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Generation of Less-Clue Sudoku Boards by Monte-Carlo Tree Search

NORIMASA Nasub®  KIMINORI MATSUZAKIZ:P)

Abstract: Among several pencil puzzles, Sudoku has been studied most intensively. A research problem on
Sudoku is called the minimum number of clues problem: how many clues are necessary to construct a Sudoku
board with a unique solution. For the usual 9 by 9 Sudoku, McGuire et al. showed on January 2012 that
there is no 16-clue Sudoku board with a unique solution and the minimum number of clues is 17. In GPCC
2011, it was a problem to find a board with a smaller number of clues for the 16 by 16 Sudoku, and Shirakawa
found a 56-clue board. We also have studied on generation of these less-clue Sudoku boards. A challenge in
the effective generation of less-clue Sudoku boards is to find those boards from a very broad search space. We
have applied the monte-carlo tree search technique, which has been widely studied in game programming,
to generate efficiently less-clue Sudoku boards. In this paper, we show how we apply the monte-carlo tree
search technique to the generation of less-clue Sudoku boards. We also report the Sudoku boards that we
have obtained in the experiments.

Keywords: Sudoku, Minimum number of clues problem, Monte-carlo tree search
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MCT (root) {

loop until & TN {
leaf <- select_downwards(root)
leaf.n <- leaf.n + 1
if (expand_cond(leaf)) {

leaf <- expand(leaf).first_child

}
board = playout(leaf.board)
update_upwards(leaf, getvalue(board))

}

return select_best_child(root)

}
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(update_upwards).
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playout (board) {
loop until solve(board) == unique {
board <- solveByRule(board)

hint <- selectHint (board)
board’ <- addHint(board, hint)

if (solve(board’) == noAnswer) {
board <- deleteCand(board, hint)
} else {
board <- board’
}
}
return board

}
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FOMTEOEEE A L CAER SN D 8mEIE, REMICHE T
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BEDNIVERZ
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Ty JiTOANNEZ, Tu v 7o ANEZ
Ty JITNTOITOANE R, 7 ay 7 HNTOF
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HIET D Z EITED TIER., ZF2T, AFETIEN 912
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TNTE Y MEDOZWVITR EIZZ2 5 K512 5. &6,
vy N oZWT ey BRI, Tay 7HNTE Y B
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normalize(board) {
board <- sortRowColumn(board)

boardT <- transpose(board)

board <- renumbering(board)
boardT <- renumbering(boardT)

if (hashCode(board) < hashCode(boardT)) {
return board
} else {
return boardT
}
}

9 MEZ ST LT T X4

1 213
4 5|6
7
113
8 4
9
3 9
8 4
7

10 7 &X 8 D & R L7 Ak

HEMF T %2175 (renumbering). T DX HIZ L TIEKS
NIZ2O00BHED OB, Ny vafizb il =R L

T EERb SR E T 5. 7 &8 OREEICIEM
7 VTV X8 EWWAT 2L, EH5 6K 10 OREICIE
BT 22 ENTE D, ZOERBET VITY XAE, K'Y
HOIZIA AR TR 2 52 RIS HET 5 2 LI TE 03, gAY
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solve(board) {
cnf <- CNFOfBaseRule
cnf <- append(cnf, toCNF(board))

if (satisfiable(cnf)) {
answer = findAnswer (cnf)
cnf2 <- append(cnf, negate(answer))
if (satisfiable(cnf2)) {
return multiple
} else {
return unique
}
} else {
return noAnswer
}
}

11 SAT ZHWfERT LT Y XA

IR m a2 HET D LN TE 5.

4.3 IL—ILR—RDREIZ K DIRHBF DA
== 2 OfRE A L CTEMET 2RV IADIE,

BLHVAZADETHRERICRETHZEND D, HFN
BHNCIRET 5~ A v MAFET 5 2 & IZA NI HEEL
Thbd. LER-ST, ZIbD—)b_—XDOfifik % H
LC, BHIZRZADHFOWRED U I3EfitT 4 Hl
W DWEREFEE L=, 2 2 A9 AR [16] 13, 2 T
ik _7= Cell-Unique, Line-Unique, Block-Unique, k-Naked,
k-Hidden & L7z.

4.4 SAT VILNIZ&K BRIFR

LA T Y MBI DRRE AT O solve BIERIE, SAT
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HEMEYER (CNF) THx bhvzfmiEimeE (BLF CNF
NEWES) OFRRAREMEZHET 272D T 077 A TH
L. Fo2ECRLIEEMOL— L EEEICEE I N v
F%& CNF & LTHEL, EivE SAT VLN TfiE< .

solve BA¥LTIX, £, DO/ — L E2RBLT 5 CNF
R, BEICEHBE SN FE2EBT 5 CNF 23800
T5. BMONL—LAE2RET S5 CNF A2id, TR (6] T
extended encoding & FEIXIL D FiEAFIH L. Zhuix
K~ A, #E, HEE, T ey 21T EA 1D, £z, b
b 1OBHIEERBILIZLOTHS. WITHEKR L
72 CNF X4 SAT Y L N ZET . ONF A2 Al T
W E X ZIE#E72 L (noAnswer) TH 5. ONF 3 F /g vl

BETHDEEITE, 1Y OEKE Y Y TERD, Tz
BELIZb D% CNF UTBMT 5. oL 5L TES
723 LW ONF % SAT YL NI L, A8 FE0E WRE
b5 EXIFIEERE (multiple), RERARETH D L&
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R 1 ERTFEREEROE R

7 A JL— )L [N |<VZN [N
7o | FHmE | s N=18 | N=19 | N=20
Rt | b Ho 41.5 | 2337.5 | 20551.8
S 2L 1.3 331.8 6093.0
R HY 0.0 147.3 | 16398.8

2L 0.0 0.3 20.5

2T | wh Ho 0.0 26.5 | 1167.8
VTN 7L 0.0 1.3 188.5
) Ho 0.0 0.3 13.3

L 0.0 0.0 0.0

WCThHDH., FEETE, Fhor—na2E£H3 %5 ONF %

HANZ SAT YU NIZELZ D& U L, =0 CNF R
BIMZ B 2B L7z, F72, @ix 1280954
ZHRET D DIT satdj @ addAtMost A YV v RAEFIH L7-.
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2 fiME, FHMEDEHE O 2 fifH, L—L— 2 DRk D
MOFEDOT R COMALEHLE 8B IZONT, ZhEh
GLEBOREZ AT L T4 REREZT>72. B MIN 2318,
19, 20 TH DI OERB O E2FE 1 ISR T.

TLAT U MIBWTE Y FORLEZRIRT 5 H5ET
1%, BT T Db DERESFIED TN v NED
IR A S AR TE T, T/ — FEEIRT 5 HIET
1%, FHImE O IMEEZ VDA D T e v N7
VB 2% < A TE 2. — b _— |2 L AR A
TEHENEIMDIIONWTE, AT U NFREST/— D
BEPRTIE & T D LRI NSV, — b R— T &
LIREAEEAT DN v MO DI R AR T E
2. AT T FFEICOWTHEHEENBLT 5 b0 %
B, — ORI GVEIC DU T EAIE O /M A U
%, W= R_R=2Z R HMEEAT O &\ D AEDE T
by NN 18 THHME % 41 MREAK TE /-, &5
# LITIRLTWARVA, ZOMAE b TORRARKI
BT, K217 B2 NI 17 Th DA I )
L.
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7] |98
1 3
8 2
6|9 8
5 4
2 7

12 Rk L7-t > K17 o

T2 TUTFHANTNTRA—FLEEROLER. N = 18 OMOFEIN
Nix, =—7 MmO,

cfE | FAfE N=18 | N=19 | N=20
0.5 10 9.8 (18.5) | 1058.5 | 18940.0
20 103.0 (85.3) | 4956.0 | 47937.8
30 15.5 (13.5) | 7749.8 | 44395.3
40 23.0 (16.8) | 3186.3 | 47136.8
1.0 10 80.5 (76.0) | 5083.3 | 49454.0
20 91.8 (81.3) | 5496.5 | 60689.0
30 23.5 (20.5) | 3569.5 | 54060.5
40 | 117.0 (90.5) | 7469.8 | 78794.0

5.2 ELUTAIONT A—SDOLLEEEER

A OFEBRICE > T, 2RO L WEKRFIEEZTS Z LN
T&E. KIS, BT ANVBKRERDNTG A—F 5T 2T
FErEAT o1z, 7 LA 7 7 Mal$x 3,000,000, KT/ —
F# 30 EEL, X (2) &K (3) 12HBTD c D05 &
1L.0m2i®Y, /— FEREMTHEEE 10, 20, 30, 40 ®
4BV IZONTENZNELIOFE 22T L C 4 [MIRIEAER
FEREIT o7~ B MEN 2318, 19, 20 ThABE DAL
I D) H 3 2 1R, F i, A ENE N =18 o
WZOWT, FHILZITOR UEmAERE L2 =—7 72
MR O T3 2 5% 2 OFGIMNNIZRT .

F22 10, N 1.0, B 40 DEAITBWTEYT, &
VMR8 O A 117 Mk, O ba=— 7 el & 90
AAERTAZ LI L, ZhnEbEnolz. cfEICk
DEWELET S L, &AL LT05 LYY 1.0 D51 0%
b MEROAERBNRZ N LS, cHOENI T LA
T U NOREEICRE R RFT I ERHER I
7, AU cllCET 2 ERE LT 5 &, BEOEL L%
SURHBOBOVITHBERRIT R Oy, ZhiX, LA
7 7 MEEED - e A T T B T8, RO RS E
WL DREROENEL Ipol-tod FE2 D, Thbb, 7
LA T 0 Malg&k 52 0 EEICERE LI EAITE, /—
FEREETHIMEICL > TT LA 7 U hOFERICKE ApzE
ITAECRNWEEZS.
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6. BAEMR

6.1 MRS HERALEARE

AR N2 e LTEMITES B LERTWS., HHE
BEDBE, — M2 9 X 9 OEMTHAIUE, Haii Ny o
N7 w7 THRS I ENTES. £, AL HiEE Y
Ralb— A EICLD ILITEEICMS ZENTES.
CDEIRWRDNy 7 8Ty 7 LIRS EIER
TNhAY RER NN E o CHMEfMIT D Z L bR &
NTWs., ZOLH72b0E LT, BEGIHEEEZH VWD D
D [12], “HREZF7EAND LD [15], SAT YA %
AWsbo 6], GPU #HWT=#ELER @7 Iy X
L) LD LD 13 R ERDHD. AR TIE SAT VN
HWTEIMOMEZ RO TN, 5 44 HiTiR~7= L 510
i & —/L®D CNF RHIB L ONSAT Y A "DV A2 TR
TLHLZETHoEBICEE T Z LN TET.

oA ORE % i < 7200 The <, Foo BESCEmE o
HLODOHEZRRDMEBITHON TS, FlziE, AN
RSBEICHWD FEICERET5 2 &I X v HO o [
W O ES FE % fT AT D TS OV T, L OFER S
% [2], 8], [16], [17]. FE b5, Mo et FREZ R 7oA
B2 DM O 2 B2 B Cn 5 [11]. Hoho
/e v RRREIZOWT, McGuire 5139 X 9 Oz E
WCHREMAME— L 702 b 2 MR 16 OB AN 72V 2 & &5
HWTHAHIT DI LICEVRLE[7]. Lo k&8
BNTERAD DO MIUTS 022 TWRNA, 16 X 16 @
BB\ T > NS 56 Th LM & 25 X 25 O
IZBW T MY 174 ThrmnEnsna)iic k-
TRRESNTND 3.

6.2 EVTHILOKER

BUT IR KRR 4] 1%, RRZEMDNIERTH Y A
AR 2 2 LN LWL D 22— AT BV THERZ
TNITYXLTHD., ZOWENDL, B a—FFHIEC
BWTHRWT LA YEESZ LICKRESHBL TS [18].

IHETIE, SESERFBEOS—LITHLTEYT
HNBREEDEA SN TE . 205 H, 1 AEEER
F—AZH L TECT ANV RER AT 508 L L
T, SameGame ~i# 9% Z & 7% Schadd & [9] X° Takes
50 IZ L > T T TWa. RiFFEODEE > kOl
OMIEAR, Mgl 7 M2 (K TIRRE), ok
Tobey MIERSRETIUE L AReE#r—at LTE
BRDHIENTZD., T7obb, T T RREREE 1
NGFEEWEHRT — b ~EHHT D 1 OOICHE L TIRAZD Z L
HTED.
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7. FEDH

AFRCTIE, BOhcBW T v MR R WE A B
K<AERTLZE2AEL LT, 7 — AB%E CIERITHFSE
SNTWDHE LT IV r RERR A EM O MBEARIZEH L
o, BRIZTVE LRI VAT U NEAT) Hllile® T D
N ARBTIIFELLS B MDA AT 5
ZEMTERDSTTD, BT AT AKERFLET S
MENDH T KFRICTIE, v A 7w MRRCBEREE DS
DI b kol FEBRETDLZ L, BEOTERD
J — R OFMME % 51 5R T 2 BRI CidZe < Se/MEEFI A
THZE, AT Y NHICANDIRE FiaflioCikED &
IAEREETDHZE, O3 OHBIIEEREL, FRICE
LU CEMEEBR 21T - 72, 3,000,000 [BIDO T LA 7 K
S ERAITo 5, vy N 18 O A 1T 49
RS ENTER. T2, ERop ey MR
RLO1T CTHHMBEL 1 ORATDHIENTE

SHOMBEE L TIIREKD 2 AnEToND. 12
HiX, LA 77 MIBITDHE L hOEE TP E D&
BEAURTHZETHD. 5.1 HOEROERIZHD
NnN5mY, LA 7 MIBTH e FOEEHIL, ME
HERRONBICREREENR S DH. o, KL TIET LA
7T MEROFIEA Y MErOHRERA WL, Ihb Rk
BRI2Z &2k, e bofMBEEZ LV ER AL
THZENTELZOTIHRVWNEEZTEY, b MI1T
ORMENLZE L TERTEDLLICTHZENHETH
5. 22HIE, 2011 D GPCC OR#ETH -7 16 X 16
DOEMA~KT 07T LamMAL, T TIRAINTWDHE
v hE56 DIEE LD b e MEOD IRV E A T D
ZETHD. TTIATO I PHIERTIE, 1EOF LA
T MK 1T BPRRE > CLEoTlzd, s I 05
HEDETH 5.
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