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A Study on Square-tile Puzzle with Multiple Answers
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Abstract: We discuss about a new tile puzzle whose pieces are single-unit squares with colored front and
back faces. The goal is to reconstruct given colored grid patterns with the pieces with nothing left. It is
obvious that any two answer patterns are able to be reconstructed by simply assigning an appropriate color
to each face of a piece. However, we have to reuse faces of pieces between different answer patterns if the
number of answer patterns is more than two. Because this reuse may fail if too many colors are used in
the answers, we have to pay careful attention to the design of answer patterns. We found the condition of
answer patterns for the existence of a set of pieces which is able to reconstruct all of them. We propose a
method for generating pieces from input answer patterns. Our method reduces the number of colors used in
the answer patterns if there is no set of pieces that satisfies the answer patterns. We tested our method with
several examples, and we made a prototype puzzle.
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Fig. 1 An example of the puzzle we propose in this paper. This

example has three answers reconstructed with 64 unit

squares (left) with colored front and back faces.
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Hzohimffhe % L CWBIREREL Z LAV
DHBTH 5.

TRCOEZEOHRTHHEN T L2000 L LT 5.
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Thrb., SHIT, gf & gs BLUV g5 OFERIT A3 D&
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b, COHEEER Uy TRT. 2%, Uy DBEFRuc Uy
EHWT, Ay =[lc,9f LEETE S (HET NITERE
AT 2 EEEAE L ET).

S0, BRI 2 5 0EADOAEERIFD, Uy @
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K1 M=30LEDKILOH
Table 1 Example of notations whenM = 3.

Us = {{13,{2},{3},{1,2},{2,3},{1,3},{1,2,3}}

U; = Us \ {1,2,3} = {{1},{2}, (3}, (1,2}, {2,3},{1,3}}
Ul = {{13,{1,2},(1,3},{1,2,3}}

wmofl : ({13,{2,3), (2}1{1,3), {3}L{1.2})

gi g3

B2 M=3I2B5XVHERTICLBHEBORIET
Fig. 2 The Venn diagram of M = 3. The correspondences

between areas are shown by the symbols.

3 3 ODEFEDGESGOH] (). wIVEHRY 57 HEO M & %
B0 (). GefF 2 &7z & %W 7zdIRVIER D 5T RED
it bl ().

Fig. 3 An example of the sets of colors for three answers (left).
An example of a valid answer of the Venn diagram-
ing problem (center). An example of an invalid answer
(right).
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E% g5, g5, 951, TDRIVEE 3HEEDNR Y KOFIHIC
EIIRD FEDPHPRLCEAED &) IEBGEET S, L
TOHEIRY & LCTay 2BUIHITH L, Mg ay = {8},
MAE ay = {a,B} 7275, £558 A = {a,a, 8,7} DL
SAEETH L. FOLM, LIVEIEY ST RED &M%
WTEYIRY F (RRY) 2SFET 5720, {5} 13t
MR 5T EEDOF O L VwR 5,

3.2 ANEDOER
WIHETIIHEDER 2 To /2. DT, FkoEm
1 %335 (3.33H).

EE1 MEEHOIEEZWE R E— AEEDHFED
AL [MEGOXRVENOLIVEIRD 5 HE] Ofit
ODEMEFEHETH 5.

1509



1BRIEF=EHEE Vol.56 No.6 1507-1516 (June 2015)

BT, M =328 5V 45T R % H5o
OOENRERYT (341H). 3512, 2oLz HE
L, MAPHFAETL2HE10E, ZOMOERE O(N) THEH
THT7NVTY AL ERY (3.5H). A, BIVEIRY &5
JRIEORER DS, EBEOEA ERE/ S AV 2T 55
FEIZoWTiH~3 (3.6H).

3.3 TEIHE 1 DFRA
SRR (+9254)

M MEOIEANG 2 5Nz &2, ZOTRTOIEE %
RERETTRE e N O VOEEPGFHET 55 61E, LIV
WY SIFMEIRE O L 2R,

20N ESE ¢, \CE&EITNETXTOENVEIL,
i REGTABERITO DD LTS, 2L 2IE, HEHEL
DFREH g1 & go THP SN, FEA g3 THA SN L
A2, FRICRBTO1 & 2055, HEIZIE 30
FLERSNA. KEVEICRESNIHTOET DV ITHRE
{1,2,.... M} ODREZELGOERTH A, 7L 2I1E M =3
THIE, BIVEIFEFIN L NEOEIIRAT 23 8
DT, BARIIZIZLLF O 80 TH 5.

o, {1}, {2}, {31, {1,2}, {1,3}, {2,3}, {1,2,3}

LVHICFRER SN TOES (NESEFDER) *u
L, ZOLNVEOEE RV KD a, THRINDFIRIE
DIRD. LIVEIRD S RTEOSEM 11X, BT i Ak
N VEDEGEEND a, DEAERIT gF EHELY, En
ITEEFFELTVAEDT, ZIUTYKRED VD

IOEIVIZERT AL, MEAEHLETINL M FTO
Berg 1 oFoH ) B THNL. FHEREOM I
[ UBFAREGENL L3z, —HOmIZE ) Y
TONTHTOEER w & T 5L, MFDOEICED HTH
N7 oEAT{1,2,... , M} \uTHb. EEKI»3 D
LERBICHITHE, KLIVOMEIZE Y L THNLHT
i, REEZRPETIRO 480 OMADHFLET 5.

({13{2,3)), ({2} {1.3}), ({3}, {1,2}), (#,{1,2,3})

EFRLD, apes. mpe = aa THDPH, DRI
lay| = laa| Zili729 (2& 21, {2} OHBEEKE {1,3}
OHBOBIFE L THI I LEEEERTS). LT, &I
TR Y 3 MO ZF 2 255K 0 7.2, (FEAFHE)
FERR (AEEH)

LVHR Y 3V RIEOR L 05 L9 e VEHOE D IRD
BT {au) BHAET B 5 D IE, T_T OIS & M B
T NBOYEYVOEEPHEAETHI L ERT.

NUYHOELFE Y, M2 IR L) 2 ToESICL-
TEHT A, HEHEBICEEINDTNTORIVEIZ, 0K
FOES uw EFLFRL%E, wIVHEIREYD ST REO S 2
$0, u=1,2,...,MPMNOYAEIZ, u Ziddk L7z
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BH ) ERUEZTHEET S, 22T, ukitiklzk
VHEE @ FFER Lz VE % 1A T TS EET1I RO+
WaRfEl T 5 &, VEREN4&1)Vid, FEEEmIZ, H
CIEEHRZZH DB TTITHFET LA TES, £F1 &
D, & g%, BFEi2E0CLVIEP LMK TE 5.
(FERHAE)
Dby, MEEOIEE TR ¥ — A BV
TAHIEE, LIVEIRD G REDHRE RO 2 LA HET
HHIEDPRELDOT, EH1 AP TE .

3.4 M=30Ot/IEKRYDIEEI BEEDLDDE
(G2

EHL LY, MAEFHOIFELZHERTE LY —AEAEDHF
S 50E2E, LVHEHIRY 5THEORE %% {a,} »°
FHETHEPEPTH L. COHEELIT) mODEME T 7
O—F& LT, MY HBTXTD {a,} IZ2VWT, ZhH
LVIER D G EEOME L 7o TV A0 L) afid ki
BrEZoND, T, {a,) OBEORIIMEY 55755
R/

a, FEBES A, OWMTEETHLINE, a, DED D
DYEORITRAT 24 ZUEET 5. ZoalAeEk
BART [Toey, 2 Z0d 5 (22 TOWHT N ITHR

BT 2). |Uy|i32M TH 5. |A,| DIEZ T 20
FEEL WS, EVO N ICHBIT 2 LET S L, {a)
DEEORIT 022 N) L), N 7213 M O KA ES
Kb b, BEMNREHMTHES S Z EPREICRSL I L
WTPHEING,

ZIT, INEDBEPITNEVWE—F O(N) T, £
TR ) 20 IR 2 F5 o0 & K E © & 5 &%
RY. BB, SZTRTOIIM=31220WTOATHD.
M=1, 2085 IGEEHESZENFHHTHY, M >3 12
DWTIEHARGH L TIIRBRTH L.

BT, MHEER)ZLERLGAONIZ3ODIEED D
L, BEICERLL2EEE g1, g0, RV DIEEZ g5 &
T4, ZIT, 3D0OIEEIIXTT A LIVIER Y 450 BEDS
e oML, XA THEZH6NA.

N —|(af? uas?) ngs| < |ai? (1)

HEOHATO (2) 1, 2 00EEE MR E Lzt Vi
R FTRETHWEATH L 2 L ZHRNITIRT 720
DHDTH Y, UETIIIEEHD 3 DG Oim #D 5.
B (P La ) ngg| 11, of? kel KBTS
VHD ) 5, gs THATE 25 (EHEGOHEETHL Z
LisEEshev) ThY, (P Ued)Ngs = aizUass
BT LD ais b oans #ED M TENS, EBEHhT
%, ol F73 oD ICEE MR g8 DL VE ORI E TR
L, ZOX V% a3 ICHY 4TS, —F, fAillldarq I
HYBTONLRRDOLIVHOBE, $%bE g5 D7z
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Fig. 4 A three answers set (left) and the illustration of the

relation between the left-hand side of Eq.(2) and the

Venn diagraming of color « (center, right).

WCHHEICEHLN CERBETE 2NV OREZ/RT. EhY
TonTwiva? &P orLEEZEREN ay, ay 12
HYMTHE, K (1) OALAIGLEE LITNE () 2
Baro 12, FUPEREYRET T a3 ERALKRE &7
F o) OBEHE ap ICHY KT, ZORDE ay Loap I
SEELTHEID B THZ LT, M =328 5 2VIEIRD 4
FRIEIIRE RS LS TE S,

3.5 M=3IC513, IERY D EES BEE DO
HDOEBRDHEE, BOEY
X () DHEBE ST, ROL ) IEET 5.

a3 + [ (af? as”) ngs| - N =0 2)

4R T 5912, o) 0 1BOELVEE o LU
o) CEID RS &, o) DD 1WA 2%, FY RS 2
HED2ODLNVEHD g5 CEINLDTHIIL, 5 2H
[(a? Ua$) ngg| DR 282 5. ©F Y, FLOMZE 1
MRT I ENTEL. EAOHARKICE LD, ofF B
Y0P ICE o722 DDRVEA ¢S ICEENBIRY,
COFNDIRY BER R ROEAT 72 L ETH B, 2D L)
WLTEMOEEZRRKICLTS 0 RMTHLELEE, LV
TR Y T I A O S L TE LWL HIETE .
B, FROBEZE I LM LTI, $RTOMIC
L TR M- THA0A, wIVIHR D 450 HEILf#E
AFOL WS LN TED.

B 4 OFITIE, ERONXIEHTE, lh -1 &%
X (2) DMfRE WS R, —HT, AHORYHTIEE
W30 &Y (2) OB EG T, HGHONCRIIRT
L) RENVHOEDIRY 21T o 72081, 728 2 IEKE N
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F 2 a0 HIRY H
Table 2 Examples of allocations of color «.
Casel Case2 Case3
mgg(a) 1 1 2 1
mge(a) 1 3 2 2
mge(a) 3 1 2 2
ap 9i=0s 9ip<Ys 9ip<Ys 9imegs
o | o o/
A ‘>m<é§};><!§9

LT, (,5) = (v,q), (8,0), (6,0) DL Lokl

DUTHLILT, 3ODIELEEETEL.

X (2) DEBPTAL 5 L) IKEEOHESE Y
K OFEIAE D IR H 121E, BT EIRITRT ke d i $
5 ETHEIHTE L., BRFlzER 2 ITRT.

Casel [g5IZEFTNLML a DLVHOK = g5 & g5 ICFH
FNLMa DL VEOHDOM] THEYE, $XT
al? & afP TES L, TEBF a1s & ags IEID
LBTOHNLIME LT .

Case2 [g5I2&ENLE a DENVEO S gf & g5 128
INLtha DEVHOKDE] ThobYG, T&57
Fa) IRE L THEICEY CERETE 2LV
R ER L, o/ &L <t ol icilih RV %
a13 B LT ags IZEID BT,

Case3 [gf & g5 ICEINLM a DEIVHDHDZE < g5
WEINL0a DB VHOE < ¢ L ¢S IZHEENLM
a DX VHOEOH ]| ThLHE, FELOPHT, b &
D& a1y & agz ICEI) B THND X)) ke - iR
179 BARRIZIE myge () — [mge (a) —mygs ()| DA
FDT, TOMEEBRHEVEHCRAOTHEZ1T .

PEaFloDs L, g1, go (T A EIVHEIRY 731 RE
DL %5 {al)} © o) BEBRECOBIIE, BT
KRN CTRUBTES. %8B, ¢f, ¢5, g5 THINDL KM ¢
DHHLE gij (= mge(c;)) & LTRRT 5.

mal.2 (cj) (3)
0 (91,5 + 92,5 < 93,)

min{g1,j, 92,7} (93,5 <1915 — 92,51)

. (93, — |91,5 — 92,51)
min{gij, 92,5} — L : 2J N

(1915 — g2.5| < 935 < 91,5+ 92.5)

ZORETHESND o) VT, o = g7\ o,
a3 =g5\al) HEHEL, KX (1) MW ENLLLIE, L
TR D) 530 BE D 2 o

COHEIIRILEE LT, HFIEEICE TN 2008 % »
Ty hYA. SHICIEON) ORMEERLEE T 5. EBO
H5EE, OB LR ESND 70 O(L) Thb. @D
BORKEIZIN THh 270, 2EOFHHEREITON) TH 5.
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3.6 LILERY S UMBEOBED, S EILEERT 2 HE
B {9} DBOES (g5} B5, BIVEIRY 5 HED
fBCH D {a,) G2 N2 EIZ, NEOEL SX)
DY =) \ZROFETIERT S, 3, ue Uy DK ay
Eag ITEZRDO 1 1 O fEEICED, 20200
BELVORLEICEH) N TS, a1p m CEEINE LN
Wi, FOTMOmEMHH L2 wEe L THhb0, HHLE
WHOE T EOE A #BIZEH ) B TEH, ZOLHIZL
T, fFINfHOELVEES.

4. BORE

RETE, LVEIRD S BESHR LR v XD Rk
BENGZONTGEIL, ERICETNL IVITOG T )
LY LT, MOHAET A L) ICHET L2 TFEAIRET 5.
ROFEH2 LD, BEERS T E TR RIVEIRED 5
MES AR OL)ICTE S,

FIE 2  bOVIEHEY TR E R e AT, IE
BIZEINAEEWST LT, LI BIVAEIED 5
EDSRAEFOLHIICTES.

TH22HTH L Z L, EHFICHEEINLHOHNS DT
M2 {a,f} THIUE, BFEVOFEIZ a, KXFOMHIZ B
ZEIVLBTHIET, IRTOELEEZHETELI END
HHTH 5.

B2 507z {g¢} 2SR VIER D 5 BREO R % F 72 7w
B&E, TERZUROMERSTI L%, LIVEIRD
SRTREDIR A FE O OEGITET L T EEFE L,
070, 1oL ) Hike LT, DTo7iT
AL ZRET .

TUT)ALT FDJiik

WHILE VIR Y 550 B 2 K¢ 72 7% »
{gy BTN 0, Wil der,co) FRAICT 2
2 ¢, co THROITS
(S IZEEND e1 HDBVIE e DIEFEO LIV
Ex, TNENC, C kT 5
CLl CollEINLERBEEAE LT, FrLVR
fcs X ET S
Ci LG ICEINDLENVHEHDEE cg T 5

END WHILE

f% RGB ZEHHNDONRZ b ¢; € [0,1] x [0,1] x [0,1]
ERAL, TVT) XA 1T THCWLN TS HEERE S d %
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Table 3 Time taken to complete a puzzle in our user test.

ILAH |2 AH |3 AB [4AB |FY
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Table 4 Results of puzzles that have three answers.

Fhr 1

MK |64 ¥ [AJ 17, Hh 1 SR R [0.03 [BHEEER  [23ms
&1 EZ?2 EZS3

ATI (9 ) 7 (6 ) A7 (10 &) 7 (8 ) AT (6 ) 7 (6 )
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A% (430 &% A le 5 [EEsk [11 [GEEEE [0.07 [BHBRER  [58ms
EE1 E%?2 %3
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ATy (T 8) it (&) AJ] 9t) () @) (A (226) Hi (8 &)
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