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Abstract

This paper proposes a Dirichlet process mixture modeling approach to Dirichlet Mixtures
(DM). Endowing a prior distribution on an infinite number of mixture components, this
approach yields an appropriate number of components as well as their parameters at the
same time. Experimental results on amino acid distributions and text corpora confirmed
this effect and show comparative performance on large datasets and better performance on
small datasets avoiding overfitting.
Keywords: Dirichlet Mixtures, Dirichlet processes, Mixture models, K-Means algorithm,
variational Bayes
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2.1 Dirichlet process

Dirichlet process [14] ,
,

. ,
1

G ∼ DP(α, G0) , xn+1

ψk

x1, x2, . . . , xn ,

p(xn+1 ∼ ψk) =

⎧⎪⎨
⎪⎩

fk

n + α
(ψk ) (1)

α

n + α
(ψk = ψ ; ψ ∼ G0) (2)

1 , .

. , fk x1 . . . xn x ∼ ψk

. , xn+1

ψk fk

, α/(n + α)
ψ

. , ψ G0

.
n = 0 , fk 0 , (1)

, (2)
ψ1 ∼ G0 , ψ1 x1 . x2

ψ1 ψ2 ∼ G0

1/(1 + α) : α/(1 + α) , (2)
,

n O(log n)
[15].

, x = x1, x2, . . . , xn+1

. , x ∈ x
ψk , x

,

p(ψk|x) ∝ p(x|ψk) p(x ∼ ψk) (3)

=

⎧⎪⎨
⎪⎩

ψk(x)
fk

n + α
(ψk )

ψ(x)
α

n + α
(ψ ∼ G0)

(4)

. , fk x x

ψk , ψk(x)
ψk x .

(4)
,

(3) ,
θk (k = 1, 2, · · · ,∞)

ψi ,
1

.

2.2 Stick-breaking

, θk (k = 1, 2, · · · ,∞) , Stick-
breaking Stick(α)

[16].

θk = Vk

k−1∏
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(1 − Vi) (5)
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K) , θk

.

,
,

EM .

:

• For k = 1 . . . K,
πk1 = 1, πk2 = α .

• α = s1 / s2.

E step:

φnk ∝ p(xn|ψk) · exp
{

Ψ(πk1) − Ψ(πk1 + πk2)

−∑K
i=k+1 [Ψ(πi2) − Ψ(πi1 + πi2)]

}
. (7)

M step:

(1) πk1 = 1 +
∑N

n=1 φnk , (8)

πk2 = α +
∑N

n=1

(∑K
i=k+1 φni

)
. (9)

(2) w1 = s1 + K ,

w2 = s2 −
∑K

k=1 [Ψ(πk2) − Ψ(πk1 + πk2)] ,

α = w1/w2 . (10)
(3) ψk . (11)

[13] .
, (3)

[13], Polya
, [4] ,

Reversing EM .
.

3

,
,

G0 ,
.4

1
,

w = w1,w2, · · · ,wN (12)

wn = w1w2 · · ·wLn (13)
.

1. For k = 1 . . .∞,
(a) Draw μk ∼ Dir(β).
(b) Draw σk ∼ Ga(γ).

2. For n = 1 . . . N ,
(a) Draw z ∼ Stick(α).
(b) Draw p ∼ Dir(σzμz).
(c) Draw wn ∼ Mult(p, Ln).

4 , G0 .

Dir, Ga, Mult ,
, .

, M π

λ = λ1, . . . , λK

λk =
πk1

πk1+πk2

k−1∏
i=1

πi2

πi1+πi2
(14)

,

L = log p(w, μ, σ|α, β, γ) (15)

= log

[∏
n

∑
k

λkPL(wn|μk, σk) ·∏
k

Dir(μk|β) ·
∏
k

Ga(σk|γ)

]
(16)

≥ log

[∏
n

∏
k

(λkPL(wn|μk, σk)/φnk)φnk ·∏
k

Dir(μk|β) ·
∏
k

Ga(σk|γ)

]
(17)

=
∑

n

∑
k

φnk

[
log λk/φnk+log PL(wn|μk, σk)

]

+
∑

k

log
Γ(

∑
v βv)∏

v Γ(βv)

∏
v

μβv−1
kv

+
∑

k

log
γγ1
2

Γ(γ1)
σγ1−1

k exp(−γ2σk) (18)

≥
∑

n

∑
k

φnk

[
log

Γ(σ̂k) exp(σ̂k − σk)bnk

Γ(σ̂k + yn)
·∏

v

cnkv(σkμkv)ankv

]

+
∑

k

∑
v

(βv − 1) log μkv

+
∑

k

{(γ1 − 1) log σk − γ2σk} (19)

, [4]

ankv = [Ψ(σ̂kμ̂kv+ynv)−Ψ(σ̂kμ̂kv)] · σ̂kμ̂kv , (20)

bnk = exp [Ψ(wn + σ̂k) − Ψ(σ̂k)] , (21)

cnkv =
Γ(σ̂kμ̂kv + wnv)

Γ(σ̂kμ̂kv)
(σ̂kμ̂kv)−ankv (22)

.
(19) , μ

p(μk) ∼ Dir(βv +
∑

n

∑
v

φnkankv) (23)

, , σ

L(σk) ∝ − ∑
n φnkσk − γ2σk

+
∑

n φnk

∑
v ankv log σk + (γ1 − 1) log σk

(24),

p(σk) ∼ Ga
(
γ1 +

∑
n

∑
v

φnkankv , γ2 +
∑

n

φnk

)
(25).
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3.1 Γ Newton-Raphson

σk (25) q(σk) ∼ Ga(pk, qk)
, Γ
γ = (γ1, γ2) Newton

.

L = 〈log p(σ|γ)〉q(σ) =
∑

k

〈log p(σk|γ)〉q(σk)

=
∑

k

〈
log

γγ1
2

Γ(γ1)
σγ1−1

k exp(−γ2σk)
〉

q(σk)

(26)

= K
(
γ1 log γ2 − log Γ(γ1)

)
+ (γ1 − 1)

∑
k

(Ψ(pk) − log qk) − γ2

∑
k

pk

qk

(27)

, 〈log σk〉 = Ψ(pk)− log qk

. , A . ,
∂L

∂γ1
= K (log γ2−Ψ(γ1))+

∑
k

(Ψ(pk)−log qk) ,

(28)∂L

∂γ2
= Kγ1/γ2 −

∑
k

pk/qk , (29)

∂2L

∂γ2
1

= −KΨ′(γ1) ,
∂2L

∂γ2
2

= −Kγ1/γ2
2 , (30)

∂2L

∂γ1∂γ2
=

∂2L

∂γ2∂γ1
= K/γ2 , (31)

[
γ1

γ2

]new

=
[
γ1

γ2

]
−

[−KΨ′(γ1) K/γ2

K/γ2 −Kγ1/γ2
2

]−1

·
[
K

(
log γ2−Ψ(γ1)

)
+K

∑
k

(
Ψ(qk)−log pk

)
Kγ1/γ2−K

∑
k pk/qk

]
.

(32)

, Newton

γnew
1 = γ1 + [γ1x + γ1 − γ2y] /z , (33)

γnew
2 = γ2 + [γ2x + γ2Ψ′(γ1)(γ1 − γ2y)] /z . (34)

. ,⎧⎪⎪⎨
⎪⎪⎩

x = log γ2−Ψ(γ1) +
∑

k

(
Ψ(qk)−log pk

)
(35)

y =
∑

k

pk/qk (36)

z = γ1Ψ′(γ1) − 1 (37)

.
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A:
〈
log σ

〉

p(x|θ) = h(x) exp
[
θT T (x) − A(θ)

]
(38)

,
∂A(θ)

∂θ
=

〈
T (x)

〉
p(x|θ)

(39)

, .

, Ga(s|a, b) ,

Ga(s|a, b) =
ba

Γ(a)
sa−1 exp(−bs) (40)

= exp
{
a log b − log Γ(a) + (a − 1) log s − bs

}
(41)

= exp
{
[a−1 b][log s −s]T + a log b − log Γ(a)

}
(42)

, A(θ) = log Γ(a) − a log b ,〈
log s

〉
=

∂

∂(a−1)
A(θ) (43)

= Ψ(a) − log b. � (44)

B: Reuters-21578, K =1000

1∼5

# Top 10
1 fed, repurchase, arrange, indirect, agreements,

customer, temporary, entered, reserve, reserves
2 vehicles, fry, ford, consolidated, geneva, fn, at-

las, fold, gm, europe
3 nasdaq, nasd, unusual, exception, activity,

explain, stock, delist, exchange, securities
4 economy, growth, economists, economic, fore-

cast, inflation, exports, rise, gross, gdp
5 lending, liquidity, banks, borrow, bankers,

bonds, maturity, funds, rates, loans

101∼105

# Top 10
101 ounces, mine, feasibility, receipt, ounce,

gold, costs, geodome, earnings, reflected
102 nasdaq, composite, showboat, opening, casino,

trading, amex, vestor, stock, gaming
103 uranium, oxide, sanctions, african, apartheid,

aid, veto, ore, passed, hurt
104 agricultural, agriculture, crops, irrigation,

grain, india, harvest, yielding, bales, usda
105 vastagh, potash, nevin, machold, hardie,

somc, nissen, marris, wyttenbach, labrecque
( )
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