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Fast Algorithm for Generating Oblique Ellipse by Using
Three-term-recurrence of Trigonometric Functions

MUNETOSHI NUMADA,* HIROYASU KOSHIMIZU,"> YASUYO HATANO,2
KAzZUHIDE KAMIYA,t# TAKASHI NOMURAt and ICHIZO NINOMIYAt4

Although many useful methods for generating lines, circles, ellipses including oblique el-
lipses, etc. have been reported so far, there still remain more problems to be solved. Thus
this paper proposes an epoch-making three-term recurrence algorithm for generating oblique
ellipses with only two multiplications per point. The key of the method consists in the fact
that a pair of the three-term recurrences of trigonometric functions are of the same form.
Since the proposed method is simpler than the traditional methods both in setting initial
conditions and in generating ellipse arc, this method can be superior or equivalent with re-
spect also to computation cost. Numerical experiments have shown its high quality both in

speed and accuracy.
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Y = Yc + asin¢pcos + bcos ¢ sin 6.
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0 Initialized

AO =27 /N

CT =cos¢; ST =sin¢

CDP = cos Af; SDP =sin Af
A=CDP+ SDP-ST-CT(a/b—b/a)
B = —SDP{(b-ST)*> + (a- CT)*}/ab
C = SDP{(b-CT)* + (a- ST)*}/ab
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Fig.1 Smith’s ellipse generating method.
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Fig.2 Koshimizu’s ellipse generating method.
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Fig.3 Proposed ellipse generation by using three-term

recurrence.
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Fig.4 Arc-ellipse generation by using three-term

recurrence.
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Table 1 Calculation counts of a point on ellipse.
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Multiplication 4 2 2
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Table 2 Calculation counts of a point on arc-ellipse.
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Fig.5 Generated ellipse by using proposed method.
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Fig.6 Generated arc-ellipse by using proposed method.

UbbOz0yO00O0O0O0OO0OOOCOOOOOO0
gobooooooobooooocoooooooboooo
o000 sOo0oooobooboooo3onooooo
gboooooooo

obobe0O0OD0O0O0D0O0D00O0 e = 2100
0000 b=1200000 ¢=250000000
¢1 =10°000000 ¢ =45° 00000000
N=140000O0OO0o0ooooooooooo3oo
goooooooobobogoo

4.2 O0O0OO0OO0OO

ooo3goooobooooooooooooon
gboooboboooooooooooooooobooooo
goodoo 7000000 eO0 1000 10000 100
ooo0O0o0o0oo0oo0O00 000000 100000
goboooooooooboooooooooobonbo
Os=12000000 N=1000000000 20
yO0oooooso0booooooooboooobogon
goboooooooobooooooooooooboooo



4056 ooooooooo

Smith’s method

Proposed method

Round-off error to a

Koshimizu’s method

10 20 30 40 50 60 70 80 90 100
a
07 0D0O0O0O0D0OOOO0OO0O

Fig.7 Round-off errors in ellipse generation.

03 DOO0O0OO0o0oOoo10000
Table 3 Calculation time of ellipse (100 points).
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Fig.8 Generated ellipse for dot matrix display.

04 DOOO0OO0ODOODO1400
Table 4 Calculation time of arc-ellipse (14 points).

Methods | Trigonometric | Smith | Koshimizu | Proposed

method

Time(ns) 6418 463 422 207
¢ ,=45°

CPU: Pentium4 2.4GHz, l4points, ¢ ,=10° ,

oobooooooboooobooobooboooooo
goboooooooooboooooooooooboo
01000000000000000000 1842ns
gooooos8sbodsuboooboobobooono
gobooooooooobooooooobooboo 400
gooooood

40060000003 0000O0O000OC0COO
gbobooooooooboooooooooooboooo
goooooooooobobOoOobooOoooobooo
gobooooooooobooocooooobooooo
goooOo0oD000000 SmithOOOOO 1400
go00oooooooOo smithOOOOOOOOOO
ooooooo smithOOOOOOODOOOOOO
gobooO2000000000000D0O0O0DODOO
goooooOooooooosmithO0O0O0OoQooOOO
gbooooboooooooooboooon

5. O ogano

gobobooooooooobooooooooooo
g2000000000000O0O0O00O000000
goooooooooooooooboboooon

gooooboooooooooooboooooooo
gobobooooooooooobooooooboooo
goboooooooooooboobooooooboooo



Vol. 48 No. 12

gooocooooooobOoboOo0o0o0ooooooaa
0000000000 SmithOOOOOOOOOO
gooobooooooobooooooooooooon
Oo0O0O0000oooOOSmithOOOOOOOOO
ooooooooo

goooobooboooooooooooooobooo
goboboooboboboooboooooooooDboon
oboooobooooboooobooouooo «000
yuoooboooooooooooooooooooo
goooboooooboooobooooboooo
2000000000000 0O0O0OC0OOODOCOO
gooooooooo

g o0 0 0O

1) Pitteway, M.: Algorithm for drawing ellipses
or hyperbolas with a digital plotter, Computer
J., Vol.10, No.3, pp.282-289 (1967).
2) 00000000000 DODUOODOoDOOOO
00000 DbOO0ooDoobOOoboOooOooo bd
Vol.J68-D, No.11, pp.1934-1940 (1985).
3) 00U0oUUbUoUDUOUOUDUDUDO
00000 Vol.27, No.3, pp.118-123 (1983).
4) Aken, V.: An Efficient Ellipse-Drawing Algo-
rithm, IEEE CG & A, Vol.4, No.9, pp.24-35
(1984).
5) IBM Corp.: General method for drawing el-
lipses on raster graphics devices, IBM Techni-
cal Disclosure Bulletin, Vol.29, No.3, pp.1323—
1327 (1986).
6) Fellner, D.W. and Helmberg, C.: Best Ap-
proximate General Ellipses on Integer Grids,
Comput. € Graphics, Vol.18, No.2, pp.143-151
(1994).
7) 0000000 ODOoUOOoOoOooUooOoooo
000000 4700000DO0OD00 140000
000 pp.267-268 (1972).
8) Smith, L.B.: Drawing ellipses, hyperbolas and
parabolas with a fixed number of points and
maximum inscribed area, Comput. J., Vol.14,
No.1, pp.81-86 (1971).
9) Prosser, C.J. and Alistair, C.K.: An Integer
Method for The Graphical Output of Conic
Sections, ACM Trans. Graphics, Vol.2, No.3,
pp-182-191 (1983).
10) Salomon, D.. DDA Methods in TEX,
TUGhboat, Vol.10, No.2, pp.207-216 (1989).
11) Hearn, D. and Baker, J.P.: Computer Graph-
ics, Prentice-Hall, Englewood Cliffs, NJ.
(1986).

12) Rogers, D.F. and Adams, J.A.: Mathemati-
cal Elements for Computer Graphics, 2nd ed.,
McGraw-Hill, New York (1989).

gooooOoooOo0oooooooobooboOoooo

4057

13) 00O0000oO0o0ooooooooooooo
00001993 000000000000000
D-613, pp.73-74 (1993).

14) Neal, L.R. and Pitteway, M.: Yet More Cir-
cle Generators, Computer J., Vol.33, No.5,
pp.408-411 (1990).

(0019010 16000)
(0019090 3 000)

o0 ooooooo

1984 00000000O0ODOOO
gboo2006 0000000000
gooooooooooobooooo
ooooomooooommigs4n
obooooboobooboooobooo
gooooboooooooooobooooooobooo
ooboooooooooooooosooooooboo
goooooboooooooooooooooobooo
ooomooooooooooobooobooboooo
ooooooooo

00 0OO0Oooooo
1970 000000000000
ggbooboooobooooo
ggbooooboooboobooo
: ooo19g860000DO00O0O0OOO
el 2 19900 00000000020040
Oo0oooDbobo20060000000000000
O000000o0oo0oo0oooooooooo
O0000000OHoughOOOODOOOOOOOOO
O00000oO0ooooooUoOooooOoooooo
0000000000000 o0moooooooo
OOo00OO0O0mSICEDPM OD0OOOMIJSPEOD IAIP
gobbomboooooooomoooboobooboooo
00 SSIIOVIEWODIA/QCAVOFCVOOOOOODO
0000 oooooooomoooooOoo
00000000 o0ooooOoooooooo
O Springer-Verlag 0 00D 00000000000
VIEW2002 0 O 0 00O IAIPOJSPEII VIEW2005 O
O0O0OIAIPOJSPEOOOOO




4058 ooooooooo

00 000000

19720 000000000000
00000000000 D00000
000000000000 000D0
00000000 0O000O0O0on
0000000000 o000O0o0n
000000000000000000000000
0000000O0OoooooO

o0 O0bOOobobo

1992 000000000000
0o0o0oooooooooomao
00o0Mmooooooooooo
goooooboooooooooo
—A gmoooooboooooooooo
000000 Optical Society of Americall American
Society for Precision Engineering 00 0O O

Dec. 2007

oo ogooooo

9750000000000000
goboooboboobobooo
gomooboobobooobooo
gooooboobooboooomo
goooooobooobobooo
0 O O Optical Society of Americald American Soci-
ety for Precision Engineering 00000000 0O
JOoo0bOO00ooDOoDooOOobOOomoboboooooooo

o0 O0o0Oo0o0oo0o

1921 00019430000000
goooboooooooboo
obobO0o4s5 000 400000
oooooooooooooooo
gooooooocoooooooo
1985 0000001980 000000000 2500
gbobooooooooobooocoooooooboooo
gobOoOoooooooooooooooooooo
goooo




