t0

(acc(t0) ◦ f∗(a(t1)) ◦ ··· ◦ acc(tk) ◦ f∗(a(tk))) · φ

(1) p ∈ Path(t)

fp
a∗(p(0))

= (acc(p(0)) ◦ f∗(a(p(1)))) · fp
a∗(p(1))

= (acc(p(0)) ◦ f∗(a(p(1))) ◦ ··· ◦ acc(p(k)) ◦ f∗(a(p(k)))) · φ

(1) �

3. -

3.1 GLatch

D - D-FF GLatch

TAKE

KEEP X

TAKE,KEEP : X ×X → X ×X

TAKE (a, b) := (a, a)

KEEP (a, b) := (b, b)

GL GL

{ TAKE , KEEP }

id

( TAKE � KEEP )

4 (GLatch)

n C cgl

cgl : C → GLn

ρ ∈ GLatch(C, n)

ρ : C ×X ×Xn → X ×Xn

3 ck(c)[i]

GLn ck(c) i ∈ GL

GLatch

3.2 GLatch

GLatch

2

ρ ∈ GLatch(C, n) τ T

ck : T → C x : T → X

ck ×x
τ
� ρ

(t0 → t1) ∈ τ
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xs0 := (ck ×x
τ
� ρ) (t0)

xs1 := (ck ×x
τ
� ρ) (t1)

1 p ∈ Path(t1)

(ck ×x
p
� ρ) (t1) ∈ xs1

y1 p t0

(ck ×x
p
� ρ) (t0)

1 τ t0

(ck ×x
p
� ρ) (t0) ∈ xs0

y0 GLatch

TAKE

y0, y1

t0, t1 ∈ p

x(t0) = y0 , x(t1) = y1

t1, t0 GLatch

X1×· · ·×Xn

p t0 → · · · → t1

y0 → · · · → y1

�

4 GL TAKE,KEEP

TAKE,KEEP

X ×X → X ×X

IDEN (a, b) := (a, b)

SWAP (a, b) := (b, a)

IDEN

X1×· · ·×Xn

GL IDEN

2 SWAP

TAKE

TAKE SWAP

GLatch D - D-FF

(τ̇)

TAKE SWAP

IDEN SWAP

GL

cgl ρ ∈ GLatch(Bool, 1) 0

D -

cgl : Bool→ GL

cgl(0) := TAKE

cgl(1) := KEEP

1 D -

0 D - 1 D -

D-FF D-FF

GLatch

3.3

5 (τρck
)

τ T ck : T → C

n ∈ N ρ ∈ GLatch(C, n) T

τρck

τρck
:= { (ck × idT

τ
� ρ) (t)→ t | t ∈ T }

τρck
ck × idT

τ
� ρ

(ck × idT
τ
� ρ) (t) → t T

2

(ck × idT
p
� ρ) (t) ∈ (ck × idT

τ
� ρ) (t)

p ∈ Path(t) p

(ck × idT
p
� ρ) (t) T

τ ρ τ τρck

4

ck =
=

H

D-
L

D-

(posedge)
D-FF

(posedge)
D-FF x 2

4 τρck

3.4 GLatch

ρ

ρ

5 ρ TAKE

0

1

= TAKE

0 1

a b
a a

5 ρ
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f >>> g := g ◦ f
>>> Arrow[6]

6 GLatch

f : A × S → B × S ρ ∈ GLatch(C, n)

ck : T → C a : T → A

ρ∗(c(t) , x , x1, · · · , xn) = x ρ

GL TAKE t

∀s0, s1 ∈ S . f(a(t), s0) = f(a(t), s1)

f ρ

fρ := f × idSn >>> idB × ρ

ck, a GLatch

ρ D-FF ρ

TAKE ρ

3

6 fρ GLatch

ck × a
τ̇
� fρ

ρ GL TAKE

f

ρ KEEP

f∗ fρ∗

lim
i→∞

(λs.fρ∗(a(t), s))i · σ = fρ∗(a(t), σ)

�

3.5

2 (a) D-FF

(b)

4

T τ f : A × S → B × S

ρ ∈ GLatch(C, n) ck : T → C

a : T → A

ck × idT
τ
� ρ a

τρck
� f

f ρ

fρ := f × idSn >>> idB × ρ

ck, a

ck × a
τ̇
� fρ = a

τρck
� f (2)

τ̇ t

p, p′

f ṗ
ρ ck×a∗(t) = f ṗ′

ρ ck×a∗(t) ⇒ p ∼ p′

PATHfρ(t)

τρck
t

q, q′

fq
a∗(t) = fq′

a∗(t) ⇒ q ∼ q′

Pathf (t)

PATHfρ Pathf

1 (2) �

3 (2)

(2) f

4 GLatch fρ f

4.

4

ρ D - D -
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